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The aim of this book is to present the contemporary state of the art for
the mathematical analysis of contact problems with friction and a major
part of the analysis for dynamic contact problems without friction. The
main emphasis is put on the classical contact model, that is, a unilateral
contact condition and the Coulomb friction law. The simplified normal-
compliance approach—where a penetration of the bodies is allowed and the
unilateral contact law is replaced by a constitutive law for the contact stress
as function of the inter-penetration—is sometimes used as an approximation
of the classical laws.
A significant part of the monograph emerged from research activities
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approach that proved to be fruitful in many different situations. It starts
from thin estimates of possible solutions and is based on an approximation
of the problem by an auxiliary one, the proof of a moderate partial reg-
ularity of the solution to the approximate problem, and a passage to the
original problem. The proof of the regularity of solutions often makes use
of the shift technique developed by Fichera. This technique is perhaps not
as well known in the literature as it deserves, but the authors believe that it
is a very important tool, which may be useful not only for contact problems
but also for other nonlinear problems with limited regularity. A careful at-
tention is paid to quantification and precise results to get optimal bounds
in sufficient conditions for existence theorems. A part of the content has
been already published in several research articles.
Contact problems lie with the fields where the progress heavily depends

on the interaction between “pure” and “applied” parts of mathematics.
The theory especially relies on advanced results in various parts of func-
tional analysis, in particular in the contemporary theory of function spaces;
therefore we have included an exposition of relevant material.
The authors tried to give a self-contained survey, permitted by the ex-

tent. We hope that the book will be a useful tool for scientists working
on the analysis of contact problems with or without friction and also for
numerical analysts and engineers working on the numerical approximation
of contact problems, and that it will also promote further research in this
area.
During the research that led to this book and its preparation we ap-

preciated help of many people. We wish to thank Wolfgang Wendland
(Stuttgart), who initiated and continuously supported our cooperation,
Michelle Schatzman (Lyon) for her careful proofreading and corrections
of an essential part of the book, Tomáš Roubíček, Ivan Hlaváček, Jaroslav



Haslinger, (Prague), Hans Triebel and Hans-Jürgen Schmeisser (Jena) for
valuable discussions, and of course many others colleagues and friends
around the globe, too many to list without forgetting somebody. The sup-
port of the Grant Agency of the Academy of Sciences of the Czech Republic
(project A 107 50 05), of the Grant Agency of the Czech Republic (project
101/01/1201) and of the DAAD and the DFG is gratefully acknowledged.
Last but not least we appreciate very much the efficient collaboration with
Kevin Sequiera, Jessica Vakili, and Tao Woolfe from Taylor and Francis
Books.
We dedicate this book to the memory of Prof. Jindřich Nečas, one of

the leading persons worldwide not only in this field, one of our prominent
teachers, who belongs to initiators of the research in this area. His ideas and
devotion to mathematics were often a key inspiration for mathematicians
around him. He originated and/or substantially developed many of the
techniques and procedures used in this book. Prof. Jindřich Nečas passed
away last year and we wish to express here our deep gratitude for his
constant support and encouragement.

Prague and Erlangen C.E., J.J., and M.K.



Chapter 1

Introduction

When one or several solid deformable bodies move, they may come into
contact and forces are transmitted through their common area of contact.
These forces have usually two components: the normal component prevents
the inter-penetration of the bodies, and the tangential component is created
by friction. A contact problem is described by a system of partial differ-
ential equations which describe the motion and deformation of the bodies,
together with the boundary conditions modeling contact and friction forces.
Contact problems have applications to many fields of solid mechanics:

in machine dynamics and manufacturing, contact problems arise when two
parts hit one another; in many areas of mechanical engineering, a contact
problem arises when cracks open and close. During an earthquake, contacts
may take place between different parts of a building or different buildings,
and between buildings and the earth. Due to the lower friction the solitary
buildings usually survive an earthquake remarkably better than the build-
ings being in some contact with other ones. Therefore, neglecting contact
and friction in a computer simulation of the motion of large structures dur-
ing an earthquake may lead to false predictions. An earthquake itself can
be seen as a gigantic contact problem between different lithospheric plates
of the earth’s surface, and indeed there are earthquake models which are
precisely based on the build-up of tension in faults, followed by its release
when an appropriate threshold is crossed, cf. e.g. [72]. Contact problems
also occur in bio-mechanics; for instance a hip joint, be it natural or artifi-
cial, is subject to contact, and its wear depends on contact.
The normal contact forces are basically prescribed by the so-called Si-

gnorini conditions, and there is not much room for anything else, since they
are geometrical and they just account for the non-interpenetration condition
via a variational—or virtual work—condition. Friction conditions are quite
another story: the phenomenologically (not mathematically) simplest and
most popular conditions are given by the Coulomb law of friction. This
law introduced in 1781 (see [37]) is also in good harmony with practical
experience.

1
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The existence of the static equilibrium of an elastic body in contact with
an undeformable support and without friction has been proved by Fichera
in 1964 [53]; the proof is based on the fact that this equilibrium is the
minimum of a convex energy functional, and the solution of this problem
led to the general concept of variational inequalities.
If the normal traction in the friction law of the Coulomb type is as-

sumed to be a given function, then the problem is called a contact problem
with given friction, or the Tresca friction problem. Duvaut and Lions [41]
proved that the static contact problem with given friction is again a convex
minimization problem, easily solvable by standard techniques. This fact
was presented to a wider public in their monograph [42].
The analytical situation is much more complicated when Coulomb fric-

tion is included: convexity is lost, there are no good compactness properties,
and therefore attempts to solve contact problems by standard tools from
the analysis of optimization problems failed.
Panagiotopoulos [116] proposed an iterative algorithm for contact prob-

lems with Coulomb friction using the contact problem with given friction
as an auxiliary problem. In each step of the iteration, he solves a contact
problem with given friction, with normal force taken from the previous step,
possibly by a suitable relaxation procedure.
A major progress is due to Nečas, Jarušek and Haslinger [113] who

found a static equilibrium for an infinite elastic two-dimensional strip with
Coulomb friction at the boundary. The proof used Tikhonov’s fixed point
theorem, showing that Panagiotopoulos’ intuition can be turned into a
mathematically sound proof. A crucial element of the proof was a reg-
ularity result obtained by the method of tangential translations (shifts),
introduced to a wider public by Agmon, Douglis and Nirenberg [3] and into
the mathematical mechanics by Fichera [54]. The result is valid only if the
coefficient of friction is small enough and it turned out that the method of
proof became the basis of many other results in frictional contact, including
many of the results described in this book.
The result from [113] was extended to more general geometries, inhomo-

geneous materials, spatially varying material properties, semicoercive static
problems without any Dirichlet boundary condition, and simple models of
two-body contact problems in [73] and [74]. The papers [44] and [45] use
the penalty method instead of a fixed point principle; they lead to essential
generalizations of the requirements on the coefficient of friction. In partic-
ular, the coefficient of friction was allowed to depend on the solution; this
dependence can be used to model the difference between the coefficients of
friction of slip and friction of stick. Optimal bounds were derived for the
“admissible magnitudes” of coefficients of friction with the help of special
trace theorems for the solutions of the equations of elasticity. There are
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not only results pertaining to contact of a body with a rigid support, but
also results for the contact between two bodies.
It is physically more realistic to consider dynamic than static models

of contact problems. Here, additional complications arise, due to the hy-
perbolic nature of elastodynamics. The analysis is indeed so difficult that
mathematicians often chose to replace the non-penetration constraint on
displacements by an analogous constraint on velocities; this approxima-
tion is used in Duvaut and Lions’ monograph [42] and it enabled them to
solve contact problems in elastodynamics with a given time-independent
friction force. This result has been extended by Jarušek to the case of a
time-dependent friction force [79].
The first construction of a solution of a physically well posed dynamic

Signorini problem was obtained by Amerio and Prouse [5] for a vibrating
string. Despite considerable efforts by mathematicians, no significant re-
sults have been obtained for elasticity in dimensions larger than 1. We
will describe in this book some important results from [127] and [15] in the
case of the contact of a string with a concave obstacle and from [129] when
the string may contact the obstacle at points, which may also be at the
boundary. The situation is in fact quite different: for point-like obstacles,
the conservation of the energy is a consequence of the equations. In the
case of a continuous obstacle, it has to be imposed. Schatzman introduced
a local conservation of energy principle and proved uniqueness under that
condition [127].
Mathematicians from the Italian school studied the contact of two elas-

tic strings and different types of response which are not completely elastic
(which may occur e.g. for some gluing or semi-gluing supports), cf. e.g. [34],
[33]. In higher space dimension, Kim has proved the existence of a weak
solution of the wave equation with contact at the boundary; this solution
satisfies an energy inequality [91]. Maruo has proved the existence result
for unilateral contact problems where the space of admissible functions is
a subset of the space of continuous functions [108]. This result, although
disregarding the kind of response, suits for spatially polyharmonic prob-
lems, in particular for contact problems of plates. Lebeau and Schatzman
prove the existence of a strong solution of the wave equation in a halfspace
with contact at the boundary and conservation of energy [100]; the result
essentially depends on this special geometric assumption.
Since the mathematical analysis of hyperbolic problems with contact at

the boundary is so hard, an alternative has emerged: to consider viscoelas-
tic materials instead of elastic materials, in the hope that the viscosity will
have enough of a smoothing effect to allow for a solution of the contact
problem. Existence results for contact with or without friction and differ-
ent viscoelastic materials have been given in [76], [77], [78], [79] and [86].
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Results on the frictional problem with unknown friction force are available
only when the Signorini condition is formulated in terms of velocities rather
than displacements. The first existence result in that case has been given in
[82], and, as in the static case, it holds only for sufficiently small coefficients
of friction. The paper [83] gives an explicit formula for this upper bound
when the viscoelastic material has short-memory, i.e. it is a Kelvin-Voigt
material; this bound depends only on the viscous part of the constitutive
law. However, the upper bound of [83] is very restrictive and a better one
has been found in [46] and [85] for an isotropic viscous material.
Another way out of the mathematical difficulties pertaining to contact

problems has been proposed by some authors: non-local friction (starting
from [40]) or normal compliance models. The former model compactifies
the friction term by mollifying the normal force in it, while the tangential
one remain mostly unchanged (despite no physical base for such different
treatment of the components of the boundary traction has been presented).
The latter model has received much attention and many papers on dynamic
contact problems as well as some papers on static contact problems have
used it: [11], [10], [93], [94], [106] and [107]. Both kinds of models involve
one or several small parameters and can be physically justified with the
help of a micro-scale analysis. However, the micro-scale analysis fixes the
size of the small parameter to be of the order of magnitude of the rough-
ness of the boundary, i.e. extremely small. We do not have any physical
measurement of the size of these small parameters; therefore, we may well
wonder how the solution depends on them. A formal passage to the limit
in the normal compliance model gives a contact problem with Signorini
contact condition and Coulomb friction law; therefore, the most important
qualitative questions about the normal compliance models are essentially
equivalent to the analysis of Coulomb friction: if the solution of a normal
compliance model does not depend much on the small parameter involved in
this model, it means that some kind of penalty approximation to Coulomb
friction converges in practice.
One bad feature of normal compliance models is that the inter-penetra-

tion is not bounded; any modification that would enforce a bound on the
inter-penetration seems to destroy the compactness of the penalty describ-
ing the compliance. Therefore such a modification leads to a much more
difficult model than the originally formulated contact problem with Sig-
norini condition and Coulomb friction law. Nevertheless, this approach,
which has not been yet used in mathematical papers, could be an interest-
ing way of describing the influence of the asperities.
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In our opinion, and in view of all the difficulties of the other models,
Signorini contact conditions together with Coulomb friction still remain the
best models for contact with friction on a macroscopic scale.
Friction is a source of heat which cannot be always neglected. If the

bodies have a large contact area, or the process is fast, the thermal effects
become significant, and this is the reason why it is important to study
the coupling of contact with the heat equation. The first results in this
direction are presented for the normal compliance approach and in [47]
with Signorini contact conditions and Coulomb friction law. There is a
new difficulty coming in: we must cope with the quadratic growth of the
heat source due to the combination of friction, deformation and viscosity.
In [84], [48] and [81], this problem was handled by assuming that the heat
diffusion coefficient grew fast enough with the temperature.
Many important problems remain unsolved. No satisfactorily solvable

model is available for the dynamic contact of two viscoelastic bodies in-
volving expected slip phenomena. Here the Signorini condition needs a
suitable reformulation. Solving the dynamic frictional contact with Sig-
norini conditions in displacements remains an important task. We do not
expect uniqueness in any type of unilateral contact problem with Coulomb
friction. A hint in the direction of non-uniqueness is the expected insta-
bility of friction with contact at the boundary. Until recently, there were
only few published counterexamples, concerning a finite number of degrees
of freedom and a quasi-static problem, cf. e.g. [95], [16]. In the last two
years, counterexamples have been derived also for the infinite dimensional
case. The most important ones are those by P. Hild [70], where it is shown
that for the static version of the problem on a triangular domain in �2 , a
continuum of solutions of a certain type can be constructed provided the
coefficient of friction is greater than 1. The magnitude of the coefficients of
friction for which the existence of solutions is proved is every time below 1.
Further important development in this field must be expected in the very
close future. The most recent result we are informed about is [17], where
two counterexamples of continuum of solutions for a static two-dimensional
unilateral contact problem with Coulomb friction are considered: one for
an unbounded and the other for a bounded domain. Both examples are
constructed for any non-zero magnitude of the coefficient of friction. The
authors expect a long and extensive discussion of mathematicians as well
as of physicists and engineers after their publishing. The question of which
of these solutions will turn out to be the most useful for practice and what
additional features it possesses will naturally occur.

In this book, we present in a comprehensive manner the state of the art
in the analysis of contact problems with Signorini conditions and Coulomb
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friction laws. The cases studied include the static, quasi-static and dynamic
problems and diverse elastic and viscoelastic materials with rather general
constitutive laws. The content is partly based on the authors’ research of
the last twenty years.
We overcome the above mentioned analytical difficulties with the help

of a chain of auxiliary problems with simpler structure. The most useful are
the contact problems with given friction, where the normal traction force
in the friction law is assumed to be known, and the penalty approximation
to the Signorini contact conditions. As mentioned above, the latter can
be understood as an approximation of the contact law through a normal
compliance model. The auxiliary models can be solved by standard tech-
niques in functional analysis, and the original problem can be solved either
by a fixed point argument in the case of given friction or by a limiting
process in the case of the penalty approximation. However, these methods
require additional information on the regularity of the traces on the part
of the boundary where contact takes place: this is where the method of
translations is employed.
The book is organized as follows: in Chapter 1, we give a short in-

troduction to the theory of elasticity, we present the models of contact
and friction and we give the mathematical formulation of the dynamic and
static contact problems. Then we present a first existence proof using a
fixed-point approach for a simplified static problem. The second chapter
contains important definitions and results on function spaces, interpolation
theorems, imbedding theorems, trace theorems, and fixed point theorems
required later on. In Chapter 3, static and quasi-static problems are stud-
ied. Chapter 4 contains a summary of results on contact problems without
friction or with given friction for various viscoelastic constitutive law and
contact conditions formulated in velocities or in displacements. In Subsec-
tion 4.2.1, some contact problems for membranes are presented. The last
chapter contains results on dynamic contact problems with contact condi-
tions formulated in velocities and the Coulomb law of friction; we conclude
with contact problems coupled with heat diffusion and generation of heat
by friction.

1.1 Notations

We first introduce some important notations and conventions. Let � be
a (bounded or unbounded) domain (an open connected set) in �� with a
boundary � = ��. The vectors in �� with � � � and the �-dimensional
vector fields are consistently denoted by bold letters. The components of a
vector � are indicated by ��. The scalar product in �� will be consequently
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denoted by a dot and the Euclidean norm there by � � �. For a matrix
� , the symbol �� denotes its transposition. For the unit matrix the
symbol �� is used. For �� � � � � ����, � � �, the open interval is
denoted by (�� �) and the closed one by [�� �], with the usual extensions to
intervals of mixed type. The symbol �+ stands for the interval (0�+�)
and 	� = (0� 
 ) for an appropriate time interval with 0 � 
 � +�. If
� = �(���) is a function dependent on the time � � 	� and on the space
variable� � � � �� , then its (possibly weak) space derivatives are denoted
by ��� 	 ��

���
, 
 = 1� � � � � � , and the (possibly weak) time derivatives by

dots, �̇ =
��

��
, �̈ =

�2�

��2
, � � � . To be consistent in this notation, ��� will

denote the partial derivative of a function � , smoothly dependent on a
variable �, with respect to this variable. By �̇+ and �̇� we denote the right
and left time derivatives, respectively. We use the Einstein summation
convention,

���� 	
��

�=1

�����

with � denoting the range of the summation. Usually � is equal to the space
dimension � . For two sets �1��2 � �� let

dist(�1��2) 	 inf
���1
���2

��
 ��

be their distance. If � : � � �, � � �� , then supp � , the closure
of the set �� � � ; �(�) �= 0�, is the support of � . In the sequel the
bar over a subset of a topological space denotes its closure. For � � �,
[�]+ = max �0� �� is its non-negative part and [�]� = max �0�
�� its non-
positive part . For functions this relation is assumed to be pointwise. For
two mappings � : � � � and � : � � �, the symbol � Æ � denotes their
composition.
The notation of function spaces is the following: For an integer � 
 0

and a domain � � �� the space of functions � : � � � with bounded
and continuous derivatives up to the order � is denoted by ��(�). It
is endowed by the usual sup-norm. If � is not an integer, � = [�] + ��

with [�] � � and 0 � �� � 1, then ��(�) is the space of functions in
� [�](�) whose derivatives of the order [�] are Hölder-continuous with the
Hölder exponent ��. The space of bounded functions endowed with the
sup norm is denoted by �0(�). Let ��(�), � � [1�+�), denote the space
of functions whose �-th power is integrable over � and ��(�) be the
space of essentially bounded functions on �; the definition has sense for
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any measurable � � �� . In this introductory part of the book we shall
use some basic spaces of Sobolev and Besov (Sobolev-Slobodetskii) type.
We do not go into details here and treat them in a more general setting
in Chapter 2. Some notation will be slightly different or more detailed in
accordance with that usually used in the theory of function spaces. If � � 0
is an integer and � a domain in �� , then ��

� (�) is the space of functions
whose (possibly generalized) derivatives up to the order � belong to ��(�).
For a non-integer � � 0 the symbol ��

� (�) denotes the corresponding

Sobolev-Slobodetskii space; this is the subspace of � [�]
� (�) whose elements

have the finite norm

���	�
� (
) 	 �

��������
	

[�]
� (
)

+
�

���=[�]

�



�



�� ��(�)
 ��(�)
���

��
 ���+���
!� !��

and the subspace is equipped with this norm. Here � = ("1� � � � � "� ) � ��
is a multiindex, ��� 	 ��

�=1 �"�� and  �� 	 ��1
1 � � � ���

� �. For � = 2
the space ��

2 (�) will be denoted by #�(�). With �̊�
� (�) and #̊�(�)

the corresponding spaces with vanishing traces are denoted. The Sobolev
spaces with negative indices of differentiability are defined as the dual spaces
���

� (�) =
�
�̊�

� (�)
��
and �̊��

� (�) =
�
��

� (�)
��
with � given by 1

� +
1
� = 1. The concept of vanishing traces and dual spaces is tackled in
Section 2.8. At this moment let us just observe that integer values of �+ 1

�
require a special attention. The corresponding definitions are also valid for
#̊�(�) and #�(�), � � 0. If the index of differentiability � = (�1� �2) in
some of the definitions above has two components, then its first component
refers to the time variable and the second one to the space variables. The
spaces of functions defined on � � �� with ranges in a Banach space �
are denoted by ��(� ;�), �0(� ;�), ��(� ;�), ��

� (� ;�), �̊�
� (� ;�).

The spaces of vector fields are sometimes also denoted by bold letters,
��
�
�;��

�
= ��(�), ��

�
�;��

�
= ��(�), etc. Let us observe that �

will be often a Lipschitz domain, that is, the case when the boundary ��
of � can be locally described as a graph of a Lipschitz continuous function
and � lies on one side of ��—see Section 1.6 for the formal definition and
Subsection 2.7.1 in Chapter 2 (in particular Remark 2.7.2). For a Hilbert
space � we denote the appropriate scalar product by ��� ��� . Moreover,
for a measurable set � � �� or a measurable part � of the boundary
� = ��, ��� ��� denotes the scalar product in �2(�) or in �2(�). The
unit normal vector of � at a point � � � is denoted by 	(�). The normal
vector exists almost everywhere on Lipschitz boundaries and everywhere
on �1 boundaries; see also Section 1.7. If a vector field � = (�1� � � � � �� )
is defined on the boundary � of a domain �, then �
 	 ��$� denotes its
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normal and �� 	 � 
 �
	 its tangential component. In order to simplify
the notation, we use the same symbol for both a function defined on �
and its trace defined on the boundary � . The symbol mes� stands for the
surface measure.
The standard notation for physical quantities used in this book is time

variable �, space variable �, displacement field �, the stress tensor 
 with
components %�� , the strain tensor � with components &�� and components
of the boundary traction (%� )� = %��$� . The coefficient of friction will be
denoted by �.

1.2 Linear elasticity

1.2.1 Deformation of bodies, the strain tensor

In this section we briefly tackle the mathematical description of deforma-
tions of solid bodies and the stresses created by deformations in linear
elasticity. Readers familiar with linear elasticity may skip this section.

�

�

�

��

��

Figure 1.1: Deformation of a solid body.

Let us consider a body occupying in a reference configuration a domain
� � �� of dimension � = 2 or � = 3. Every particle of the body is
described by its position � in this reference configuration, and the body
itself is identified with its reference configuration. A deformation of the
body can be described by a one-to-one mapping

� : � � ��

from the reference configuration � to the deformed configuration ��. The
function � maps any particle � � � onto its position �(�) � �� attained
after the deformation. All information about the deformation is contained
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in the function �. Instead of the map � we may also consider the dis-
placement field

�(�) 	�(�)
 ��

We are interested in the local deformation occurring near a fixed material
point � � �. For simplicity we assume� to be smooth. As a first quantity
measuring the local deformation we may consider the deformation gradient


 	 �� = ����������=1 = ��+���
Some movements of a deformable body do not create deformations; these
are translations and rotations of the body and any of their linear combina-
tions. For translations the deformation gradient vanishes, but for rotations
this is not true. Therefore, in order to have a suitable local measure for
deformation, it is necessary to eliminate the contribution of rotations in the
deformation gradient. This is done with the polar decomposition


 = ��

with the rotation tensor � and the remainder � called right stretch tensor .
The right stretch tensor is given by � 2 = 
�
. Alternatively we may use
the decomposition


 = � �

with the left stretch tensor � given by � 2 = 

�. The right and left
stretch tensors are suitable quantities to locally describe the deformation
of a solid body; they are therefore used to formulate constitutive laws for
different materials.
In linear elasticity the deformation gradient is assumed to be closed to

the identity, and terms of order higher than one are neglected. In this case
the right and left stretch tensors coincide,

� = � =
1
2
��� + (��)�

�
= ��+

1
2
��� + (��)�

�
�

The tensor

� =
1
2
��� + (��)�

�
�

whose components are

&�� =
1
2
(���� + ����)� 
� ' = 1� � � � � ��

is called the linearized strain tensor. It is the basic quantity used for for-
mulation of constitutive laws in linear elasticity.
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1.2.2 The stress tensor

Let us consider a (� 
 1)-dimensional hypersurface ( dividing the body �
into two parts �1 and �2; see Fig. 1.2. Then the part �2 exerts upon �1 a
force along the common surface (. This force can be described by a force
density %(1) defined on the surface (. The value of this force density at a
point � � ( can be represented by a tensor 
 	 �%�������=1, called the stress
tensor , via

%
(1)
� (�) = %��(�)$(1)

� (�)�

Here 	(1) denotes the normal vector of ( pointing to the exterior of the
domain �(1). According to Newton’s law “actio = reactio” the part �2

exerts upon �1 the same force with opposite direction. The corresponding
force density is given by the same formula

%
(2)
� (�) = %��(�)$(2)

� (�)

with the same stress tensor and the normal vector 	(2) = 
	(1) pointing
to the exterior of �2. Note that all quantities here are calculated in the
reference configuration and not in the deformed configuration. For material
without internal rotations the stress tensor is symmetric, %�� = %��; this is
a consequence of the conservation of rotational momentum.

�1
	(2)

	(1)(

�2

Figure 1.2: Definition of the stress tensor.

In order to model any given material, a constitutive law must be spec-
ified. Such laws are derived from experiments. For elastic materials the
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constitutive law is a relation between the strain tensor and the stress ten-
sor. In linear elasticity this relation is assumed to be linear,

%�� = �����&��� (1.2.1)

and the proportionality tensor ���������������=1 is called the Hooke tensor.
Many materials of technical importance have a linear elastic behaviour in
a wide range of loading; this is e.g. the case for most metals. Furthermore,
the linear constitutive law can be considered as a linearization at a given
configuration of a more general law. The Hooke tensor usually satisfies the
conditions of symmetry

����� = ����� = ����� for all 
� '� )� * = 1� � � ��� (1.2.2)

it is elliptic,

�����+��+�� 
 �0+��+�� (1.2.3)

for all symmetric tensors �+�������=1, i.e. satisfying +�� = +��, and it is
bounded,

�����+��+�� � ,0+��+�� (1.2.4)

for all symmetric �+�������=1. In a general situation the coefficients of the
Hooke tensor may depend on the space variable �; in this case the numbers
�0 and ,0 are assumed to be independent of �. The tensor character of
������� implies that its eigenvalues do not depend on any isometry of the
coordinate frame; in particular such a transformation does not change �0
in (1.2.3) or ,0 in (1.2.4).
If the material’s properties do not depend on the direction—the material

is said to be isotropic—then the constitutive law is given by

%�� =
-.

(1 + .)(1
 2.)
Æ������ +

-

1 + .
&�� ; (1.2.5)

the number - is called the Young modulus and the number . is the Poisson
ratio. If - and . are constants, then the body is said to be homogeneous.
Sometimes in the literature the coefficients in (1.2.5) are denoted by

/ =
-.

(1 + .)(1
 2.)
and 0 =

-

2 + 2.
�

where / and 0 are the Lamé constants.
Besides elastic material we consider also some types of viscoelastic ma-

terials. A rather simple constitutive law of viscous type is given by the
relation

%�� = %��(�� �̇) = �(0)����&��(�) + �(1)����&��(�̇) (1.2.6)
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depending also on the strain velocities &��(�̇). Here
	
�
(�)
����


�
�������=1

, � =
0� 1, are tensors satisfying the above properties of symmetry, ellipticity and
boundedness. Such a material is called material with short memory.
Another kind of viscosity involves long time memory. Its linearized form

is as follows

%�� = %��(�; �� �)

= �����&��(�(�� �)) +
� �

0

�����(�
 1)&��(�(1� �)) !1�
(1.2.7)

where �����, the memory coefficients, satisfy a symmetry condition as in
(1.2.2) and the coefficients

������ 	 ����� +
� +�

0

�����(1) !1� 
� '� )� * = 1� � � � � �� (1.2.8)

satisfy the conditions of ellipticity (1.2.3) and boundedness (1.2.4). Usu-
ally the memory coefficients behave like some negative powers of time in
a neighbourhood of � = 0. Such memory is said to be singular. The in-
tegrability in (1.2.8) implies that the negative exponent is larger than 
1.
Later, we shall use in general a non-linear version of this concept.

1.2.3 The equations of linear elasticity

The differential equations of continuum mechanics are consequences of the
physical conservation laws for mass, momentum, and energy. The equa-
tions of elasticity are derived from the energy balance. Let us consider an
arbitrary time-independent subdomain 2 � � of the reference configura-
tion of the elastic body. If � denotes the volume force acting inside the
body (e.g. the gravitational force) and 3 is the (time-independent) density,
then the conservation of momentum is formulated by

!

!�

��
�

3 �̇(���) !�
�

=
�
�

� !� +
�
��

%�� (���) !�

with the boundary traction %�� defined by the formula (%�� )� = %��$� .
Using the Green formula this can be modified to�

�

3 �̈�(���) !� =
�
�

�� !� +
�
�

��%�� !�� 
 = 1� � � � � ��

Here we assume � to be twice continuously differentiable. This formula is
valid for every sufficiently smooth subdomain 2 � �. Hence there holds
the system of differential equations

3�̈� 
 ��%��(�) = ��� 
 = 1� � � � � �� (1.2.9)
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Let us show that this is a hyperbolic system of equations of second order.
It suffices to prove that the second part 
��%��(�) is an elliptic operator.
Let

,(���) 	
�



%��(�)&��(�) !�

be the bilinear form of this operator. Due to the symmetry of the stress
tensor the bilinear form is equivalent to




 %��(�)��4� !�. Applying the

Hooke law (1.2.1) yields

,(���) =
�



�����&��(�)&��(�) !��

Since the Hooke tensor is bounded we immediately obtain

�,(���)� � ,0�����2(
;����)�����2(
;����)�

Due to the ellipticity condition (1.2.3) it holds

,(���) 

�



�0&��(�)&��(�) !�� (1.2.10)

Hence , is elliptic, if

�
 : � ��
�



&��(�)&��(�) !� 
 50���2�1(
) (1.2.11)

holds with a constant 50 � 0. This important estimate is known as the
Korn inequality. It will be proved in the next section.

1.2.4 The Korn inequality

The proof of relation (1.2.11) is performed in several steps. We start with
the case of an infinite strip domain

�(0��) := ���1 � (0� �)

with � � 0. Let us denote the �1(�) seminorm by

�����1(
) = �����2(
;����)�

Then the following relation is valid:

1.2.1 Theorem. Let � ��1(�(0��)) satisfy the boundary condition � = 0
on (0 := ���1 � �0�. Then there holds the Korn inequality

�
(�) =
�



&��(�)&��(�) !� 
 1
2
����2�1(�(0��))

� (1.2.12)
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Proof. In order to prove the result we extend the function � onto the strip
�(����) := ���1 � (
���) by

��(���
�� ) = 
��(��� �� ) for ) = 0� � � � � � 
 1� �� � 0� and
�� (���
�� ) = ��(��� �� ) for �� � 0

with �� = (�1� � � � � ���1)�. For this extension there holds

&��(�;��� �� )&��(�;��� �� ) = &��(�;���
�� )&��(�;���
�� )�

Consequently we have�
�(0��)

&��(�)&��(�) !� =
1
2

�
�(����)

&��(�)&��(�) !�

and it suffices to prove the relation for the extended strip �(����). With
the help of the partial Fourier transform

� (�; ��� �� ) 	 (26)�(��1)�2

�
���1

�(��� �� ) � &������� !��

and the (��-dependent) Fourier coefficients

���� = ��1�2

� �

��

� (��; ��� �� ) sin
��6��

�

�
!�� � ) = 1� � � � � � 
 1�

�� = ��1�2

� �

��

� (�� ; ��� �� ) cos
��6��

�

�
!�� � � � ��

�0 = (2�)�1�2

� �

��

� (�� ; ��� �� ) !�� � ���0 = 0� ) = 1� � � � � � 
 1�

we get

-(����)(�) =
�
�(����)

&��(�)&��(�) !�

=
�
�(����)

� ��
�=1

������2 +
1
2

��1�
�=1

�
���� + ����

�2
+

1
4

��1�
���=1�
� �=�

�
���� + ����

�2�
!�

=
�
���1

+��
�=0

�
62��2�2����2 +

��1�
�=1

�
+2�������2
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+
1
2
�
+2� ����2 + 62��2�2������2 + 26��1�Re

�

+�������

���
+

1
4

��1�
���=1�
� �=�

�
+2�������2 + +2� ������2 + 2Re

�
+�+�
����
����

����
� !�� !�� �

Using the inequality

1
2

��
�=1

��� �2 +
�

1	���	�

Re
�
����

�
=

1
2

������1�
�=1

��

����2 
 0

for �� = 
+�����, ' = 1� � � � � � 
 1, and �� = 6��1��� the theorem is
proved.

The just proved relation can be easily extended to halfspace domains of
the type � = ���1 ��+ and to the whole space �� . In fact, the relation
is valid for any width � � 0 of the strip. Considering an arbitrary field � �
��
��
��
�
for the whole space and � � ��(�)�����

��
�
for the halfspace,

we can choose � such that sup� � �(0��) (after some possible translation
of the support in the case of the full space). Then the Korn inequality for
this strip yields the Korn inequality for the halfspace and for the whole
domain. Since ��

��
��
�
is dense in �1

�
��
�
and ��(�) � ��

��
��
�
is

dense in �1(�), the inequality must be valid for the halfspace � and the
whole space �� with the same constant. This yields

1.2.2 Corollary. In the cases of a halfspace domain � = ���1 ��+ and
of the whole space � = �� the Korn inequality is also valid,�

�

&��(�)&��(�) !� 
 1
2
����2�1(�) for every � ��1(�)�

In order to extend the Korn inequality to sufficiently smooth general
domains, we first formulate the coercivity of the strain tensor.

1.2.3 Theorem. Let � � �� be a bounded domain with Lipschitz bound-
ary � = ��. Then there exists a constant 50 such that for all � ��1(�),�




�
&��(�)&��(�) + � � �� !� 
 50���2�1(
)� (1.2.13)

1.2.4 Remark. If we introduce the space

�(�) 	 	� � �2(�); ����(
) � +�
 �
where � � ��(
) 	

�
� � �2 + �


(1.2.14)
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endowed with the mentioned norm, Theorem 1.2.3 states the assumption
under which �1(�) and �(�) are equivalent.

Proof. The proof of this theorem for an infinite strip, a halfspace, and the
whole space is obvious from the above Corollary. Its extension to a general
bounded domain with a �1 smooth boundary can be carried out with the
help of the localization technique described in Section 1.6 below. The proof
for domains with a Lipschitz boundary is based on the following lemma.

1.2.5 Lemma. Let � be a domain satisfying the cone property (see defi-
nition in Chapter 2, p. 139); this is e.g. satisfied for � � �0�1. Then for a
4 � #�1(�) such that ��4 � #�1(�), 
 = 1� � � � � � , the relation 4 � �2(�)
is valid.

The proof of this lemma is done for � = �� via the Fourier transform.
For general domains it is based on the extension technique for domains with
a Lipschitz boundary, described in Chapter 2 (see Subsection 2.8.2).
Since ����4� = ��&��(�) + ��&��(�) 
 ��&��(�), Lemma 1.2.5 yields � �

�1(�) whenever � � �(�). The just proved surjectivity of the imbedding
of �1(�) into �(�) and the open mapping theorem yields the continuity
of its inverse.

For a bounded domain �, the kernel of the strain tensor � : � ��
�&��(�)�����=1 is given by the set

ker(�) = � 	 	� �� �� + � ;� � ��
� is antisymmetric,

� � �� 
� (1.2.15)

where “antisymmetric” means � = 
��. This fact can be easily verified
with the help of the formula ��(�� + �)� = ��� for � = ���������=1, hence
&��(�) = 0 for every � � �. Conversely, condition �(�) = 0 is equivalent
to ���� = 
���� on � for all 
� ' = 1� � � � � � . This yields ������ = 0,

� '� ) = 1� � � � � � , where the derivatives are considered in the distributional
sense. In fact, ������ = 
������ = 
������ = ������, where the second
equality is obvious from the definition of the distributional derivatives (the
test functions are smooth). From the same reason the first and the last
term in the previous inequality equals to ������ , and ������, respectively.
However, simultaneously ������ = 
������. Hence � is an affine field and
has a representation �(�) = ��+� with a matrix � � ��
� and a vector
� � �� . From &��(�) = 1

2 (��� + ���) = 0 it follows � � �.
We divide �1(�) into the two direct summands � and its (e.g. �2-)or-

thogonal complement �. This decomposition also defines two continuous
projections 6� : �1(�) � � and 6� : �1(�) � �. The Korn inequality
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holds on �. Indeed, if this is not true, then there exists a sequence ���� �
� such that �(��)� 0 in �2(�) and �����1(
) = 1. Due to the compact
imbedding �1(�) 7� �2(�) we can extract a subsequence, denoted by ��

again, such that �� � � in �2(�) and �� 8 � in �1(�). Due to the
convergence �(��) � 0 there holds �(�) = 0. Passing to the limit ) � �
in (1.2.13) for �� 
 � and regarding dim� � +�, we can see �� � �

in �1(�). Hence � � �, ����1(
) = 1 and �(�) = 0 which contradicts
� = ��. Thus we have proved the following version of the Korn inequality:

1.2.6 Proposition. Let � � �� be a bounded domain with Lipschitz
boundary. Then

�
(�) 
 50�6���2�1(
)

for every � ��1(�).

An easy consequence of this result is

1.2.7 Corollary. Let � be a bounded Lipschitz domain, an infinite strip,
a halfspace or the full space. Let the space � be defined by � 	 	

� �
�1(�) ; � = 0 on ��



with a part �� of the boundary having non-zero

surface measure in the case of the bounded Lipschitz domain, � 	 �� �
�1(�) ; � = 0 on ���1 � �0�
 for the strip � = �(0��) or � = �1(�)
in the case of the halfspace and the full space. Then the Korn inequality�




&��(�)&��(�) !� 
 50���2�1(
)

holds for every � � � .

This Corollary follows from the fact that ��� contains only the trivial
function.
The set � is called set of rigid motions . Let us point out that it does

not coincide with the set of translations and rotations of the domain �, as
its name might suggest. In fact, it is the set of all derivatives

� �� ��,(9)��=0 �

of “real” rigid motions

� �� ,(9)�

where, : � � ���� is a smooth mapping satisfying,(0) = ��, det(,) = 1
and ,(9),(9)� = ��. This fact is a consequence of the linearization of
the strain tensor.
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1.2.5 Special cases

Let us assume that the thickness of the body is infinitely small, occupying
the graph �(�� :(�)); � � ��� in a reference configuration, where �� is a
domain in ���1 , and : is some differentiable function on ��. For � = 3
this object is a membrane, for � = 2 it describes a string. Moreover, let
the force act in the direction of the � -th axis. We expect that our object is
deformable also only in that direction, i.e. �� (further denoted by �) is the
only possible non-zero component of the displacement. Its derivatives with
respect to ��� 
 = 1� � � � � �
1, are the only possible non-zero components of
the strain tensor. The components of the stress tensor are then limited to
%�(�) 	 %�� (�) and in the linear theory of elasticity %�(�) = ������, where
��� 	 ����� � 
� ' = 1� � � � � � 
 1. This concept can be extended to the
mentioned viscous models. Here, however, some more general non-linear
concepts are frequently used.

1.3 Formulation of contact problems

1.3.1 Contact and friction models

The phenomenologically most simple models for the description of contact
and friction are the Signorini contact condition and the Coulomb law of
friction. The Signorini condition models the exact non-penetrability of the
bodies in contact with the following relations:

1. The normal displacement �
 of the boundary cannot be larger than
the distance �
 between the bodies, that is, �
 � �
.

2. by contact only compressive forces ;
 can be transmitted, ;
 � 0

3. forces can be transmitted only if there is contact, e.g. ;
 � 0� �
 =
�
.

The Coulomb law of friction was proposed very early in the year 1781(cf.
[37]). It is based on the following observation: we consider a rigid block
resting on a flat rigid plane. The block is pressed upon the plane with a
normal force ;
 (e.g. the gravity) and it is pulled in the horizontal direction.
Then there is a threshold value such that the block starts to move only
if the tangential force is bigger than this value. This threshold value is
proportional to the normal force ;
 with proportionality constant �1 called
coefficient of friction. The friction creates a force ;� opposite to the moving
velocity with magnitude again proportional to the normal force, ;� = �2;
.
The proportionality constants �1 and �2 are usually different. However,
throughout this book we either neglect this difference, �1 = �2, or we
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describe it approximately by a coefficient of friction depending on the sliding
velocity �̇�, � = �(�̇�).

n

t

F

F

The contact and friction conditions, formulated here for rigid bodies,
may be transferred to deformable bodies by replacing the forces ;
 and ;�
by force densities %
 and 
�. The Signorini contact model is then given by
the complementarity condition

�
 � �
� %
 � 0� %
(�
 
 �
) = 0� (1.3.1)

The Coulomb friction law is defined by the relations

�̇� = 0 � �
�� � ��%
�� (1.3.2)

�̇� �= 0 � 
� = 
��%
� �̇���̇�� (1.3.3)

with �̇� denoting the (tangential) velocity.
Despite the simplicity of these models, the corresponding frictional con-

tact problems are rather delicate. Due to the inequalities arising in the con-
tact and friction laws, the problems have variational formulations in terms
of variational inequalities. The functional describing the friction turns out
to be neither monotone nor compact, hence the well established theory of
variational inequalities cannot be applied to these problems directly. More-
over, the Euclidean norms make the friction non-smooth. These difficulties
have led many researchers to propose different contact and friction models.
Such simplifications include

� the concept of non-local friction, where the normal component of the
contact traction in the Coulomb law is smoothed by convolution with
a smooth kernel [40].

� The normal compliance contact model. There the exact non-penetra-
tion condition is relaxed and replaced by a (possibly) non-linear con-
tact law [106]. The normal contact traction is given as a function of
the magnitude of interpenetration of the bodies,

%
(�) = 
<(�
 
 �
)�

This concept corresponds to a penalty approximation of the Signorini
condition.
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Both simplifications lead to contact problems with completely continuous
friction laws. These problems can be analyzed with standard variational
methods. The models are sometimes justified by an investigation of the
micromechanics of the contact surfaces (although the smoothing of the
normal boundary traction only while the tangential stress remains non-
smoothed such as it is usually assumed in the first model does not seem
to be fully physically verified). However, involving micromechanics means
involving very small scales and parameters. In a physically realistic setting
the diameter of the support of a suitable smoothing kernel in the non-local
friction approach or the slope of the non-linear functional mapping the
interpenetration to the boundary traction in the normal compliance model
should have a magnitude of the size of the boundaries’ microstructure.
In the limit of vanishing microstructure parameters we again recover the
Signorini condition and the Coulomb friction law. Therefore, in our opinion,
the Signorini condition and the Coulomb law are still the most realistic
models on a macroscopic level.

1.3.2 The dynamic contact problem

We give here the complete formulation of the dynamic contact problem with
Coulomb friction for an elastic body and a rigid foundation. The boundary
� of the body shall consist of three mutually disjoint parts �� , �� and �� .
On �� the boundary displacements are prescribed, on �� the boundary
tractions are given, and �� is the potential contact part. Summarizing
the models of the preceding sections, we arrive at the following problem:
We search for a displacement field � : 	� � � � �� with time interval
	� = [0� 
 ] such that the following relations are satisfied:

�̈� 
 ��%��(�) = � � in 	� ��� (1.3.4)

� = � on 	� � �� � (1.3.5)


� = � on 	� � �� � (1.3.6)

�
 � �
� %
 � 0� %
(�
 
 �
) = 0 on 	� � �� � (1.3.7)

�̇� = 0 � �
�� � ��%
��
�̇� �= 0 � 
� = 
��%
� �̇���̇��

on 	� � �� � (1.3.8)

�(0��) = �0� �̇(0��) = �1 for � � �� (1.3.9)

This is the general formulation of a dynamic contact problem with Coulomb
friction for an elastic body. Unfortunately, it is not possible to prove any
result concerning the existence and uniqueness of solutions for this problem
up to now. Even in the frictionless case there are only very few results about
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existence of solutions available [13]; all of them are valid for very special
situations. In the present book we study the following situations:

� The static contact problem, derived from the dynamic problem by a
time discretization, in Chapter 3.

� The dynamic problem for given normal force in the friction law. Here
the term ��%
� in the friction law (1.3.8) is assumed to be a given
function =. This problem is not only of theoretical interest. If ��

denotes the solution of the problem with given friction = and this
solution is unique, then an operator

> : =� ��%
(��)�

is defined. The solution of the original contact problem is then given
by a fixed point = of this operator and the corresponding displace-
ment field ��. The first existence result for static contact problems
with Coulomb friction, using such an approach, was proved in [113].
However, in the dynamic case the existence of a fixed point is still an
open problem. The dynamic contact problem with given friction is
treated in Chapter 4.

� Some contact problems for membranes in Section 4.3.
� The dynamic contact problem for viscoelastic material with contact
condition formulated in displacement velocities,

�̇
 � 0� %
 � 0� %
�̇
 = 0� (1.3.10)

This condition can be interpreted as a first-order approximation (with
respect to the time variable) of the original contact condition. It is
physically realistic for a short time interval and for a vanishing initial
gap �
 = 0 only. This problem is studied in Chapter 5. This chapter
also contains results for thermo-viscoelastic contact problems.

1.4 Variational principles in mechanics

Let us briefly explain how the described models fit into the classical La-
grangean and Hamiltonian variational principles. A mechanical system is
described in dependence of generalized coordinates � by a Lagrange func-
tion �(�� �̇� �) defined by difference of kinetic and potential energy,

�(�� �̇� �) = -kin(�� �̇� �)
-pot(�� �̇� �)�
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The generalized coordinates are elements of a space of admissible coordi-
nates 2 . According to the variational principle of Lagrange, the trajectory
��(�) ; �0 � � � �1� between two known states �(�0) and �(�1) of the system
is given by the solution of the optimization problem

max
	��1((�0��1);� )

� (�0� �1; �) with � (�0� �1; �) 	
� �1

�0

�(�� �(�)� �̇(�)) !��

The Euler-Lagrange equation

��� (�0� �1; � + ?�)��=0 = 0 (1.4.1)

of this problem is given by

0 =
� �1

�0

(�	�(�� �(�)� �̇(�))�(�) + �	̇�(�� �(�)� �̇(�))�̇(�)) !�

=
� �1

�0

�
�	�(�� �(�)� �̇(�))
 (�	̇�(�� �(�)� �̇(�)))�

�
�(�) !��

where in the last step an integration by parts with respect to the time
variable has been done. The equation is valid for all test functions from
�̊1((�0� �1);2 ). This leads to the equation of motion of the Lagrangean
formalism,

(�	̇�)˙= �	�� (1.4.2)

The Hamiltonian of the physical system is defined as the dual of the La-
grange function with respect to the generalized velocities �̇,

#(���) = min
	̇��

�
� � �̇ 
 �(�� �̇)

�
�

The necessary conditions for a minimum give the relation

� = �	̇� (1.4.3)

for the generalized momentum �. Differentiating the Hamiltonian#(���)=
� � �̇(���)
�(�� �̇(���)) with respect to � and � and using formula (1.4.3)
yields �	# = 
�	� and �
# = �̇. In combination with (1.4.2) this leads
to the equations of motion of the Hamiltonian formalism,

�̇ = �
# and �̇ = 
�	#� (1.4.4)

For a linearly elastic body � subjected to a volume force � and to boundary
tractions � the kinetic and potential energies are

-kin(�) =
�



1
2@��̇�2 !� and

-pot(�) =
�



�
1
2�(���)
 � � �� !�
 �

�

� � � !1�
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with the bilinear form �(���) = %��(�)&��(�) = �����&��(�)&��(�). Here, the
displacement field � serves as generalized coordinates; it is an element of the
space 2 = �1(�). The Lagrange functional, defined on �1(�) � �2(�),
is given by

�(�� �̇) =
�



�
1
2@��̇�2 
 1

2�(���) + � � �� !� +
�
�

� � � !1��

The derivatives ��� and ��̇� are to be understood now in the sense of
Fréchet derivatives; they are defined by

��� : � ��
�



(
�(���) + � � �) !� +
�
�

� � � !1� and

��̇� : � ��
�



@�̇ � � !�;

both derivatives are elements of �1(�)�. The Lagrangean equation of
motion (1.4.2) is an operator equation in the space�1(�)�; it is equivalent
to the variational equation�

 �

�



((@�̇)̇ � � + �(���)
 � � �) !� !�

�
 �

�
�

� � � !1� !� = 0�

This is the variational formulation of the problem

(@�̇� )̇
 ��%��(�) = �� in �� (1.4.5)


� (�) = � on �� (1.4.6)

The generalized momentum is given formally by the functional

� : � ��
�



@�̇ � � !�� (1.4.7)

Using the usual identification � = @�̇ � �2(�), the Hamiltonian reads

#(���) =
�



�
1
2! ���2 + 1

2�(���)
 � � �
�
!�


�
�

� � � !1�;

it coincides with the energy of the system. The Hamiltonian equation of
motion (1.4.4) with �̇ : � �� 




(@�̇)̇ � � !� and

��# : � ��
�



(�(���)
 � � �) !�

�
�

� � � !1� (1.4.8)

leads again to the variational formulation of problem (1.4.5), (1.4.6).
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In the case of contact without friction, the variational principles apply
in a slightly different form. The kinetic and potential energy and the La-
grangean are defined as above, but in the set of admissible displacements
� :=

	
� � �1(�) ; 4
 � �
 on ��



we have an additional inequality

constraint. Due to the convexity of this set the Euler-Lagrange equations
(1.4.1) can be replaced by the inequality

��� (�0� �1; � + ?(� 
 �))��=0 � 0� (1.4.9)

This is equivalent to the variational inequality

������ 
 ��
 + ���̇�� �̇ 
 �̇�
 � 0� (1.4.10)

or �



(
�(��� 
 �) + � � (� 
 �)) !� +
�
�

� � (� 
 �) !1�

+
�



@�̇ � (�̇ 
 �̇) !� � 0�

which is indeed the variational formulation of the contact problem without
friction.
The generalized momentum � and the Hamiltonian of the system are

again the same as in the case of a boundary value problem without contact.
The equation of motion in the Hamiltonian formalism is transformed into
the inequality

��̇�� 
 ��
 
 
���#(���)�� 
 ��
 �

as can be easily seen from (1.4.10) with � = ��̇� and relation ��# = 
���.
Due to (1.4.7) and (1.4.8), this again yields the variational inequality of the
contact problem without friction.
The contact problems to be studied later usually include Coulomb fric-

tion and viscous material laws. Due to the dissipative character of friction
and viscosity, these problems cannot be written in a straightforward man-
ner as Hamiltonian systems. In most cases to be studied, the contribution
of friction and viscous energy dissipation will be considered as additional
forces. In order to give a closed and consistent physical description of con-
tact with friction and viscosity, it is necessary to consider also the heat
equation because the dissipated energy is transformed to heat. In this case,
the Lagrangean and Hamiltonian mechanics is no longer a suitable model;
the right framework is thermodynamics. Contact problems including heat
transfer will be studied at the end of Section 5, where also the thermody-
namic consistency of the employed models is discussed.
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1.5 The static contact problem

In the last part of this introduction we study the solvability of the static
contact problem with a fixed point approach. This also motivates the ne-
cessity to use the mathematical tools presented in Chapter 2.

Usually static problems in continuum mechanics describe the equilib-
rium configuration which is attained by the solution of a certain prob-
lem with time-independent outer forces at the limit for infinite time. Of-
ten the static problem can be formulated as a minimization problem of
a certain functional related with some kind of energy. However, for fric-
tional contact problems the situation is not as simple because the fric-
tion leads to dissipation of energy. Here the static contact problem is ob-
tained by approximating the time derivatives with finite differences. Let
0 = �(0) � �(1) � � � � � �(") = 
 be some discrete time levels and let �(�)

be an approximation for �
�
�(�)
�
. In the simplest case we replace the time

derivatives by backward differences,

�̇� A�(�)

A�(�)
and �̈�

A�(�)

A�(�)

 A�

(��1)

A�(��1)

A�(�)

with the backward difference operator A defined by A�(�) = �(�) 
�(��1).
This results in the sequence of problems

A�
(�)
��

A�(�)
�2 
 ��%����(�)

�
= � (�)

� +
A�

(��1)
�

A�(�)A�(��1)
in �� (1.5.1)

�(�) = � (�) on �� � (1.5.2)



(�)
� = � (�) on �� � (1.5.3)

�(�)

 � �(�)
 � %(�)


 � 0� %(�)



�
�(�)

 
 �(�)


�
= 0 on �� � (1.5.4)

A�
(�)
� = 0 � ��
(�)

�

�� � �
��%(�)




���
A�

(�)
� �= 0 � 


(�)
� = 
���%(�)




�� A�(�)
���A�(�)
�

��
����� on �� � (1.5.5)

�(0) = �0�
A�(0)

A�(0)
= �1 in �� (1.5.6)

In time step * we consider this as a given problem for the displacement
�(�) with the functions �(��1) and A�(��1) as part of the given data. This
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problem has the structure

! �� 
 ��%��(�) = �� in �� (1.5.7)

� = � on �� , (1.5.8)


� = � on �� , (1.5.9)

�
 � �
� %
 � 0� %
(�
 
 �
) = 0 on �� , (1.5.10)

�� 
 �
(��1)
� = 0 � �
�� � ��%
��

�� 
 �
(��1)
� �= 0 � 
� = 
��%
� �� 
 �

(��1)
����� 
 �
(��1)
�

��
����� on �� , (1.5.11)

where ! =
�
A�(�)

��2
, � is the old �(�), and the definitions of ��, � , � and

�
 have been modified in an obvious way.
It is our aim to prove the existence of solutions to this problem. For

simplicity of the presentation we assume �(��1)
� = �, as it is satisfied in

the first step of the time discretization for initial datum (�0)� = �. This
restriction is not necessary for the mathematical analysis to be carried out,
but the consideration of a non-zero �(��1)

� = 0 leads to an enlargement of
already large formulae without any substantial mathematical insight. All
the proofs can be modified to include also the case of a non-zero, sufficiently
smooth �(��1)

� .
In order to derive the variational formulation of the problem it is neces-

sary to find a variational formulation for the non-linear contact and friction
boundary conditions. The Signorini contact condition is equivalent to

�
 � �
� %
(4
 
 �
) 
 0 for all 4
 � �
� (1.5.12)

The proof is obvious. The Coulomb friction law admits the variational
formulation


� � (�� 
��) + ��%
�
����� 
 ����� 
 0 ��� orthogonal to 	� (1.5.13)

Indeed, assume that (1.5.11) is true (with �(��1)
� = �). Then, since �
�� �

��%
�, we have 
� � �� + ��%
����� 
 0. Moreover, 
� � �� + ��%
����� = 0
because either �� = 0 or 
� = 
��%
� ������ . Hence (1.5.13) is proved. Now
let (1.5.13) hold. Choosing �� = 
��+�� for an arbitrary�� perpendicular
to 	 and using both the positivity of � and the triangle inequality, we arrive
at 
� ��� � ��%
� ����, hence �
�� � ��%
�. Choosing �� = 0 and �� = 2��
yields 
� � �� + ��%
����� = 0; hence either �� = 0 or, if this is not true,

� = 
��%
� ������ . Therefore the classical friction law (1.5.11) is verified.
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In order to derive a variational formulation of the contact problem, we
multiply the differential equations (1.5.7) with a test function of the form
4� 
 ��, we sum up the results over 
 = 1� � � � � � and integrate by parts,�




��%��(�) 4� !� =
�
�


� (�) � � !1� 

�



%��(�)&��(�) !��

Inserting the variational formulations of the contact and friction conditions
we obtain

,(��� 
 �) +
�
��

��%
(�)������ 
 ����� !1� 
 � (� 
 �) (1.5.14)

with the bilinear form

,(���) =
�



�
!� � (� 
 �) + �(��� 
 �)

�
!��

where

�(���) 	 %��(�)&��(�) = �����&��(�)&��(�)

and the linear functional of the given outer forces

� (�) 	
�



� � � !� +
�
��

� � � !1��

The variational equation is valid for all functions 4 in the cone

� :=
	
� ��1(�); � = � on �� and 4
 � �
 on ��



with the vertex at� (we assume� ��1(�)) and the solution � is searched
for in the same cone.
Any twice differentiable weak solution � of (1.5.14) is also a solution

of the classical formulation (1.5.7)–(1.5.11) (with �
(��1)
� = �). Indeed, by

putting � = �+� with � � ��
1
(�) and using the Green formula, equation

(1.5.7) is derived. The condition (1.5.8) is just required for the solution of
(1.5.14). Then, by putting a general � � � satisfying first � = � on �� ,
then �� = � on �� and finally without any further condition and using
the weak formulations of the contact condition (1.5.12) and of the friction
law (1.5.13) we successively verify the validity of the remaining boundary
conditions (1.5.9), (1.5.10), (1.5.11).
The weak formulation (1.5.14) of the contact problem is a variational

inequality. There exists an extensive theory on variational inequalities, see
e.g. the monographs [19], [42], [92]. The existence results developed there
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are mainly based on the equivalence of many variational inequalities to
certain non-smooth optimization problems. However, in our case it is not
possible to reformulate (1.5.14) as an optimization problem; therefore these
known results cannot be applied directly. In order to prove the solvability of
the problem we use an approximation by a sequence of auxiliary problems
with simpler structure. Here we employ the historically older approach
using the contact problem with given friction. In this problem the contact
stress ��%
� in the friction functional is assumed to be a known non-negative
functional =. Then (1.5.14) has the form: Find a function � � � such that
for all � � �

,(��� 
 �) +
�
��

=
����� 
 ����� !1� 
 � (� 
 �)� (1.5.15)

This is equivalent to the optimization problem

� = Argmin
���

(B0(�) + '�(�)) (1.5.16)

with the functionals

B0 : � �� 1
2,(���)
� (�)�

'� : � ��
�
��

=���� !1��

The set of admissible functions � is a convex cone and the functional B� =
B0+'� to be optimized is convex and continuous. The functional B0 is affine
while '� is non-smooth. The optimality condition of problem (1.5.15) is
given by variational inequality (1.5.14). In fact, for a convex continuous
functional ; : C � � defined on a convex subset � of a Banach space C ,
the inequality

�
; (� + ?D) 
 ; (�)

�Æ
? � ; (� + D) 
 ; (�) holds for any �,

�+ D � � and ? � (0� 1); hence the function ? �� �
; (� + ?D) 
 ; (�)

�Æ
?

is non-decreasing on (0� 1). In particular, such functionals are directionally
differentiable in such directions with the directional derivative

 ; (�;D) 	 lim
�#0

; (�+ ?D)
 ; (�)
?

= inf
�#0

; (�+ ?D)
 ; (�)
?

�

This implies in particular

lim
�#0

; (�+ ?D)
 ; (�)
?

� ; (�+ D)
 ; (�)� (1.5.17)

In our case (1.5.17) applied to ; = '� and D = � 
 � easily yields the
inequality

lim
��0

1
�
(B�(� + ?(� 
 �))
 B�(�))

� � B0(�)�� 
 ��+ '�(�)
 '�(�) for all � � � �
(1.5.18)
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with the Fréchet derivative � B0(�)��� = ,(���)
� (�). If � is a solution
of the optimization problem, then the left hand side of (1.5.18) is non-
negative for every � � � ; hence � is also a solution of the variational
inequality. On the other hand, if � is a solution of the variational inequality,
then (1.5.17) applied to B0 and to D = � 
 � shows

� B0(�)�� 
 �) � B0(�)
 B0(�)

and (1.5.15) therefore implies B0(�) + '�(�) 
 B0(�) + '�(�). This proves
the equivalence of the formulations (1.5.15) and (1.5.16).
It is now rather easy to prove the existence and uniqueness of solutions

to the optimization problem (1.5.16). The necessary assumptions are as
follows.

1.5.1 Assumption. Let � be a bounded domain with a Lipschitz boundary
� consisting of three measurable (with respect to the surface measure) and
mutually disjoint parts �� , �� and �� . Let � ��1

0(�)� with �1
0(�) :=

�� ��1(�); � = 0 on ��� and let � ��1(�) such that � ��� = 0. The
functional = is assumed to be an element of the dual cone

� � :=
	
= � #�1�2(��); �=� 4��� 
 0 for all 4 � #1�2(��)

with 4 
 0


�
(1.5.19)

We assume either ! = !(�) 
 �0 � 0 for all � � � or mes� �� � 0.
The coefficients ����� of the constitutive relation are bounded, symmetric,
elliptic (in the sense described above), and ! � ��(�).

Under these assumptions the following Theorem holds true.

1.5.2 Theorem. The contact problem with given friction has a unique
solution � = �� � � . The solution satisfies the a priori estimate

����1(
) � 50 and �%
(�)�$�1�2(� ) � �0 (1.5.20)

with constants 50� �0 independent of the given friction force =. The solu-
tion � depends continuously on the given friction: if �=����=1, =� � � �,
is a sequence with a strong #�1�2(��)-limit =0, then the corresponding
sequence ������=1 of solutions of problem (1.5.15) converges strongly in
�1(�) to the solution �0 of the contact problem with given friction force
=0.

Here and in the sequel the strong convergence denotes the convergence
in the appropriate norm topology.
This existence and uniqueness result follows from the standard opti-

mization theorem
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1.5.3 Theorem. Let C be a reflexive Banach space, let � � C be a convex
closed subset and let ; : C � � be a convex, weakly lower semicontinuous
functional satisfying the property of coercivity

lim
%��


%
��+�

; (�) = +��

Then there exists a solution �0 of the optimization problem

min
%��

; (�)�

If ; is strictly convex, then this solution is unique.

Proof. Due to the coercivity every minimizing sequence of the problem is
bounded in C . Since C is reflexive, every bounded subset is sequentially
weakly compact. It is therefore possible to find a weakly convergent sub-
sequence whose limit �0 is a solution of the problem. For details see e.g.
[51].

We apply this theorem to the functional B0 defined on the Banach space
C = �1(�) and the convex subset � � C . It is easy to see that � is closed
in�1(�). Due to the Korn inequality used for �
� and Assumption 1.5.1
we have

B(�) 
 50���2�1(
) 

�
51����1(
) + �� ��1

0(
)�

�
����1(
)


 52���2$1(
)�

with suitable constants 51, 52 and this proves the coercivity of B . The
strict convexity of B again follows from the Korn inequality. Moreover, B
is continuous on �1(�), i.e it is also weakly lower semicontinuous. Hence
existence and uniqueness of a solution are verified.
The a priori estimate (1.5.20) is proved by taking a fixed test function

� � � with ����� = 0 in variational inequality (1.5.15), using the ellipticity
of the bilinear form and the relation



��
=���� !1� 
 0 valid for = � � �.

The second estimate in (1.5.20) is a consequence of the first one and the
definition of the normal stress by the Green formula

�%
(�)� 4
� 	
�



�
!� � � + �(���)
 � � �� !� (1.5.21)

for any � ��1(�) with �� = 0 on � .
The continuous dependence of the solution � on = can be verified in

the standard way. We take the problem with given friction for two different
friction forces =1 and =2, denote their solutions by �1 and �2 and insert
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� = �2 and � = �1 into the variational inequality (1.5.15) for = = =1 and
= = =2, respectively. Then, after adding both inequalities we obtain with
help of the Korn inequality (1.2.13)

��1 
 �2�2�1(
) � const.�=1 
=2�$�1�2(�� )

� � �(�1)�� 
 �(�2)�� ��1�2(��)�
(1.5.22)

Here, for the second factor only the estimate � �(�1)��
 �(�2)�� ��1�2(��) �
��1��1�2(��) + ��2��1�2(��) is available. This is a consequence of the
inequality

� ��� �$	(�) � ���$	(�)� (1.5.23)

The proof for " = 0 is obvious; for " � (0� 1) it is based on the trian-
gle inequality in �� . Let us remark that an estimate of the type � �4� 

�E� �$	(�� ) � 5�4 
 E�$	(��) is in general not valid. This can be seen
e.g. by considering the functions 4� = 1

2 (1 + sin()�)) and E� = 4� 
 1
on the domain (0� 26). These functions satisfy �4� � 
 �E�� = 24� 
 1 and
4� 
 E� = 1; as a consequence there holds �4� 
 E��$	(0�2&) =

�
26, but

� �4�� 
 �E�� �$	(0�2&) � +� for ) �� and fixed " � (0� 1).
Using a standard trace theorem and the a priori estimate (1.5.20) for

�1 and �2 yields the 1F2-Hölder continuity of the operator = �� � = ��.
We remark that (1.5.23) holds also for " = 1, but the definition of the
space needs more assumptions about the set � ; it is valid e.g. for an open
set with a finite number of components having a Lipschitz boundary and
non-zero mutual distances of the components, or a �1-surface of dimension
� 
 1 in �� .
Relation (1.5.23) does not hold in general for " � (
1� 0) even if 4 �

�2(�). Indeed for � = (0� 1) and 4� = sign sin()�) the convergence
�4��$	(�) � 0 for ) � +� holds while ��4���$	(�) = 1 for all ) � �.
In the sequel we need the following

1.5.4 Lemma. Let � � �� be open and bounded or let � be an open
bounded subset of a manifold � � ��+� of the class �1+� having the
dimension � for some integer ) � 0. We assume that � consists of a
finite number of components having a Lipschitz boundary or supp; �� .
Let

� = 0 and ; � ��(�) or

� � (0�min(1� ")) and ; � ��(�) ���+�
� (�)

for ? � 0 arbitrarily small.

(1.5.24)
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Here, the index � satisfies � 
 �F� for � � �F2, � � 2 for � = �F2 and
� 
 2 for � � �F2. Then, if � � #��(�) is non-positive or non-negative
in the dual sense, there holds

�;��$��(�) � �;���(�)���$��(�)� (1.5.25)

If � is a general element of #��(�) and ; � ��(�) ���+�
� (�) with

� satisfying the requirements mentioned above and arbitrarily small ? � 0,
then

�;��$��(�) �
�
�;���(�) + const.�;�	�+


� (�)

�
���$��(�)� (1.5.26)

Proof. Let us first consider the case of� being composed of a finite number
of domains with Lipschitz boundary. The definition of the dual norm,
estimate (1.5.23) and Hölder’s inequality show the validity of (1.5.25) for
� � �2(�) or � = 0. In the latter case the assumption on the sign of � is
redundant. For ; � ��+�

� (�) � ��(�) with � � (1��), any small ? � 0
and any � � #�(�) there holds

�;4�$�(�) � �;���(�)�4�$�(�) + �;�	�+

2� (�)�4��2�� (�) (1.5.27)

with indices G� G� 
 1 satisfying 2G � � and G = G�F(G� 
 1). Then the
imbedding #�(�) 7� �2��(�) is employed; it is valid for G� � �F(�
2�)
if � � �F2, for any finite G� 
 1 if � = �F2 and for G� = +� if � � �F2.
This determines the value of the index �.
If� is not regular in the above mentioned sense, but supp; �� , then

there exists a regular set � � such that supp; �� �. In this case the proof
is done for the set � �, and the result is also valid for the original set �
because ; = 0 on � �� �.
Up to now, estimate (1.5.25) has been proved for the case � � �2(�)

only. However, due to (1.5.26) the operator � �� ;� is continuous on
#��(�) for ; satisfying the assumptions of the Lemma. Due to the den-
sity of non-negative (non-positive) elements of �2(�) in a set of those
from #��(�) which is a consequence of the mollifier technique (cf. (2.2)),
the assertion (1.5.25) is also valid for every non-negative (non-positive)
� � #��(�) and the Lemma is proved.

1.5.5 Remark. If the boundary of � is at least �1+�-smooth for " � � or
if supp; �� holds, then ��(�) ���+�

� (�) is dense in �0(�). Hence
in these cases the Lemma is also valid for ; � �0(�).
A solution of the original contact problem with Coulomb friction is

characterized by a fixed point of the operator

> : � � � =� �%
(��) � � ��
The existence of a fixed point is proved by Tikhonov’s theorem.
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1.5.6 Theorem. Let � be a locally convex space and let � � � be a
convex compact subset. Then any continuous mapping , : � � � has a
fixed point in � .

In order to apply this Theorem to the contact problem, we choose the
space � 	 #�1�2(��), endowed with the weak topology. We shall prove
that the operator > maps a suitable compact subset � �� continuously
into itself. Using the well-known weak compactness of closed, convex and
bounded sets in reflexive Banach spaces we may choose � as

� := �= � � �; �=�$��(��) � ��
with suitable values � � 1F2 and � � +�. Then it is necessary to prove:

�=�$��(��) � �� �>(=)�$��(��) � ��
This regularity result for the solution of the contact problem will be proved
under the following

1.5.7 Assumption. In addition to Assumption 1.5.1 let the following con-
ditions be satisfied for an index � � (0� 1F2): the contact part of the bound-
ary is of the class �2+� with " � 2�, the coefficients ! and ����� of the
bilinear form are of the class ��� with "� � (�� 1], the coefficient of fric-
tion is bounded on �� by the constant �� defined below and its support
is contained in a set �� � �� having a positive distance to � � �� . The
given data satisfy � � ��

�1+�
(��) with a subdomain �� � � such that

�� � ��� and �
 � #1�2+�(��).

1.5.8 Theorem. Let the condition of Assumption 1.5.7 be true. Then
the normal boundary stress %
(��) to the solution �� of the problem with
given friction = � #�1�2+�(��) satisfies the a priori estimates

�%
(��)���1�2+�(��) � (1 + ?)�0�=�$�1�2+�(��) + 51(?)� (1.5.28)

where ? � 0 can be arbitrarily small. The constant �0 depends on the
geometry of the domain and on the bilinear form � only, while the constant
51 depends on ? and on the given data � , � and � .

The proof of this theorem will be given in Subsection 1.7.2 for the case
of a halfspace domain and in Subsection 1.7.3 for the general case.
Combination of the estimates (1.5.28) and (1.5.25) with the non-nega-

tivity of both � and %
(��) yields:

�>(=)�$�1�2+�(��) = ��%
(��)�$�1�2+�(��)

� �����(��)

�
�0(1 + ?)�=�$�1�2+�(��) + 51(?)

�
�
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If

�����(�� ) � �� 	 ��1
0 � (1.5.29)

then there is a � � 0 such that �=�$�1�2+�(��) � � implies

�>(=)�$�1�2+�(��) � ��

Moreover, if

� �� '
� (��) with / � 1

2 
 � and
� given in Lemma 1.5.4�

(1.5.30)

then the operator > is weakly continuous in� . In order to verify this, let us
consider a sequence �=�� in � ��#�1�2+�(��) tending weakly to some limit
=0. These functionals are extended by 0 to #�1�2+�(��), i.e. by the iden-
tity �=�� 4��� = �=� � 4��� for any ) � �0��� and 4 � #�1�2+�(��). Then,
due to (1.5.21) and (1.5.22) there holds %
(���

)� %
(��) in #�1�2(��).
Any in #�1�2+�(��) weakly convergent subsequence of %
(���

) has the
same limit; consequently the operator = �� %
(��) is weakly continuous.
Lemma 1.5.4 ensures the weak continuity of the linear operator � �� �� on
#�1�2+�(��), and hence the operator > is weakly continuous.
With these facts the assumptions of Tikhonov’s fixed point theorem are

satisfied and the existence of a solution to the static contact problem with
given friction is proved. The result is summarized in the following

1.5.9 Theorem. Let the Assumptions 1.5.1, 1.5.7 and relations (1.5.29)
and (1.5.30) be valid. Then the contact problem with Coulomb friction has
a solution.

We remark that the condition � � ��(��) for an arbitrarily small ? � 0
is sufficient to fulfill the conditions on � in Assumption 1.5.1.

1.6 Geometry of domains

We now give a more detailed description of the geometrical properties of
the boundary of a domain � and its relation to the definition of norms.
Let ���1(�) :=

	
� � ���1 ; ��� � �
 denote the (� 
 1)-dimensional ball

of radius � and for � � �� let �� 	 (�1� � � � � ���1)�. A bounded domain
� is said to have a Lipschitz boundary � or to be of the class �0�1, if for
any �0 � � there exists a transformation ��0 composed of a rotation and a
translation, taking �0 to the origin, and a map H�0 : � �� (��� ��
:�0(�

�))



36 Chapter 1. Introduction

with Lipschitz function :�0 : ���1(�)� � satisfying :�0(0) = 0 such that

���1(�)� (
�� 0) � H�0 Æ��0

�
�� ��) and

���1(�)� (0� �) � H�0 Æ��0(�)

for suitable parameters �� � � 0. In other words, after a suitable rotation
and translation ��0 of the domain, the boundary can be represented locally
as a graph of the Lipschitz function :�0 and the domain is locally on one
side of the boundary.
Analogously, a boundary of the class ���1 for any positive integer ) is

given by the same definition, if :�0 � ���1(���1(�)), and boundaries of
the class ��� ) 
 0 (��-boundaries) are given, if all :�0 are �

�-functions.
For � of the class ��, ) 
 1, the normal vector is defined everywhere

on � while for a Lipschitz boundary the normal vector is defined for almost
every point of the boundary. If the normal vector is defined in �0, then the
transformation ��0 can be chosen such that it maps the tangent hyperplane
to � at �0 onto the hyperplane

	
(��� 0); �� � ���1



.

The composition ��0 	 H�0 Æ��0 is called a local rectification of � in
the neighbourhood of �0.

�0

��0

0

:�0

0

Figure 1.3: Local rectification of the domain.

If � is a bounded domain with a Lipschitz boundary, then its boundary
is compact and for any Æ � 0 there can be constructed a finite covering
	 	 �I�; 
 � 
Æ� of � of the type I� 	 ��1

� (���1(��) � (
��� ��)), 
 �

Æ 	 �1� � � � � $(Æ)� with suitable ��� �� � 0 such that diamI� � Æ. Here,
�� denotes a local rectification in a neighbourhood of a point �� � � .
Moreover, there is a � 	 �(Æ) such that for all � � � there exists a 
 � 
Æ

with dist(���� � I�) 
 2�(Æ). As a consequence, there exists a sufficiently
smooth partition of unity on a �-neighbourhood of � subordinate to the
covering 	 . This is a system of non-negative functions @�, 
 � 
Æ of a

class �� for a suitable ) � 0 such that supp @� � I�, @ =

(Æ)�
�=1

@� = 1 on
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�� � �� ; dist(�� � ) � 3� and @(�� ) � [0� 1]. Then, adding the function
@
(Æ)+1 defined by 1 
 @ on � and by 0 outside completes a partition of
unity � 	 	@�� 
 = 1� � � � � $(Æ) + 1



on �.

For any Sobolev or Sobolev-Slobodetskii space � �
� (�) and the finite

partition of unity � defined above, the norms � � �	�
� (
) and �������
�� 	


(Æ)+1�
�=1

�@���	�
� (
) are equivalent. Indeed, by the triangle inequality the

latter norm is greater than the former one. If the norms are not equivalent,
then there exists a sequence �
 such that ��
�����
�� = 1 and �
 � 0
in � �

� (�). This leads to an obvious contradiction to the continuity of
the operators � �� @�� on � �

� (�), 
 = 1� � � � � $(Æ) + 1. Moreover, if � is
bounded and its boundary � is at least of the class ��, then we can use the
local rectification for all elements of the constructed partition except the
last one and extend the functions (@��) Æ��1

� , 
 = 1� � � � � $(Æ), by 0 to the
halfspace J 	 ���1 ��+ while the last element @
(Æ)+1� can be extended
by 0 to �� . The original � �

� (�)-norm is then equivalent to the norm

� ��

(Æ)�
�=1

��(@��) Æ��1
�

��
	�

� (()
+ �@
(Æ)+1��	�

� (��)�

The above described procedure enables us to extend functions from
� �

� (�) to � �
� (�� ) for a bounded domain � with a boundary of the class

at least ��, i.e. to define a bounded linear operator � :� �
� (�) �� �

� (�� )
such that � ��
 = � for all � � � �

� (�). Indeed it suffices to define �
for � = J and for ) integer due to the interpolation results of the next
Chapter. This extension is easy: for �� � ���1 and �� � 0 we take

�(��� �� ) =
��

�=1

5��(���
'�� ), where the constants 5� are defined in such

a way that the extension to ���1(�� ) works for � � ���1(J) (for details
see the next chapter).
With this technique we prove Theorem 1.2.3 for � � �1. The “local-

ized” version � � ���
�� of the norm � � ��(
) introduced in (1.2.14) is well
defined and equivalent to ����(
); this is proved in the same way as the cor-
responding equivalence for the norm � �

� (�) above. The local rectification
leads to the estimate -((@��) � -
(@��) + 5�2

� (Æ)��(@��)�2�2((;����)

with the modulus of continuity �� of the gradient of the boundary de-
scription :� 	 :%
 and a constant 5 independent of 
��� @� and Æ. Since
�� (Æ) � 0 for Æ � 0, Corollary 1.2.2 yields (1F2
?)��(@��)�2�2((;����) �
�
(@��) for any ? � (0� 1F2), if Æ = Æ(?) is taken sufficiently small. This
and the above proved equivalences of the appropriate norms lead to the
desired result.



38 Chapter 1. Introduction

1.7 The method of tangential translations

From the example mentioned in Section 1.5 it is seen that the regularity of
solutions close to the boundary is a crucial part of the existence proof. This
will be true for the majority of examples studied in this book. In the present
section, the proof of Theorem 1.5.8 is carried out. This proof is intended
to introduce—at an easy example—two important techniques, namely the
localization technique and the technique of local tangential translations in
arguments of the employed functions, which we call translation method or
shift technique. These techniques are also needed in most of the problems
studied later.

1.7.1 Preliminaries

For an introduction into the basic principle of the shift technique, let us
consider the Sobolev-Slobodetskii space of order � (the Hilbert case and on
the full space �� ),

���2$�(��) = ���2�2(��) +
�
��

��(�+ �)
 �(�)�2�2(��)

����+2�
!� (1.7.1)

(see Chapter 2, Section 2.4 for more general cases). This norm essentially
represents a higher-order Sobolev norm (the #�-norm) by taking a lower-
order norm (the �2-norm) of a difference of shifted function and non-shifted
function to some power, multiplying the result by another power of the shift
parameter � and integrating with respect to �. This kind of representation
is very well suited for variational formulations of linear and quasi-linear par-
tial differential equations: we are able to shift the arguments of functions,
to use those shifted functions as test functions and to shift the arguments
(or, more precisely, the variables of integration) of variational formulations.
Usually, the lower-order Sobolev norm is not the �2-norm (as in the exam-
ple above); in most cases it is the (possibly localized) energy norm of the
problem.
In the calculations it is often advantageous to employ also the definition

of Sobolev and Sobolev-Slobodetskii norms on �� via the Fourier transform

��(�) 	 � (�; �) =
1

(26)��2

�
��

�(�)&����� !��

that is,

���2$�(��) =
�
��

�� (�; �)�2�1 + 5���2�� !��
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The well-known Plancherel identity ����2(��) = �� (�)��2(��) shows 5 = 1
for non-negative integer �. Moreover, for 0 � � � 1,

����2$�(��) 	
�
��

��(�+ �)
 �(�)�2�2(��)

����+2�
!�

= 5� (�)
�
��

���(�)�2���2� !� (1.7.2)

with constants 5� (�) given by

51(�) = 22�2�

�
�

sin2 �

���1+2�
!� and

5� (�) = 51(�)
�
���1

(1 + �1�2)���2�� !1� � 
 2�

These constants are calculated from the relation�
��

��&�
�� 
 1
��2

����+2�
!� = 5� (�)���2��

Observe that &�
��
1 comes from� (�(�+�)
�(�); �) =
�
&�
��
1

�
� (�; �).

Hence the 5 in (1.7.1) equals to 5� (�) for � � (0� 1).
For � = �� the relation (1.7.1) leads to the expression for the negative

norms

���2$��(��) 	
�
��

���(�)�2�1 + 5���2���1
!�� (1.7.3)

where 5 = 1 for integer � and 5 = 5� (�) for � � (0� 1). From (1.7.1)
and (1.7.3) there follows the continuous imbedding #�(�� ) 7� #�(�� )
for " � �. The same can be proved for the case of a halfspace J because
there exists an extension � of #�(J) to #�

�
��
�
such that the norms

�� (�)�$�(��) and � � �$�(() are equivalent.
For a function � defined on �� and any � � �� we introduce the

translation (shift) operator and the difference operator

(
� 	 ��
 : � �� �(� + �)� � � �� (1.7.4)

A
� : � �� �(� + �)
 �(�)� � � �� � (1.7.5)

The same notation is employed for � defined in ���1 � 	 for any interval
	 � � (possibly degenerated into a point) with � = (��� 0) for any �� �
���1 .
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Relation (1.7.2) can be easily generalized to the case of an arbitrary
#�
�
��
�
-norm instead of the �2

�
��
�
-norm with �� " � 0 and �+ " � 1,�

��

�A
���2$	(��)

����+2�
!� = !� (�� ")����2$�+	(��)�

with !� (�� ") 	 5� (�)5� (")
5� (�+ ")

�

(1.7.6)

There exists also a version of this relation for negative Sobolev-Slobodetskii
indices,�

��

�A
��2$�	(��)

����+2�
!� = !�� (�� ")���2$�	+�(��) +����(�) (1.7.7)

for 0 � � � " with

!�� (�� ") 	 5�(�)5� (" 
 �)
5� (")

(1.7.8)

and a lower-order remainder ����(�) satisfying

�����(�)� � 5(�� ")���2$2(��	)(��)� (1.7.9)

where 5(�� ") depends only on �� " and on � . Moreover, there holds
!�� (�� �) = 1 and ����(�) = ���2$��(
). These renormation formulae

are valid for the whole space. In the case of a halfspace ���1 � �+ sim-
ilar relations are valid for the tangential variables (��� 0)�, where �� =
(�1� � � � � ���1)�. For example, instead of relation (1.7.6) we have�

���1

�A
���2$	(��)

������1+2�
!�� = !��1(�� ")����2$�+	��(��)

with � = (��� 0), where the first index in the anisotropic Sobolev-Slobodets-
kii norm corresponds to the variables �� and the second one to �� .
All the mentioned relations will be extended in Chapter 2 together with

many more important relations between different definitions of norms.

1.7.2 Shift technique for a halfspace

In order to illustrate the shift technique, let us consider problem (1.5.15) for
the case of a halfspace domain� = ���1�(0�+�)with its whole boundary
� = �� = ���1 ��0� as potential contact boundary. We assume that the
support of the coefficient of friction � is a subset of an open bounded ball
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in � and the friction force = has its support again inside this ball. The
volume force � is also assumed to have a bounded support. In this case, the
set of admissible functions is � =

	
� ��1(�); 4
 � �
 on �



. Moreover,

for simplicity of the presentation the coefficients ����� and ! of the bilinear
form are assumed to be constant.
The solvability of the problem on such a domain � can be proved as in

Theorem 1.5.2. In order to avoid redundant complexities we assume ! � 0
which easily ensures the validity of the a priori estimate (1.5.20).
For the halfspace domain we apply the shift operator defined in (1.7.4)

to a function � defined on � in any direction � = (��� 0) with �� � ���1

tangential to the boundary. Inserting the test function � = ��
 into in-
equality (1.5.15) we obtain�




�
!� � (��
 
 �) + �(����
 
 �)

�
!�

+
�
�

=
��(��
)�� 
 ����

�
!1� 


�



� � (��
 
 �) !��
(1.7.10)

Then, the integration variable � of inequality (1.5.15) is shifted. This
corresponds to a transformation of variables applied in all integrals, giving
inequality�




�
!��
 � (��
 
 ��
) + �(��
���
 
 ��
)

�
!�

+
�
�

=�

��(��)�
� 
 �(��)�
�� !1�



�



��
 � (��
 
 ��
) !��

(1.7.11)

Employing the test function ��
 	 � in the previous inequality, adding
the result to (1.7.10) and multiplying the resulting inequality by 
1 gives�




�
!A
� �A
� + �

�
A
�� A
�

��
!� +

�
�

A
=A
���� !1�

�
�



A
� �A
� !��

This inequality is multiplied by �����(��1+2�) with 0 � � � 1 and then
integrated with respect to �� � ���1 . Then for the expression

� (�) 	
��

���1

�A
��2)
������1+2�

!��
�1�2
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with the energy norm ���) 	
�



 �(���) !� the inequality

� 2(�) � 

�
���1

�
�

�����(��1+2�)A
=A
���� !1� !��

+
�
���1

�����(��1+2�)�A
��
��
�1

(
)
�A
���1(
) !�

�

(1.7.12)

is derived, if we neglect the positive term containing !A
� �A
�.
In order to estimate the friction term in (1.7.12) we employ the (�
1)-

dimensional Fourier transform. It holds



�
���1

�
�

�����(��1+2�)A
=A
���� !1� !��

= 
Re
�
���1

5��1(�)���2��(=)�(����) !�

� 5��1(�)�=�$�(1�2��)(��)�

�
��

���1
��(����)�2 ���4�

�
1 + 5��1(1

2 
 �)���1�2�
�
!�

� 5��1(�)(1 + ?)�=�$�(1�2��)(�� )�

�
��

5��1

�
1
2 
 �

�
5��1

�
1
2 + �

������$1�2+�(�� ) + 5(�� ?)�����$1�2(�� )

�
(1.7.13)

with ? � 0 arbitrarily small. The last row of (1.7.13) is obvious for
� � (0� 1F4] with ? = 0 and the estimate (1.5.23) for the Euclidean norm.
For 1F4 � � � 1F2 the term ���4� is estimated with the help of Hölder’s
inequality �� � ��1��+G�1�� applied for � = 2�F(4�
1), G = 2�F(1
2�),
� = (�?���1+2�)1�� and � = (�?)�1�����1�� . For � = 1F2 the second row of
(1.7.13) has the form �=��2(�� )

�


 ��(����)�2���2!�

�1�2
which is bounded

by �=��2(�� )����$1(�� ).

The inequality (1.5.23), valid for 0 � " � 1 only, limits the regularity
gain � to � � 1F2. This limitation of regularity of solutions is a consequence
of the non-smooth character of the Coulomb friction which we will face in
many problems studied in the next chapters.

The trace theorem for halfspaces and the Korn inequality (1.2.11) yield

����2�1�2(� ) � �
(0)
1 ���2) + 51���2�2(
) (1.7.14)
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for all � ��1(�) with a specific constant �(0)
1 . This gives

�����2$1�2+�(�� ) = !�1
��1

�
�� 1

2

� �
���1

�A
��
���2
$1�2(� )

������1+2�
!��

� !�1
��1

�
�� 1

2

�
�

(0)
1 � 2(�) + 5���2$1(
)�

Using the inequalities

�
���1

�A
��2
��
�1

(
)

������1+2�
!�� � 5���2

��
�1+�

(
)
and�

���1

�A
��2�1(
)

������1+2�
!�� � 51� 2(�) + 52���2��(
)�

the estimates for the lower order norms by�
���1

�A
��2�2(�)

������1+2�
!�� � 51���2��(�)

for� = � and� = � and the relation !�1
��1(��

1
2 )
5��1(1

2 
 �)
5��1(1

2 + �)
52��1(�) =

!���1(��
1
2 ), we obtain

� 2(�) � (1 + ?)
�
!���1(��

1
2 )�(0)

1 �=�$1�2��(� )� (�) + 5(?)

with ? � 0 arbitrarily small and 5 dependent on ���
��
�1+�

(
)
only (due to

the validity of the appropriate version of the a priori estimate (1.5.20)).
From this the inequality

� (�) � (1 + ?)
�
!���1(��

1
2 )�(0)

1 �=�$1�2��(� ) + 5(?) (1.7.15)

follows with ? � 0 arbitrarily small and 5(?) dependent on ���
��
�1+�

(
)
.

In order to verify the estimate of the boundary traction 1.5.28 the shift
technique is applied to the Green formula

�%
(�)� 4
� 	
�



�
!� � � + �(���)
 � � 4� !� (1.7.16)

valid for all � � �1(�) with �� = (41� � � � � 4��1� 0) = 0 on � . Let � �
�1(�) with �� = 0 be a fixed test function. We use the test function
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� = ��
 
� in equation (1.7.16), we use ��
 	 � 
��
 in the shifted
Green formula

�(%
(�))�
� (4
)�
� 	
�



�
!��
 � ��
 + �(��
���
)


 ��
 � ��

�
!��

(1.7.17)

we add both results, multiply by ����(��1+2�) and integrate with respect
to �� � ���1 . Then the estimate�

���1

�A
(%
(�))� A
E
�
������1+2�

!��

� � (�)� (�) + 51�����(
)�����(
)

+ 52���
��
�1+�

(
)

�
� (�) + �����(
)

� (1.7.18)

is derived. The left hand side of this relation has the following representa-
tion in terms of Fourier transformed functions:

Re

��
���1

�(%
(�); �)�(E
; �)5��1(�)���2� !�
�
� (1.7.19)

The function � is chosen in such a way that

�(E
; �) 	 �(%
(�); �)
�
1 + 5��1(1

2 )�����1
� (1.7.20)

From the equation
5��1(1

2 )���
1 + 5��1(1

2 )��� = 1
 1
1 + 5��1(1

2 )��� and the inequality

5��1(�)���2�
1 + 5��1(1

2 )��� 

5��1(�)5��1(1

2 
 �)
5��1(1

2 )
1

1 + 5��1(1
2 
 �)���1�2�


5 1
1 + ���2�4�

there follows an estimate of expression (1.7.19) from below by

�%
(�)�2�2(� ) 
 �%
(�)�2$�1�2(� )

for � = 1
2 and by

!��1(�� 1
2 
 �)�%
(�)�2$�(1�2��)(� ) 
 51�%
(�)�2$�2(1�2��)(� )

for � � 1
2 . In the latter case the second term can be further estimated

using

�%
(�)�2$�2(1�2��)(� ) � ?�%
(�)�2$�(1�2��)(� ) + 5(?)�%
(�)�2$�1�2(� )
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with ? � 0 arbitrarily small at the expense of constant 5(?). Moreover,
there holds

�E
�2$1�2(� ) = �%
(�)�2$�1�2(� ) and�
���1

�A
E
��2$1�2(� )

������1+2�
!�� � (1 + ?)!��1(�� 1

2 
 �)�%
�2$�(1�2��)(� )

+ 52(?)�%
�2$�1�2(� )�

the latter inequality follows from

5��1(�)���2�
1 + 5��1(1

2 )��� �
5��1(�)5��1(1

2 
 �)
5��1(1

2 )
1

1 + 5��1(1
2 
 �)���1�2�

+ 5
1

1 + ���2�4�
�

There exists a linear continuous extension operator �1�2(� ) � �1(J)
such that the inequality

���2) � �(2)
0 �4
�2$1�2(� ) (1.7.21)

is valid for any � = (0� � � � � 0� 4
)� � �1�2(� ). This is possible due to the
trace theorem and the boundedness of the bilinear form �. Employing all
these relations and the extension operator to 4
 = E
 it can be proved
from (1.7.18) that

�%
(�)�$�(1�2��)(� ) � (1 + ?)!�1�2
��1

�
�� 1

2 
 �
��
�

(2)
0 � (�)

+ 51(?)
�
� (�) + 52(?)

(1.7.22)

with ? � 0 arbitrarily small. Hence for � = ���1 � �+ Theorem 1.5.8 is

proved with constant �0 =
�
�

(1)
0 �

(2)
0 .

The calculation of the constants �(1)
0 � �

(2)
0 , which are crucial for the

existence of solutions to the contact problems with Coulomb friction, should
be performed in some optimal way. Since such a calculation may differ for
different forms of the Hooke tensor, we omit it here. However, if they are
calculated for the halfspace domain, their value is also suitable for more
general domains as it will be shown below.

1.7.3 Shift technique with local rectification

The shift technique for a general domain will be studied for the case of a
vanishing initial gap �
 = 0 on �� . This is no restriction; if the initial gap
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does not vanish, we represent the unknown function � by ��+�, where �
satisfies E
 = �
 and �� = 0 on �� . The new function �� then satisfies the
variational inequality (1.5.15) with the modified data �� = � 
�, ��
 = 0
and �� (�) 	 � (�)
,(���), and the regularity proof is carried out for this
modified version. Due to the requirements �
 � #1�2+�(��) and �� � �2

the function � can be chosen from #1+�(��), and then there still holds�� � ��
�1+�

(��).
The application of the shift technique to a general domain requires a

local rectification of the boundary in order to transform the problem (lo-
cally) onto a halfspace. This is described here as the example of problem
(1.5.15) serving again as a model problem. In the description of the recti-
fication, the notions of Section 1.6 will be employed. The requirements for
the smoothness of the boundary are �� � �2+� with " � 0 to be specified
below.
For a parameter Æ � 0—which is chosen sufficiently small as described

below—let 	Æ := �I�; 
 � 
Æ� denote a finite covering of �� of the type
described in Section 1.6, with the local rectification �� = H� Æ ��. Since
�� has a positive distance to � � �� we may assume I� � � � �� = �. For
simplicity of the presentation we assume furthermore I� = ��1

�

�
���1(Æ)�

(
Æ� Æ)�. We recall that �� is a combination of a rotation and a translation
mapping the tangent plane to � at the point �� 	 ��(0) � �� onto the
hyperplane

	
(��� 0); �� � ���1



, and H� denotes a straightening of the

graph of the function :� locally describing the boundary. Then, for :�

there holds �:�(�) = �,

��:�(�)� � 5Æ for all � � ���1(Æ) (1.7.23)

and there exists a Æ0 � 0 such that the constant 5 is independent of the
choice of Æ for Æ � Æ0 and of 
 � 
Æ . Let

�Æ 	
	
@�; 
 � 
Æ



(1.7.24)

be a partition of unity on �� subordinate to the covering 	Æ .
We fix an index 
 � 
Æ , consider the corresponding cutoff function @�,

and denote its support in � by �!. If Æ is sufficiently small, then the set

�! := ���1
� (��� :(��) + ��); �� � ���1(Æ)� �� � (0� Æ)�

describes the intersection of � with a neighbourhood of � = �� in �� . Let
us further denote �! = � � ��!. For simplicity of the notation, we omit
the index 
 in @�, ��, H� and :�, and we recall the definition of the local
rectification map � 	 H Æ� of �.
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Inserting the test function � + @(� 
 @�) into variational inequality
(1.5.15) and shifting the cutoff function @ from the right hand side of each
form to the left hand side yields�


�

�
! @� � (� 
 @�) + �(@��� 
 @�) + �(��� 
 @�)

�
!�

+
�
��

@= (���� 
 �(@�)��) !1� 

�

�

@� � (� 
 @�) !�
(1.7.25)

with the bilinear form

�(���) = �(�� @�)
 �(@���)

=
�

�

����� (&��(�)��@ 4� 
 ��@�� &��(�)) !��
(1.7.26)

Here the estimate ��� + @(�� 
 @��)� 
 ���� � @���� 
 @2���� and the non-
negativity of = is essential. Performing the change of variables

� = �(�) = ��1(�)� � = (��� �� ) � JÆ := ���1(0� Æ)� (0� Æ)� (1.7.27)

this variational inequality is transformed onto the domain JÆ. Due to the
special form of the function H : (��� �� ) �� (��� �� 
 :(��)) its inverse is
given by (��� �� ) �� (��� �� + :(��)) and we have

�*�H
�1
� = Æ�� + Æ���*�:

valid for )� * = 1� � � � � � with the convention �*�: = 0. Hence, the deter-
minant of the Jacobian of the parametrization (1.7.27) equals to 1 and the
corresponding density of surface measure is equal to B 	�1 + ��:�2. The
latter expression is a consequence of	

��H
�1 � ��H�1


�
���=1

= ��+�:(�:)�

and the formula det(��+���) = 1 + ���2 valid for a vector � � �� .
For any function 9 : �! � � we denote the transformed function by�9 	 9Æ�. Then there holds the local representation 9(�) = �9(�(�)) with

� : � �� H Æ�(�), cf. Subsection 1.6. For its derivatives there holds

��9 =
��

���=1

�� �9�����H�
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with ����� = ������ denoting the (constant) gradient of the transforma-
tion � . Hence, the transformation of the bilinear form is

�(���) =
��

�������=1

�����������4�

=
��

����������+=1

���������+�������+�4�



��
����������+=1

����������:�+��+:��������4�
= ��(��� ��)
 �0(��� ��)

(1.7.28)

with bilinear form ��(�� �) having the coefficients
������ =

��
��+=1

����+�����+ (1.7.29)

and with a small remainder �0(�� �) satisfying
��0(��� ��)� � �Æ����������� (1.7.30)

For homogeneous, isotropic material the coefficients ����� remain the same,������ = �����. In the case of anisotropic material, the coefficients change,
but the constants �0 and ,0 from the ellipticity and boundedness conditions
do not change. In a similar way �(���) is transformed to ��(��� ��) satisfying

���(��� ��)� � 5������2((Æ)�����1((Æ) + �����1((Æ)�����2((Æ)

�
� (1.7.31)

As a consequence, we obtain the transformed variational inequality�
(Æ

�
!�@� � (�� 
 �@�) + ��(�@�� �� 
 �@�) +��(��� �� 
 �@�)

+ �0(�@�� �� 
 �@�)
�
!� +

�
,Æ

B�@= (������ 
 �(�@�)���) !1�



�
,Æ

�@� � (�� 
 �@�) !��

(1.7.32)

Here, the remaining part of the boundary is denoted by (Æ := ���1(Æ) �
�0�. The tilde on the index � of the tangential component shall indicate that
it is tangential to the old boundary and not to the boundary of the infinite
halfspace. Now, all the integrands in this variational formulation can be
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extended by 0 to the halfspace J 	 ���1 � �+ because in every term we
have the cutoff function @ or one of its derivatives as a multiplicative factor.
In order to be formally precise, we extend �@�, �@= and �@� by 0, the function�� in such a way that �����1(() � 5�����1((Æ) holds. The coefficients of the
bilinear form � are extended such that they remain constant in the case
of homogeneous anisotropic material or that they remain Lipschitz and
the constants �0 and ,0 of ellipticity and boundedness are valid for the
extended forms, too. The remaining bilinear forms �� and �0 are extended
such that their coefficients remain bounded and Lipschitz and the relations
(1.7.30) and (1.7.31) are still valid. Changing the notation of the localized
and transformed function(al)s to � for �@�, = for B�@=, � for �@� and omitting
the tildes at the forms �, �, �0 and the index � for tangential components
we obtain a variational formulation on the halfspace,�

(

�
!� � (� 
 �) + �(��� 
 �) + �0(��� 
 �) + �(���� 
 �)

�
!�

+
�
���1

= (���� 
 ����) !1� 

�
(

� � (� 
 �) !�� (1.7.33)

In this formula, the tilde on � in �(���� 
 �) remains in order to indicate
that in (1.7.32) the first argument of � is �� and not �@�.
The transformation of the Green formula after the application of the

local rectification has the form�
�(

%
4
 !1� =
�



�
!� � � + �(���) + �0(���) + �(����)
 � � ��!��

where %
 denotes the extended version of B�@%
. This formula is valid for
functions � satisfying �� = 0, where �� is still the component tangential to
the old boundary.
Based on these two relations, the shift technique can be performed sim-

ilarly to the preceding section. There are basically three different modifi-
cations necessary: first, the additional perturbed forms � and �0 must be
estimated, second, the dependence of the coefficients of � on the space vari-
able must be taken into account and third, we must cope with the different
orientation of the normal vector at different points of the boundary. In order
to tackle the last task, we define the rotation operator ��
(�) transforming
the unit outer normal vector 	�
(�) = 	(�+�) to 	(�) with axis of rota-
tion perpendicular to both vectors. Such a rotation transforms the tangen-
tial hyperplane at �+� to that at �. If �� � �2+� holds, then the normal
vector	 is in �1+�(�J) (after the straightening of the boundary), and there
holds �	
	�
� � �1���� and ���(	
	�
)� � �2����� for ' = 1� � � � � �
1.
Using these estimates it is possible to prove ���
 
 �� � � �3���� and
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�����
� � �4����� for ' = 1� � � � � � 
1. Details can be found in Lemma 3.2
of [73], where the procedure is studied for space dimension � = 3.
In the shift technique it is necessary to keep the test functions in the cone

� by satisfying �
 � �
. This is not trivial because the shifted function ��

satisfies (�
)�
 = ��
 �	�
 � 0, but in general not (��
)
 = ��
 �	 � 0
due to the change of the normal vector. Therefore, in the non-shifted
variational inequality we insert the test function � = ��
��
 instead of
��
 while for the shifted inequality we insert ��
 = (�
)�
�. Here,
(�
)�
(�) = �
(� + �) maps 	(�) to 	(� + �).
For a space-dependent bilinear form the shift technique yields the term

��
(��
� (�
)�
�
 ��
) + �(����
��
 
 �)
= 
�(A
�� A
�) + (�
 ��
)(��
� A
�) +���-(�)

(1.7.34)

with remainder

���-(�) 	 ��
(��
� (�
)�
�
 �) + �(����
��
 
 ��
)�

The first term in (1.7.34) gives—after the multiplication by ������+1�2�

and after the integration—the expression 
� (�). The second term can be
estimated due to the Hölder continuity of the coefficients by ������ ����
�
� ��(�
 ��
)�, and we get�����

���1

�
(

(�
 ��
)(��
� A
�)
������1+2�

!� !��
����

� 51
�
�
���1

�
(

����
���(�
 ��
)�
������1���+2�

!� !�� + 52���2�1(()

� 53����1(()� (�) + 52���2�1(()�

Here, a split of the integral with respect to � for ���� � 1 and ���� � 1
is employed. For the first integral Hölder’s inequality and the condition
"� � � is used. The integral over the remainder ���-(�) for � � 1F2 can
be expressed as�

(

���-(�) !� =
�
(

��

�
��
� ((�
)�
 
 ��)�

�
!�

+
�
(

�
�
��
� (��
 
 ��)��


�
!��

After the multiplication by ������1�2� and integration in � over ���1

we employ the appropriate smoothness of �� resulting in the “Hölder”
continuity ���. 
 �� ��1 � ����� and the fact 


���1 ����1+���!�� � +�
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for ? = min(1� ")
2� � 0 to estimate �� by means of the a priori estimate
(1.5.20). For � = 1F2 it can be estimated by�

(

���-(�) !� =
�
(

�
�(���
�
 
 �
) + �(����
��
 
 ��
)

�
!�

=
�
(

�
�(�� (��
 
 ��)(��
 
 �)) + �(�� (�
 
 ��)(�
 
 �))

+ �(�� (�
 + ��
 
 2 ��)�)
�
!��

where a backward shift in the arguments of the first bilinear form was
applied. Due to the properties of (��
��
), the first two terms can be es-
timated just as the differences of the coefficients of the form � above. In the
last term we have the second difference of the appropriate transformation
which satisfies ��
 + ��
 
 2 �� ��1 � 5����1+� if �� � �3+� . With this
rotation the “direct” rectification technique has quite a high requirement
to the smoothness of the boundary.
A similar technique is also applied to the term �0(���). Here, the first

term is bounded by�����
���1

�
(

�0(A
�� A
�)
������1+2�

!� !��
���� � 51Æ� 2(�)

while the second one is estimated by�
���1

�
(

���� (�0 
 (�0)�
)(��
� A
�)
������1+2�

���� !� !�� � 52����1(()� (�)

+ 53���2�1(()

and the remainder ���/0(�) is estimated similarly to ��(�). For the terms
of � we use the Plancherel identity. Employing the representation

�(����) = �(1)��������4� + �(2)��������4�
with ��-coefficients �(�)��� we get�����
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+ �
�
�
(2)
������; ��� ���������; ��� �� )

�
����2� !�� !��

����
� 53����$1(()���$2�(()�

Of course, the remainder ���/(�) is again estimated as that for the norm
�.
The estimate of the friction term is similar to that in the preceding

subsection. Due to the employed rotation operators the test function for
the non-shifted inequality � = ��
��
 satisfies ��� = (���)�
 and that for
the shifted inequality ��
 = (�
)�
� satisfies (���)�
 = ���. Hence the
contribution of the friction term is given by


A
=A
������

This term can be estimated by the right hand side of formula (1.7.13) with
�� there replaced by ���. However, due to the smoothness of �� and the
usual trace theorem there holds

��� 
 �����1�2+�(���1) � 51���2�2(���1) + 52Æ� (�)�

Hence the friction term can be estimated by

5��1(�)(1 + ?+ 51Æ)�=�$�(1�2��)(���1)���
5��1(1

2 
 �)
5��1(1

2 + �)
�����1�2+�(���1) + 52(?)�����1�2(���1)

�
+ 53Æ�=�$�(1�2+�)(���1)� (�)

(1.7.35)

with ? � 0 arbitrarily small and subscript � denoting the tangential com-
ponent with respect to the boundary of the halfspace J. The result of the
shift technique is

� 2(�) � (1 + ?+ 51Æ)
��

!���1

�
�� 1

2

�
�

(1)
0 �=�$�1�2+�(���1)� (�)

�
+ 52Æ�

2(�) + 53�=�$�1�2(���1) + 54� (�) + 55
(1.7.36)

with an arbitrarily small ? � 0.
The estimate for the normal traction %
 (or, to be more precise, its

locally rectified form) is done as in the case of the halfspace, with similar
modifications as above. It is based on the rectified Green formula

�%�
(�)���
��( = 

�
(

(�(���) + �(����) + �0(���)
 � � �) !�
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valid for all functions � ��1(J) satisfying ��� = 0. Let us define a (scalar)
function E as in formula (1.7.20), and let us denote by � an extension
operator from #1�2(�J) to �1(J) satisfying

�� ��) � �(2)
0 ����1�2(�() (1.7.37)

with a certain constant �(2)
0 . Then the shift technique is applied to the

Green formula with test functions � = �
�
(E 
E�
)�	� for the non-shifted

equation and ��
 = �
�
(E�
 
E)�	�
� for the shifted equation. Then, on

the left hand side of the resulting inequality we get the term

�A
=�A
E��� �

The contribution of the bilinear form � is decomposed into

�(���)
 ��
(��
���
) = 
�(A
��� (A
E �	))
+ (��
 
 �)(��
�� (A
E �	)) + ��
(��
�� (A
E(�	�
 
 �	))�

An estimate of the second term on the right hand side of this relation using
the ��-Hölder continuity of the coefficients of � gives�

���1

�
(

(��
 
 �)(��
�� (A
E �	))
������1+2�

!� !��

� 51����1(()�E�$1�2+�(�()�

For the estimate of the last term we employ the relation

�A
E(�	�
 
 �	)��1�2(�() �51�����A
E�$1�2(�()

+ 52�D���A
E��2(�()�

This results in an estimate of the corresponding integral by�
���1

�
(

��
(��
�� (A
E(�	�
 
 �	)))
������1�2�

!� !��

� 5����1(()�E�$1�2+�(�()�

Using similar estimates for the remaining linear and bilinear forms and the
techniques of the preceding subsection, the following inequality is derived:

�%���$�(1�2��)(���1) � (1 + ?)!�1�2
��1

�
�� 1

2 
 �
��
�

(2)
0 � (�)

+ 51Æ� (�) + 52(?)
�
� (�) + 53(?)

with ? arbitrarily small.
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The constant �(2)
0 in relation (1.7.37) must be valid for functions E �	

having only a component in direction of the normal to the original bound-
ary. However, in the calculation of the coefficient �(2)

0 it is convenient to use
functions of the type E	 with normal 	 to the boundary of the halfspace.
This is possible due to the estimate

�E(�	 
 	)���(�() � 5Æ�E�$� (�() + 5̃�E��2(�()� (1.7.38)

In fact, there holds

��E�	�) � ��E	�) + ��E(�	 
 	)�)
� �(2)

0 �E�$1�2(�() + 51�E(�	
 	)��1�2(�()

� ��(2)
0 + 52Æ

��E�$1�2(�() + 5̃�E��2(�()�

In order to prove Theorem 1.5.8, it is necessary to consider the whole
picture consisting of the locally rectified versions of the problem for all
cutoff functions of the partition of unity. Therefore, the new norms

�(�) 	
 

 Æ�
�=1

� 2(�@�)

!1�2

and

�=��1�2+������ 	
 

 Æ�
�=1

�B�@=�2$�1�2+�(���1)

!1�2

are considered. These norms are equivalent to the �1�2+�(��)-norm of �
and to the #�(1�2��)(��)-norm of =. The constants in this equivalence
depend on the employed partition of unity. From the local estimates we
derive

�2(�) � !���1

�
�� 1

2

��
�

(1)
0 (1 + ?+ 51Æ)�=��1�2+�������(�)

+ 52Æ�2(�) + 53(?)�(�) + 54(?)

and

�%
��1�2+������ �(1 + ?)!�1�2
��1

�
�� 1

2 
 �
��
�

(2)
0 �(�)

+ 51Æ�(�) + 52(?)
�
�(�) + 53(?)

with ? � 0 arbitrarily small. The combination of these estimates proves

Theorem 1.5.8. There, the constant �0 is given by �0 =
�
�

(1)
0 �

(2)
0 , if the
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norms � � �$1�2+�(��) and � � �$1�2+�(�� ) are replaced by the new norms
introduced above. The assertion is also valid for the original norms, but in
this case the constant �0 is different.
Hence again, if the coefficient of friction satisfies the condition

�����(� ) � �� with �� =
�
�

(1)
0 �

(2)
0

��1�2

�

and � satisfies (1.5.30) for a suitable � � 0 then with an appropriate choice
of ? and Æ (implying an appropriate choice of the partition of unity), the
Tikhonov fixed point theorem proves the solvability of the contact problem
with friction.

1.7.1 Remark. The described combination of the direct rectification of the
boundary with the fixed point approach leads to quite excessive require-
ments on the smoothness of the contact part of the boundary because of
the necessity to employ the rotation maps ��
. In Chapter 3 the penaliza-
tion of the non-penetrability condition leads to a Newton-type boundary
value condition in the auxiliary problems instead of the Signorini condition
on �� . For such a condition we can use � = ��
, ��
 = � as the test
function in the original and shifted boundary value problem, respectively.
The remainders in the estimates of the bilinear forms cancel. This enables
requiring � � �1+� only. If this approach is applied to the contact problem
with given friction, then the friction term has the form

=
��6���
� 
 �6����+=�


��(6�)�
�� 
 �(6��)�
�
�
� (1.7.39)

where = represents the product of the localized penalty term with the
coefficient of friction and 6� denotes the projection onto the tangential
hyperplane. Decomposing the term (1.7.39) into

(=�
 
=)
��6��� 
 �(6��)�
�

�
+=�


��(6�)�
�� 
 �6����
+=

��6���
� 
 �(6�)�
��
�� (1.7.40)

we can estimate the first term as above via (1.7.13). However, it is not clear
how to rewrite the remainder into a form containing products of differences
or differences of the second order which can be estimated. The problem con-
sists in the impossibility to estimate



�
��	.0

��������(6�)�
��+ �(6�)
��

2�6�����1�2(�� ) !�

� for any D0 � 0. Hence this technique is suitable only if
the gain of regularity � for the solution of the contact problem in the case
of a general domain is limited to � � 1F2. If the coefficient of friction is
assumed to depend on the solution �, then this small loss of regularity is
restrictive, due to the additional requirements for ; in Lemma 1.5.4.
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However, there exists another kind of local representation of the bound-
ary, where the normal and tangential components of the original boundary
are transformed onto the normal and tangential components with respect
to the boundary of the halfspace without using the artificial local rotations.
This representation uses curvilinear coordinates. With this approach it is
possible to obtain the regularity result with � = 1F2 also in the case of a
general domain, but at the price of stronger assumptions concerning the
smoothness of the domain. The result is presented in the next Theorem.

1.7.2 Theorem. Let the Assumptions 1.5.7 be valid for � = 1F2, and
let moreover �� � �2+� for some " � 1F2. Then the solution of the
penalized contact problem satisfies the a priori estimate (1.5.28) uniformly
with respect to ?.

Proof. We start from a local parametrization of the boundary by means of
a �2+�-smooth function,

�� : ���1(Æ) � �� �� �� (��) � ��

Let us denote the image of this parametrization by �Æ 	 �� (���1(Æ)).
From the parametrization of the boundary we construct a parametrization

� = �(�) = �� (��) + ��	
�
�� (��)

�
for � = (��� �� ) � ���1(Æ)� (0� Æ)

of some local neighbourhood �Æ � � of the boundary part �Æ. If Æ is
sufficiently small, this is a one-to-one mapping of the parameter domain
���1(Æ)� (0� Æ) onto �Æ; in fact Æ must be smaller than the inverse of the
curvature’s maximum.
The partial derivatives 	� 	 �*��, ' = 1� � � � � � of the parametrization

are called covariant basis vectors in differential geometry. On the boundary
we have �� = 0, hence 	� = �*��� for ' = 1� � � � � � 
 1 and 	� = 	. The
tensor �	�������=1 defined by 	�� = 	� � 	� is the covariant metric tensor .
Without loss of generality we may assume 	��(� = �) = Æ�� ; this can be
always achieved by an additional linear transformation of the parametriza-
tion. Then the determinant of the Jacobian of this parametrization has the
form

B
 = � det(	1� � � � � 	� )� = 1 + B
��

with a remainder B
�� � �1�� satisfying B
��(0) = 0, and the density of
surface measure is

B� 	 � det�	�����1
���=1� = B� = 1 + B���
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with a �1��-smooth function B��� satisfying B���(0) = 0.
A crucial step is the representation of vector fields. This is done by

means of a local basis consisting of the contravariant basis vectors 	1� � � � � 	�

which represent the biorthogonal system to the covariant vectors 	�. In
terms of the mapping � �� � = �(�) and its inverse � �� � = ��1(�) the
contravariant basis is given by 	� =

	
�%�
��

�
�=1
. A vector field � may be

represented by

� = ��&� = ��	�

with cartesian components �� and covariant components ��. The cartesian
components can be expressed in terms of the covariant ones by

�� = ���	� � &�� = ���%
�� �

The big advantage of the representation in terms of covariant components is
the transformation of normal and tangential components on the boundary;
it holds

�
 = �� and �� =
��1�
�=1

��	
��

In other words, the normal component �
 with respect to the normal of
the domain is transformed onto the normal component with respect to the
halfspace, and analogously for the tangential components. The derivatives
of cartesian components with respect to the old space variables are trans-
formed according to

���
���

=
�

���

�
��
���
���

�
=
���
���

���
���

���
���

+ ��
�2��
������

� (1.7.41)

Since the covariant basis vectors 	�, 
 = 1� � � � � � , are �1+�-smooth and
orthogonal at � = 0 there holds

���
���

= Æ�� +��� (1.7.42)

with remainder ��� � ��(�) satisfying ���(�) = �. In particular there
follows

����(�)� � 51Æ
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for � � ���1(Æ) � (0� Æ). Therefore the bilinear form is transformed ac-
cording to

�(���) = �����
���
���

�4�
���

= �����

�
���
���

���
���

���
���

+ ��
�2��
�����

�
�
�
�4�
��+

��+
���

���
���

+ 4�
�2��
�����

�
= �����

���
���

�4�
���

+ �0(�� 4) + �1(�� 4)

with perturbations �0, �1 satisfying

��0(���)� � 51Æ�������� and
��1(���)� � 52(�������+ �������+ ������)�

The shift technique is done with this new rectification. As in Subsection
1.7.3 we start from a finite covering	 = �I�� 
 � 
Æ�, where now the I� are
images of the local curvilinear representation of the type ���1(Æ)�(0� Æ) �
� �� � = ��(�) described above, and a subordinated partition of unity �Æ

consisting of smooth cutoff functions @�, 
 = 1� � � � �
Æ. For a fixed index

—which is omitted for simplicity of the notation—the localization can be
performed in the usual way, leading to inequality (1.7.25). Then, by the
transform to the new coordinates � = ��(�), a variational inequality of the
type (1.7.32) is derived for the vector �� = (��� � � � � �� )� of the transformed
covariant components. Here, the transformed bilinear form can be written
as �

0��1(Æ)
(0�Æ)

B

�
�(���) + �0(���) + �1(���) + �(���)

�
!�

with � denoting the transformed version of the perturbation caused by
the localization. The bilinear forms �1 and � have the same properties.
They can be merged into one form denoted again by �. The products of
bilinear forms with the perturbation of the Jacobian B
�� will be included
into the bilinear form �0. Hence the transformed bilinear form has exactly
the same properties as in the case of the “direct” rectification. After the
standard extension of the variational inequality onto the halfspace, the
rectified variational inequality is the same as (1.7.33), with the important
difference that now the index � represents the tangential component �� =
(�1� � � � � ���1� 0)� with respect to the straightened boundary. Hence the
shift technique can be performed as above; and the corresponding term
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arising from the friction functional can be simply estimated as in (1.7.13)
by �

���1

�
���1
�0�

�����(��1+2�)A
=A
���� !1� !��

� 5��1(�)(1 + ?)�=�$1�2��(�� )

�
��

5��1(1
2 
 �)

5��1(1
2 + �)

������1�2+�(�� ) + 5������1�2(�� )

�
�

This estimate is also valid for � = 1
2 . Hence the proof can be finished as

described above.

The authors hope that the difficulties arising just at the first look to the
contact problems with Coulomb friction have convinced the readers that a
deeper understanding of different aspects of these problems needs a more
comprehensive knowledge of the theoretical background. This will be done
in the next chapter.





Chapter 2

Background

In this chapter we supply the readers with the necessary knowledge to follow
the proofs of the results throughout the book. Two areas should be well
understood for this purpose, namely:

� Fixed point theory. Schauder’s or Tikhonov’s fixed point theorem are
the main ingredients of most existence theorems in this book.

� Theory of suitable spaces of functions with “fractional-order” deriva-
tives on domains. The non-smooth character of our problems re-
quires getting the best possible estimates, employing efficiently every
smoothness occurring in the assumptions. Hence imbedding, inter-
polation and trace theorems for such spaces together with the local
rectification and extension techniques are the inevitable base for the
results presented in our book.

The authors feel the lack of a suitable (series of) monograph(s), suit-
able for a general reader, on which a research requiring appropriate deeper
knowledge can be well based. There is a certain difference between the lan-
guage and aims in functional analysis or function space theory and those
in PDEs theory. Their interplay, however, has always been of great mutual
benefit and the authors’ effort was that of builders of bridges, connecting
advanced techniques and results from a variety of fields. Since rather ex-
tensive recent or contemporary theories are touched upon here, this chapter
should be understood more as a certain vademecum and a series of hints
how to build them for such purpose with references to special literature for
those who need to learn the details.

2.1 Fixed point theorems

We prove Brouwer’s and Tikhonov’s fixed point theorems in this section.
Among several standard approaches to Brouwer’s theorems we have chosen
the proof based on the Brouwer degree.
We shall not need much of special notation in this section. If � � ��

is a domain, then �(�) and �(�) denote the space of functions continuous
in � and in �, respectively. Similarly, ��(�) and ��(�), ) = 1� � � � , have
their usual meaning.

61
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2.1.1 Covering theorems

We start with several fundamental theorems. First we present Besicovitch’
covering theorem and Morse’s theorems, and then (a generalization of)
Sard’s theorem on critical points. Besicovitch’ theorem is one of the basic
building blocks of a large area of analysis and its various versions can be
found in many monographs (see e.g. [63], Chapter 1, [58], [143], Chapter 1,
etc.).
In what follows, a closed cube will always be a closed cube with edges

parallel to the coordinate axes. Analogous meaning will have an open cube.

2.1.1 Theorem (Besicovitch’ covering theorem). Let , � �� . Sup-
pose that for every � � , there is given a closed cube �(�) centered at �.
If , is unbounded, suppose additionally that sup%�) diam�(�) ��. Then
there exists a sequence ������� of points in , such that
(i) , � "����(��)

(ii) the sequence ������� is uniformly locally finite covering of �(�), i.e.
there exists a constant K� depending only on � such that�

���

L��
(�) � K� � � � ��

(iii) there exists a number +� depending only on � such that the sequence
������� can be split to +� subsequences, each of them consisting of
cubes with non-intersecting interiors.

Proof. Step 1. First we shall consider a simplified situation, when the prin-
ciple of the proof is very transparent. Let us suppose that , is bounded
and that we are given a sequence of closed cubes ��())���� centered at
the origin such that lim��+� diam�()) = 0. For every � � , choose an
arbitrary natural number 
(�) and put �(�) = � +�(
(�)). We shall con-
struct an enumerable covering as follows. We choose �1 such that �(�1)
has maximal diameter. If �1� � � � � ���1 are chosen, let ��+1 be a point
outside

"�
�=1�(��) such that diam�(��+1) is maximal among diameters

of the remaining cubes. We get a sequence of cubes �� 	 �(��), possibly
finite. If )1 �= )2, then ��1 F� ��2 . Indeed, )1 � )2 and ��1 � ��2 at
the same time is impossible since centers of “younger” cubes lie outside the
“older” cubes. Similarly )1 � )2 and ��1 � ��2 at the same time leads
to a contradiction since then ��2 lies outside the cube ��1 and therefore
the cube ��2 would be bigger than ��1 . But the sequence �diam��� is
non-increasing thanks to the construction of ����. Therefore the cubes
�� + 2�1�� are disjoint. Hence the sequence �diam��� is either finite or
it tends to zero.
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If the sequence ���� is finite, then it is plainly a covering of ,. If
it is infinite, then , � "+�

�=1�� must be empty; if not, then it contains
some � � , and there exists )0 such that diam�(�) � diam��0 and this
contradicts the maximality of diameters of the cubes that we have chosen
at each step of the construction; there would be at least one better choice
at the )0-th step, namely the cube �(�).
For � � , consider 2� hyperplanes containing � and parallel with co-

ordinate axes. They divide �� into 2� connected infinite paralellepipeds.
For each of them there is at most one �� such that � � �� . Indeed, if
� � ����� , then the bigger of these cubes should contain the center of the
smaller cube, which is impossible as we have seen above. Hence no point
of , can belong to more than 2� cubes from ����.
It remains to prove the property (iii). Fix some �� . According to the

above argument each of the 2� corners of �� belongs to at most 2� among
the remaining cubes of the covering. Note that if 
 � ', then the diameter
of �� is not smaller than the diameter of �� , hence �� must contain at least
one vertex of �� . There are at most 4� cubes altogether that contain at
least one vertex of �� . Consequently, the number of the “older” cubes in
the sequence, which have a non-empty intersection with �� , does not exceed
4� . This actually suggests how to divide the whole sequence into families of
disjoint cubes. Indeed, start with �1 and put it into the first family, put �2

into the second family, and so on, (4� +1)-times, independently of whether
they have empty or non-empty intersection with their predecessors. The
(4� + 2)nd cube in the sequence must have an empty intersection with at
least one of the older cubes, say, with ��. We put �4�+2 into the 
-th
family and continue this way. As a result the whole sequence ���� is split
into 4� + 1 families of disjoint cubes.
Step 2. Let the assumptions of the theorem be fulfilled and suppose

additionally that , is bounded. If 10 = sup%�) diam(�(�)) = +�, then
there is nothing to prove. Hence assume that 10 is finite and construct a
sequence ���� as in Step 1, with the only difference that at the beginning
we choose a cube whose diameter is bigger than 10F2 and at every next
stage we select a cube, whose diameter is at least half of the supremum of
diameters of the remaining cubes. Now the situation is different than that
of Step 1. If 
 � ', then �� F� �� by the construction. If 
 � ', then ��
can be in �� since neither �� nor �� is necessarily maximal. Nevertheless,
we always have 3�1�� � 3�1�� = � for 
 �= ', where 3�1�� denotes the
three times squeezed ��, that is, the cube concentric with ��, and whose
sidelength is one third of that of ��. Namely, if 
 � ', then �� F� �� and at
the same time diam�� � 2�1 diam��. Hence if 3�1�� � 3�1�� �= �, then
�� would contain �� (draw a picture). The role of 
 and ' was symmetric
hence the three times squeezed cubes do not intersect. Since , is bounded
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the sequence ���� is either finite or diam�� � 0 as 
� +�.
Now the covering property follows. If there exists � � , � "��, then

there is 
0 such that diam�(�) � 2�1 sup���0 diam��. Hence at the 
0-
th step at the latest we should have chosen �(�) (or other cube whose
diameter has the same property) instead of ��0+1. This is a contradiction.
We omit details of proofs of the assertions (ii) and (iii).
Step 3. If , is unbounded and sup%�) diam�(�) = ( ��, then we cut

�� into cubes �M�� whose diameter equals ( and consider , �M� instead
of ,. As a result we get countable families ��(�)���, where arbitrary cubes
�

(�+3)
� and �(�)

�� from the families corresponding to , �M�+3 and , �M�,
respectively, do not intersect.

2.1.2 Theorem (Sard). Let , � �� be bounded and for each � � , let
there be given a set #(�) possessing the following properties:
(i) there exists � � 0 independent of � such that for every � � , there
are two closed balls �(�� �(�)) and �(����(�)) centered at � such that
�(�� �(�)) � #(�) � �(����(�)),
(ii) for every � � , and every � � #(�) the set #(�) contains the convex
hull of ��� � �(�� �(�)). Then the conclusions of Theorem 2.1.1 are true.

We refer to [63] for the proof, references, and further discussion of cover-
ing theorems of this type. In particular the same key idea works in the two
preceding theorems, and at the same time Sard’s theorem is more general.
Covering theorems play a basic role in the theory of classical operators
on Euclidean (and more general) spaces and the proofs can be found in
many other well-known monographs—see e.g. [143], [126], [58]. General
covering theorems on spaces with non-Euclidean geometry (on spaces of
homogeneous type) can be found in [59].

2.1.3 Remark. Besicovitch’ covering theorem holds also for (centered) balls
replacing cubes and it is easy to realize that the boundedness of , is not
essential if sup%�) diam�(�) � �. The cubes �(�) need not be closed,
either.

Let , � �� and let (C�0) be a set endowed with an outer measure.
Let � : , � C be an arbitrary function. A point � � � is a critical point
of � if there exists a sequence ���(�)� of open cubes centered at � and such
that lim��+� diam(��(�)) = 0 and lim��+� 0(�(��(�)))

����(�)�
��1 =

0, where ���(�)� denotes the Lebesgue measure of ��(�). Next theorem is
due to de Guzmán [64] and it generalizes Sard’s theorem on critical points.

2.1.4 Theorem (de Guzmán). Let � be an open subset of �� and let
(C�0) be a space with a %-finite outer measure. Let � be the set of all
critical points of an arbitrary � : � � C. Then 0(�(�)) = 0.
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Proof. It suffices to prove the theorem for an arbitrary ( � � with a finite
measure. Let ? � 0 and choose an open set = containing (. For every � � (
let �(�) � = be an open cube centered at � and such that 0(�(�(�))) �
?��(�)�. According to Besicovitch’ theorem (see also Remark 2.1.3) there
exists a sequence ���� = ��(��)�, extracted from our family ��(�)�,
satisfying

�
��� L��

� K� and 0(�(��)) � ?����, where K� depends only
on � . Hence

0(�(()) � 0
�
�

�#
���

��

��
= 0

�#
���

�(��)
�
�
�
���

0(�(��))

� ?
�
���

���� = ?
�
�

�����

��
���

L��
(�) !�

�
� ?K�

����#
���

��

���� � ?K� �=��
Since ? was arbitrary the proof is complete.

Let � � �1(�� ) and denote by B1 the Jacobian of � . If detB1 (�) = 0,
then � is the critical point in the above sense. This immediately implies
the following

2.1.5 Corollary (Sard’s theorem). Let � � �1(�� ) and let � be the
set of those � � �� , where B1 , the Jacobian determinant of � , vanishes.
Then ��(�)� = 0.

2.1.2 Fixed point principles

In the remainder of this section � will be an open and bounded subset of
�� . Let � : � � �� , � � �(�) � �1(�) and denote by B1 the Jacobian
determinant of � . For � � �� , a point � � ��1(�) = �� � � : �(�) = �� is
called regular if B1 (�) �= 0. Observe that if � � �(�) � �(��) and if ��1(�)
consists of regular points, then ��1(�) is finite. Indeed, ��1(�) is closed and
at each of its condensation points one can use the implicit function theorem.
Hence assuming that ��1(�) is infinite would lead to a contradiction.

2.1.6 Definition. Let � � �1(�) � �(�) and � � �� � �(��). Suppose
that ��1 is non-empty and contains only regular points. Then the degree
of the mapping � with respect to � and � (or shortly the degree of �) is
defined as

![� ;�� �] =
�

%�1�1(�)

signB1 (�)�

Formally we put ![� ;�� �] = 0 if ��1(�) = �.
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2.1.7 Remark. Note that it is easy to find e.g. the degree of the identical
mapping id : � � �. Indeed, we have ![
!;�� �] = 1 if � � � and
![
!;�� �] = 0 if � F� �. This is straightforward. Nevertheless, it is a very
non-trivial problem for general � and the general formula is not very helpful.
Therefore we shall describe an alternative construction of the degree and
an effective way how to calculate it.

Let �0 � 0 and let 9 be a mollifier supported in [0� �0], that is, a
function in 
 (�), vanishing in (
�� 0]� [�0�+�) and such that �9�1 = 1.
Let � � �1(�) � �(�) and suppose that for some � � �� � �(��) the set
��1(�) consists only of regular points of � . Then � is a diffeomorphism in
a neighbourhood of every point in ��1(�), say, on I(��), where ) runs over
some finite set M of indices. Put :(�) = �(�) 
 �. Plainly there is N � 0
such that �(0� N) � "��" :(I(��)). Hence if � � � �

"
��" I(��), then

�:(�)� 
 Æ.
The construction described in the sequel, based on the concept of a

degree of a mapping, follows Nagumo [112] and Heinz [68].

2.1.8 Lemma. Let � � �1(�) � �(�) and suppose that for some � �
�� � �(��) the set ��1(�) has (finite) cardinality M and contains only
regular points of � . Let 9 be a mollifier living in [0�min(Æ� N)] with Æ and N
having the above described properties. Then�




9(��(�)
 ��)B1 (�) !� =
�
��"

signB1 (��) = ![� ;�� �]� (2.1.1)

Proof. The left hand side of (2.1.1) equals to�
�

��� 2(%�)

9(�:(�)�)B1 (�) !� =
�
��"

�
2(%�)

9(�:(�)�)B1 (�) !�

=
�
��"

signB3(��)
�
2(%�)

9(�:(�)�)�B1 (�)� !�

=
�
��"

signB1 (��)
�
3(2(%�))

9(�:(�)�) !�

and with the help of the change of variables � = :(�)

=
�
��"

signB1 (��)�
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It follows that the value of the integral on the left hand side of (2.1.1)
is independent of a particular choice of a mollifier. We are going to show
that this assertion remains to be valid even for : supported in the interval
[0�min%��
 ��(�)
 ��]. This will follow from the next lemma.
2.1.9 Lemma. Let O : � � �� , O � �1(�) � �(�). Let

0 � ? � inf
%��


�O(�)�� (2.1.2)

Suppose that 9 is a continuous real function supported in [0� ?] satisfying� +�

0

���19(�) !� = 0�

Then �



9(�O(�)�)B4(�) !� = 0� (2.1.3)

Proof. Thanks to the Weierstrass approximation theorem we can suppose
that O � �2(�) � �(�). Indeed, O can be uniformly approximated by
polynomials, which can be additionally assumed to satisfy (2.1.2). Define

:(�) =

$%&���

� %

0

���19(�) !� if � � 0�

0 if � = 0�

Plainly : � �1(0�+�), supp: � [0� ?] and

�:�(�) +�:(�) = 9(�)� (2.1.4)

Put

��(�) = :(���)��� � � �� � 

 1� � � � � ��

Then trivially �� � �(�� ) � �1(�� � �0�). Further, ���(0)F��� = 0 and it
is not difficult to show that ���(�)F��� is continuous at the origin, hence
�� � �1(�� ). It follows from the definition of : and properties of O that
��(O(�)) vanishes in some neighbourhood of ��.
Denote by ,��(�) the co-factors of the element �O�(�)F��� in the Jaco-

bian of O (i.e. the subdeterminant of order�
1, resulting from omitting the

-th row and the '-th column in the original matrix multiplied by (
1)�+�).
Since O � �2(�� ) we have ,�� � �1(�) and

��
�=1

�,��(�)F��� = 0 (2.1.5)
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for every � � � and all 
 = 1� � � � � � . A formal proof would be rather
lengthy, but it suffices to realize what the operation �F��� makes with ,�� .
Every product in ,�� (with � 
1 terms) gives in turn � 
1 products with
exactly one occurrence of the second derivative. Since derivatives of sec-
ond order are interchangeable here, it follows easily from the definition of
the determinant and calculus rules for determinants (change of sign when
interchanging position of neighbouring rows or columns in accordance with
the change of the sign of the index permutation in question) that for every
term in (2.1.5) after differentiation �F��� applied to ,��(�) there is a coun-
terpart with opposite sign resulting from taking �F��� of a suitable term
and hence the total result is zero.

Choose � � � such that O(�) �= 0 and denote by Æ�� the Kronecker
symbol, that is Æ�� = 0 if 
 �= ) and Æ�� = 0 if 
 = ). In view of (2.1.5) and
(2.1.4) we have

div
��
�=1

,��(�)��(O(�))

=
��
�=1

��(O(�))
��
�=1

�,��(�)
���

+
��

�����=1

,��(�)
���(O(�))
���

�O�(�)
���

=
��

���=1

���(O(�))
���

� Æ�� = B4(�)
��
�=1

���(O(�))
���

= B4(�) [�:(�O(�)�) + �O(�)�:�(�O(�)�)] = 9(�O(�)�)B4(%)�

If O(�) = 0, then

div
��
�=1

,��(�)��(O(�)) = 9(�O(�)�)B4(%)

holds trivially. Let ; = (;�), where for ' = 1� � � � � � ,

;�(�) =

$�%�&
��
�=1

,��(�)��(O(�))� if � � �,

0 if � � �� ��,
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and let � be a cube containing �. Then ;� � �1(�) � �(�) and we have

�



9(�O(�)�)B4(�) !� =
�



div
� ��

�=1

,��(�)��(O(�))
�
!�

=
��
�=1

�
�

div; (�) !� = 0�

The proof is complete.

The next step is to show that the property (2.1.3) is independent of a
particular choice of the mollifier 9. Specifically we have

2.1.10 Lemma. Let O � �1(�) � �(�) and suppose that 91 and 92 are
mollifiers supported in [0� ?], where 0 � ? � inf%��
 �O(�)�. Then�




91(�O(�)�)B4(�) !� =
�



92(�O(�)�)B4(�) !��

The proof is easy (based on the previous Lemma 2.1.9) and we leave it
to the reader.

Now we need to show that the degree with respect to a point � is locally
constant for functions close in the �(�) norm, but sufficiently far from �
on ��.

2.1.11 Lemma. Let � � �� and �� � �1(�) � �(�), 
 = 1� 2. Let us
assume that for some ? � 0,

���(�) 
 �� 
 7?� 
 = 1� 2� � � ���

and

��1(�) 
 �2(�)� � ?� � � ��

Further, let all points in (��)�1(�) be regular, 
 = 1� 2. Then

![�1;�� �] = ![�2;�� �]�

Proof. Put :�(�) = ��(�) 
 �, � � �, 
 = 1� 2, and fix a �1-function
P : [0�+�)� [0� 1] such that P(�) = 1 if 0 � � � 2?, and P(�) = 0 if 3? � �.
Let

:3(�) =
�
1
 P(�:1(�)�)

�
:1(�) + P(�:1(�)�):2(�)�
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If � � ��, then

�:3(�)� 
 �:1(1)� 
 P(�:1(�)�)(�:1(�)
 :2(�)�) 
 7?
 ? = 6?�

and plainly :3(�) = :1(�) if �:1(�)� � 3?, whereas :3(�) = :2(�) if
�:1(�)� � 2?. Let 91 and 92 be regularizators supported in (4?� 5?) and in
(0� ?), respectively. Then, for all � � �,

91(�:3(�)�)B33 (�) = 91(�:1(�)�)B31(�)

and

92(�:3(�)�)B33 (�) = 92(�:2(�)�)B31(�)�
(2.1.6)

Since �



91(�:3(�)�)B33(%) !� =
�



92(�:3(�)�)B33(%) !�

(see Lemma 2.1.9) we can integrate the identities in (2.1.6) to get�



91(�:1(�)�)B31(%) !� =
�



92(�:2(�)�)B32(%) !�

which completes the proof in view of Lemma 2.1.10.

2.1.12 Lemma. Let �1� �2 � �1(�) � �(�), and �1� �2 � �� . Let ? � 0
and

���(�)
 ��� 
 7?� � � ��� 
 = 1� 2�
��1(�) 
 �2(�)� � ?� � � ��� 
 = 1� 2�

��1 
 �2� � ?�

Assume that all points in (��)�1(��), 
� ' = 1� 2, are regular. Then

![�1;�� �1] = ![�2;�� �2]�

Proof. According to Lemma 2.1.11, ![�1;�� �1] = ![�2;�� �1]. At the same
time ![�2;�� �1] = ![�2 + (�1 
 �2);�� �1]. But the last quantity is nothing
but ![�2;�� �2] by the definition of the degree.

For completeness we state a variant of Lemma 2.1.11 for an arbitrary
� � �� .
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2.1.13 Lemma. Let �1� �2 � �1(�) � �(�) and � � �� . Let ? � 0 be
such that

���(�) 
 �� 
 8?� � � ���
��1(�) 
 �2(�)� � ?� � � ��

Then ![�1;�� �] = ![�2;�� �].

Proof. It suffices to realize that we can approach � by a sequence of points
���� such that both sets (��)�1(�) contain only regular points. Then
Lemma 2.1.11 implies that the numbers ![��;�� ��], 
 = 1� 2, are the same
for sufficiently large ).

Next step in the construction of the degree of a mapping � is to con-
sider non-regular points � F� �(��). Invoking Sard’s theorem (see Theo-
rem 2.1.5) we see that the image �(�) of the set � of non-regular points
of � has zero Lebesgue measure and therefore for every � � �(�) there
exists a sequence of regular points �� F� �(��) tending to � as ) � +�.
We have proved in the previous lemmas that ![� ;�� ��] is independent of
a particular choice of �� provided �� are sufficiently close to each other.
Therefore, ![� ;�� ��] is constant provided ) is large enough. Furthermore,
if two mappings are close enough to each other, they have the same degree
with respect to regular points (Lemma 2.1.11). Combining these consider-
ations with the Weierstrass approximation theorem, we can get rid of the
assumption � � �1(�) and arrive at a definition of the degree for con-
tinuous functions: For � � �(�) and � F� �(��) the number ![� ;�� �] is
defined as lim��+� ![��;�� ��].

2.1.14 Remark. The whole procedure we went through, starting with Def-
inition 2.1.6, shows that it is practically impossible to calculate the degree
of a particular mapping with respect to some point.
Hence of great importance are some clever tricks. One of them is actu-

ally the proof of Brouwer’s fixed point theorem.

We start with two consequences of preceding lemmas.

2.1.15 Theorem. Let � be a bounded, open, non-empty subset of �� ,
� � �(�), and � � �� � �(��). Suppose that ![� ;�� �] �= 0. Then there
exists �0 � � such that �(�0) = �.

Proof. Let �� be a sequence of �1-functions uniformly converging to � and
let ���� be a sequence tending to � such that �� is a regular point of ��,
) � � . There exists )0 such that ![��;�� ��] = ![� ;�� �] �= 0 for all
) 
 )0. Hence for each ) 
 )0 there exists �� � � such that ��(��) = ��.
Since � is a compact set we can suppose without loss of generality that
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lim��+� �� exists. Denote this limit by �0. By continuity argument, we
have �(�0) = �.

2.1.16 Theorem (homotopy theorem). Let � be a bounded, open, non-
empty subset of �� . Let D : � � [0� 1] � �� be continuous. Let � � ��
and suppose that D(�� �) �= � for every � � [0� 1] and for every � � ��.
Then the function � �� ![D(�� �);�� �] is constant on [0� 1].

Proof. We shall verify the assumptions of Lemma 2.1.13. Choose ? � 0
such that �D(�� �) 
 �� 
 9? for all � � �� and all � � [0� 1]. The mapping
D is uniformly continuous, therefore �D(�� �1)
D(�� �2)� � ?F3 for all � � �
and all �1� �2 � [0� 1] that are sufficiently close, say, ��1 
 �2� � Æ. Fix such
�1� �2 and choose sequences �� �����1, ' = 1� 2, of �1-functions such that
� �� � D(�� ��) uniformly on �, ' = 1� 2. For large )’s,

�� �� 
 D(�� ��)� � ?F3� � � ��
�� �� 
 �� 
 8?� � � ���

��1
� (�) 
 �2

� (�)� � ?� � � ��

Hence Lemma 2.1.13 implies that

![D(�� �1);�� �] = ![�1
� ;�� �] = ![�2

� );�� �] = ![D(�� �2);�� �]

and we see that ![D(�� �1);�� �] is locally constant on [0� 1]. Since [0� 1] is
compact we are done.

We come to the highlights of this section.

2.1.17 Theorem (Brouwer’s fixed point theorem in �� ). Let � be
a continuous mapping from the closed unit ball of �� into itself. Then �
has a fixed point.

Proof. Denote by �(1) the closed unit ball in �� . Let us suppose that
� 
 �(�) �= 0 for all � � ��(1); otherwise there is nothing to prove. Put
D(�� �) = �
 ��(�), � � �(1), � � [0� 1]. Then

1 = ![id;�(1)� 0] = ![id
� ;�(1)� 0]

and the claim follows from Theorem 2.1.15.

2.1.18 Remark. Theorem 2.1.17 holds also under the weaker assumption
�(��(1)) � �(1). This is clear from the proof.
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2.1.19 Remark. Since all finite dimensional locally convex spaces are iso-
morphic to some Euclidean space, in particular, their topology is metriz-
able, we get the analogous fixed point theorem in such spaces for mappings
of all sets that are homeomorphic to (homeomorphic copies of) the closed
unit ball in �� . Hence we may ask, how these copies in �� look like. If
M � �� is convex, closed, bounded, and with non-empty interior, then it
suffices to move M in order that the origin lies in the interior of M and to
consider points on rays through the origin to construct a homeomorphism
between M and �(1). On the other hand, all homeomorphic copies of �(1)
must have the properties that the above set M enjoys. Hence we see that
the isomorphic copies of �(1) � �� are exactly all the subsets of �� ,
which are convex, closed, bounded, and with non-empty interior. Next, if
M �= �, M � �� is convex, closed, bounded, and its interior is empty, then
there exist at most � 
 1 linearly independent points in M. This can be
easily seen by an induction argument. If * is the maximum of cardinalities
of all linearly independent subsets of M, then M is a subset of a subspace
� � �� , the dimension of � is of course *, and M has a non-empty interior
with respect to �. In this way the situation is reduced to the first case. We
shall formulate the consequence separately as next Theorem.

2.1.20 Theorem. Let C be a finitely dimensional linear space and let
M � C be non-empty, closed, and convex. Let 
 : M � M and suppose
that 
 (�M) � M. Then there exists �0 � M such that 
 (�0) = �0.

Brouwer’s fixed point theorem or its above mentioned generalization
does not hold in infinite dimensional Banach spaces (see [88]). Neverthe-
less, there is a class of mappings and sets in them, namely compact sets and
completely continuous mappings, which permits reduction to finite dimen-
sion and an application of Brouwer’s theorem to get approximations, which
converge to the desired fixed point. We will formulate and prove Schauder’s
fixed point theorem. First, however, we shall need an easy generalization
of Theorem 2.1.17
Recall that a subset � of a normed linear space C is totally bounded if

for every ? � 0 there exist finitely many points, say, �1� �2� � � � � �
(�) such
that min1	�	
(�) dist(�� ��) � ? for all � � � (a finite ?-net). A mapping

 from a linear normed space C into a linear normed space Q is completely
continuous if for every bounded � � C the set 
 (�) is totally bounded
in Q .
We are in a position to prove a fixed point theorem in infinite dimen-

sional Banach space, known also as the Schauder principle [130].

2.1.21 Theorem (Schauder’s fixed point theorem). Let C be a Ba-
nach space, let � �= M � C be bounded, closed, and convex. Let 
 : M � C
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be completely continuous and assume that 
 (M) � M. Then there exists
�0 � M such that 
�0 = �0.

Proof. Let ? � 0 and let 2
 = �41� � � � � 4
(�)� be a 1F$-net in C . For

 = 1� � � � � $(*) let us define

��(�) =

'
0 if ��
 4�� � 1F$�
?
 ��
 4�� if ��
 4�� � 1F$�

and

;
(�) =
�
(�)�

�=1

��(�)
��1�
(�)�

�=1

��(�)4�

�
�

Then we plainly have �� 
 ;
(�)� � 1F$ for all � � C . Put 

 = ;
 Æ 
 ,
denote by �
 the linear hull of 2
. Then 

(M ��
) � M ��
 because
;
 is a convex linear combination of elements in M ��
. Hence for each
$ � � there is �
 � M ��
 such that �
 = 

(�
). Since ��
�
�1 is a
bounded sequence the set �
 (�
)� is totally bounded. Consequently, we
can find a subsequence of �
�
�
�1, which we denote in the same way,
converging to some element � � M. We have

�
 (�
)
 �
� = �
 (�
)
 

(�
)� � 1
$
�

By continuity of 
 , if �0 = lim
�+� �
, then �0 = 
 (�0).

Schauder’s fixed point theorem was generalized by Tikhonov [146] to the
case of continuous mappings of convex compact subsets of locally convex
spaces into itself.
Recall that a topological linear space is a linear space C (over real

or complex numbers) endowed with a topology, for which addition and
multiplication by scalars are continuous. Thus, the topology in C can
be given by the family of neighbourhoods of the origin. If there exists a
fundamental system, say 	 , of convex neighbourhoods of zero (that is, for
every neighbourhood 2 of zero in C there is I � 	 such that I � 2 ),
then the space C is called locally convex.
Observe that one of the ideas in the proofs of the previous theorems was

to choose sufficiently fine ?-nets. If we do not have a metric, we may still use
special covering refinements. Let C be a locally convex topological linear
space and let ����� be a family of subsets of C . A family �I5�5 is called
a double refinement of ����� if for every I5 there exists �� � I5 such
that every I51 having a non-empty intersection with I5 is also a subset of
�� .
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2.1.22 Lemma. Let ; be a compact subset of a locally convex topological
linear space C and ����� a family of open sets covering ; . Then there
exists a double refinement of �����.
Proof. By compactness we can choose �� , ' = 1� � � � � $, covering ; . For
every � � ; let � �(�) be a neighbourhood of �, whose closure is contained
in some of the sets �� . The family �� �(�)�%�6 is a covering of ; , hence
we can pass to some of its finite part, say, � �

� , ) = 1� � � � ��. For every
� � ; , put

I1(�) =
(

%�	�

�

� �
� � I2(�) =

(
%�7�	�

�

� �
� � I3(�) =

(
%�	�

�� �

and put I(�) = I1(�)�I2(�)�I3(�), � � ; . Assume I(�)�I �(��) �= �.
Choose some � �

� � I(�) and then select some �� � � �
� . Hence �� is

one of the sets in the intersection defining I3(�). Then �� must be in � �
� .

For, if �� � ; �� �
� , then according to the definition I

�(��) � ; �� �
� and

I �(��) would have not a common point with I(�). Thus �� � � �
� � ��

and we conclude that I �(��) ���. Since the family �I(�)�%�6 is finite we
are done.

2.1.23 Theorem (Tikhonov’s fixed point theorem). Let ; be a con-
vex and compact subset of a locally convex topological linear space C and
� : ; � ; be continuous. Then � has a fixed point.

Proof. Let us assume that � has no fixed point. For every � � ; choose
disjoint convex neighbourhoods� (�) and� �(�(�)). By continuity of � we
can suppose that �(I(�)) � � �(�(�)). According to Lemma 2.1.22 there
exists a finite family �I����=1, a double refinement of �� (�)�%�6 . Further,
for every � � ; , let 2 (�) be a neighbourhood of � such that �(2 (�)) is a
subset of some I�. Let �� � I�, 
 = 1� � � � � �, fix some 2 (�) and denote it
with 2�. Let � be a convex hull of �1� � � � � ��. Since the linear hull of these
points is a finite dimensional linear space, that is, a homeomorphic copy of
a Euclidean space �+ with 1 � �, the set � is a homeomorphic copy of a
simplex in �+ . Let us divide � into a family �(�� of smaller simplexes if
necessary in such a way that every (� is a subset of some 2�. Hence �((�) is
a subset of some I�. Let �1� � � � � �� be the extremal points (i.e. the vertices)
of all (�. If �(��) � I�, then we put

9(��) = ��(�)� 
 = 1� � � � ���

and we extend 9 to (� by linear interpolation. By convexity, 9 takes �
into � and by Brouwer’s fixed point theorem there exists �0 � � such that
9(�0) = �0.
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Consider the finite covering ���� from Lemma 2.1.22. We claim that
for every � � � the images 9(�) and �(�) are in the same ��. This
will be plainly a contradiction since according to our construction of the
neighbourhoods �� the points �0 = 9(�0) and �(�0) cannot belong to
the same ��. To this end choose � � �, denote by ( the corresponding
subsimplex containing � and denote by �1� � � � � �
(,) its vertices. Then there
exists 
0 � �1� � � � � �� so that �(() � I�0 . According to the definition of 9 we
have also 9(��)� �(��) � I�. Thus �(��) � I�0�I�, i.e., the intersection of I�

with I�0 is non-empty, hence all I�, having the double refinement property,
must be contained in one of the sets��, say,��0 , which corresponds to I�0 .
By convexity argument, 9(�) � ��0 . Consequently also �(�) � I�0 � ��0

and 9(�) ���0 . The theorem is proved.

2.2 Some general remarks

The theory exposed in the book heavily relies on properties of various func-
tion spaces. Problems that we study here belong to the expanding class
of the PDE problems, requiring spaces more general than the traditional
Sobolev spaces. In this chapter we present some basic properties of spaces
used in the sequel. We regret that it is an impossible task to give a self-
contained account even for employed clones of Sobolev spaces, which are
the main analytic tool for our considerations. We give proofs always when
it is possible with respect to the limited extent of the book. Our intention
is to provide basic orientation in the theory in order that the reader not
familiar with the contemporary function spaces theory and its methods gets
some useful knowledge for reading specialized literature.
Today, the theory of function spaces is a rather wide area of analysis

with no clear boundaries; it uses a broad spectrum of methods and tools:
classical and functional analysis, interpolation theory, Fourier analysis and
more. It should be observed that the basic mighty impetus came from the
PDE theory with the concept of generalized derivatives. The contempo-
rary state of the function spaces theory is not purely the result of this basic
PDE feedback. At one hand, it provides a very general theory, in particular
that based on decompositions, theorems of Littlewood-Paley and Nikolskii
type, together with deep links to harmonic analysis; on the other hand, it
seems that some cases needed in applications are not yet sufficiently covered
by the general theory. The most basic references for the theory presented
in this chapter are: The books by Peetre [119], by Bergh and Löfström
[23] and Triebel [148] for the interpolation theory and the decomposition
approach to spaces of Sobolev and Besov type. The reader will find also
very useful the book by Bennett and Sharpley [22] in connection with the
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interpolation of Besov spaces in a more classical spirit. Stein’s book [143]
contains the classical part on singular integral operators, Riesz and Bessel
potentials and potential Sobolev spaces. For a first encounter with basic
function spaces, classical interpolation theorems and harmonic analysis op-
erators the book by Sadosky [126] can be also recommended. Then there
are the famous Zygmund’s books [158]. Anisotropic spaces, in particular,
the vector-valued Sobolev and Besov spaces, will be needed in the form of
mappings from an interval into a space of Sobolev type. They fall into the
class of so called spaces with dominating smoothness properties. Owing to
their importance for the PDEs they have been studied in a classical set-
ting, in particular in the Hilbert case (see, e.g. [102]) and they have been
investigated by many authors. The unified theory in the Fourier analysis
framework of these spaces is due to Schmeisser [131], [132], [133]; see also
the book by Schmeisser and Triebel [135]. Finally we refer to the deep the-
ory of anisotropic spaces developed in the monograph by Besov, Il’in and
Nikol’skii [26].

When our spaces have a Hilbert structure, we may rely on the simpler
properties of Fourier transform and of Bessel kernels. The general case is,
however, more complicated and it uses deeper facts.

Fourier analysis naturally requires spaces defined on the whole of �� .
From a purely theoretical point of view, this is only a technical problem
to pass to spaces on domains with the extension property with respect to
spaces under consideration. This allows restricting our attention to spaces
defined on �� (� 
 1) instead on a domain since in this case the corre-
sponding space on the domain can be understood as a factorspace modulo
equality on the given domain. On the other hand, the extension theorems
do not belong to the easiest part of the function spaces theory. Neverthe-
less, the machinery of the localization technique is well understood now and
has become one of the standard tools. The reader will meet localization
arguments throughout the book quite frequently and sometimes we omit
the lengthy technical details.

We shall introduce the basic spaces and nail down the notation. Let
� � �� be measurable. Let 1 � � � �. Then the Lebesgue space
��(�) is defined as the space of all measurable functions on � with the

finite norm ���� = �����(
) =
�




��(�)�� !�

�1��

if � � �, and ���� =

�����(
) = ess sup
%�


��(�)� for � = �. It is well known that for 1 � � ��,
the ��(�) spaces are separable and reflexive Banach spaces; for � = 2 we
get a Hilbert space with inner product





�(�)�(�) !�. The space �1(�)

is separable, whereas ��(�) is not : consider e.g. the set of characteristic
functions of all balls centered at a point of density of �. If 1 � � � �,
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then �� = �F(�
1) will denote the conjugate exponent to �; we put �� = �
if � = 1, and �� = 1 if � = �. If 1 � � � �, then (��(�))�, the dual
space to ��(�), is equal to ���(�) and every bounded linear functional
; on ��(�) has a unique representation in terms of the duality mapping
� ��� �� � �=




 �(�)�(�) !� for a (unique) � � ��� . At the endpoints of

the scale, � = 1 or � =�, the duality relation gives only the norm, namely,
���� = sup

	



�(�)�(�) !�; ����� � 1



.

By the symbol ��(�), 0 � � � 1, we shall denote the (real-valued)
Hölder spaces; for � = 1 we usually talk about the spaces of Lipschitz
continuous functions.
We shall suppose that the reader is familiar with the construction and

properties of the Bochner integral of vector-valued functions. Relevant
properties of real- (or complex-) valued functions carry over to the vector
case. Considering functions with values in a Banach space C that are
Bochner integrable with the �-th power we get the vector-valued spaces
��(C) = ��(��C), that is, the space of all functions � : � � C with the
finite norm ���� = �����(
�7) (with the corresponding change if � = 1 or
� =�). By ��(C) or ��(��C) we shall denote the space of vector-valued
Hölder continuous functions. We shall frequently work with C = �� , the
� -dimensional Euclidean spaces. Then the above spaces (and also spaces
of Sobolev type and so on) will often be denoted by bold letters. As to
spaces of vector-valued functions we refer to [39], [7], [8], [134].
One of the main tools is the Fourier transform. We shall use the formulae

� (� ; +) =
1

(26)��2

�
��

&��%�8�(�) !�� + � �� �

and

� �1(� ;�) =
1

(26)��2

�
��

&�%�8�(+) !+� + � �� �

for � � � (�� ), the space of rapidly decreasing infinitely differentiable
functions, where � � + is the scalar product of � and + in �� . Observe
that sometimes another multiplicative constant instead of (26)���2 occurs
in front of the integrals above and/or � � + is replaced by 26� � +. Usage
changes from author to author and the major intrinsic reason is aesthetically
pleasing formulae, depending of course on the sort of objectives we are
concerned with.

For the reader’s convenience we recall Hölder’s inequality, linking the
norms in dual spaces �� and ��� (�� = �F(� 
 1) if 1 � � � �, �� = 1 if
� =�, and �� =� if � = 1),�




�(�)�(�) !� � ���� �����
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whenever the right hand side has sense.
We recall Minkowski’s inequality: If 1 � � � �, �1� �2 � �� are

measurable, and � is measurable and non-negative on �1 ��2, then��

1

��

2

�(�� �) !�
��

!�

�1��

�
�

2

��

1

�(�� �)� !�
�1��

!��

The well-known (triangle) inequality ��+��� � ����+���� is usually also
called Minkowski’s inequality.

Third, for reader’s convenience, we present the classical Hardy inequal-
ity. We refer to [65], [114], [99], Chapter 6, for the proof.

2.2.1 Proposition (Hardy’s inequality). Suppose that 1 � � � �,
1 
 0 and let � 
 0 be measurable function on (0�+�). Put ; (�) =
��1


 %

0
�(�) !�. Then� +�

0

; (�)����+�1 !� � �
1

� +�

0

�(�)����+�1 !�� (2.2.1)

We shall occasionally use the space 
 (�� ) of all �� functions (real- or
complex-valued) with compact support in �� as well as the space 
 �(�� ),
the dual of 
 (�� ), whose elements are known as distributions. Tempered
distributions are, however, more useful in the theory of function spaces.
Let C be a Banach space. Following the common usage we denote

by � (��� C) = � (C) the space of all rapidly decreasing infinitely differ-
entiable functions on �� with the inductive limit topology given by the
seminorms

�9���� = sup
%���

max
���	�

�
1 + ������ �9(�)�7 � (2.2.2)

where ) and * run over all non-negative integers.
Given Banach spaces C and Q , a linear mapping � : � (��� C)� Q is

said to be a tempered distribution with values in Q if for every non-negative
integers ) and * there exist 5 � 0 such that

��(9)�9 � 5�9����

for every 9 � � (��� C). We shall write � � � �(��� C� Q ) or more simply
� � � �(C�Q ). The space � �(C�Q ) of tempered distributions is a vector
space, complete with respect to the weak topology induced by the pairing
(� (��� C)�� �(C�Q )).
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If C = Q , we shall use the notation � �(C) instead of � �(C�C). In
the important particular case when C = Q = �1 (or � ), the formula (2.2.2)
becomes

�9���� = sup
%���

max
���	�

�
1 + ������ �9(�)��

and the spaces� (��� C) and� �(��� C� Q ) are usually denoted by� (�� )
and � �(�� ), respectively. This is slightly abusing as the reader has cer-
tainly observed since it makes no difference between mappings into �1 and
�� , nevertheless, the notation � (�� ) and � �(�� ) is widely used in the
“classical” situation with real- or complex-valued tempered distributions so
that confusion with the more general situation can hardly occur.
Let C be a Banach space, let � � � �(C) and � = (�1� � � � � �
) be a

multiindex. Then the weak derivative (or the distributional derivative) of
order � of a tempered distribution � is the tempered distribution defined
by

 ��(9) = (
1)��( �9)� 9 � � (�� )�

We shall not pursue the properties of � (�� ) in detail, in particular the
definition of the topology in � (�� ) and convergence in it. There are many
excellent available expositions of the subject.

Later on we shall frequently work with convolutions. Let us recall that
for �1 � �1(�� ) and �2 � ��(�� ), where 1 � � � �, the convolution is
defined as

�1 � �2(�) =
�
��

�1(�)�2(�
 �) !�� � � �� � (2.2.3)

This definition makes sense in view of Minkowski’s inequality and �1 � �2 �
��(�� ). Similarly, Hölder’s inequality implies that if �1 � ��(�� ) and
�2 � ��� with �� = �F(�
 1), we have �1 � �2 � ��(�� ).
Plainly if �1� �2 � � (�� ), then �1 � �2 � � (�� ).
The definition in (2.2.3) is meaningful also in other important cases. For

instance, if both �1 and �2 have compact supports in �� , and �� � ��
 , 
 =
1� 2, then extending �1 and �2 by zero to the whole of �� , the convolution
�1 � �2 is in �max��1��2�. This follows easily on applying Minkowski’s and
Hölder’s inequalities.

The concept of the convolution can be extended to a pair � � � �(�� )
and 9 � � (�� ); we put

� � 9(�) = �(9(� 
 �))� � � �� � (2.2.4)
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The last definition can be further extended in an obvious way to convolu-
tions of tempered distributions and functions with values in any normed
linear space - provided � (�� ) is dense in -.
More generally, let C be a Banach space. Given � � � �(��� C) and

9 � � (�� ), we define the convolution � � 9 as in (2.2.4).
If �1 and �2 are functions in ��(�� ) and ���(�� ), respectively, where

� and �� are conjugate exponents, then �1 � �2 is essentially bounded.
If �1 � ��(�� ) and �2 � ��(�� ), where 1 � � � �� ��, then �1 � �2 �

���� , where 1FG = 1F�
 1F�� (Young’s inequality, see Theorem 2.3.16).

A standard regularizator or a standard mollifier is a non-negative func-
tion 9 � 
 (�� ), supported in [
1� 1]� , and satisfying �9�1 = 1. A
usual example of such a function is 9(�) = 91(�)F�9�1, where 91(�) =
exp(
(1 
 ���2)) if ��� � 1 and 0 otherwise. The family �9���#0, where
9�(�) = ?��9(�F?), � � �� , is called an approximation of unity, or res-
olution of unity; sometimes we speak about a smooth decomposition (or
resolution) of unity. The convolutions 9� � � , where � � �1�loc are one of
the standard tools (not only) in the theory of function spaces. It is well
known that 9� � � is a �� approximation of � in many important spaces,
particularly in �� and in Sobolev spaces � �

� , 1 � � � �. If this convo-
lution has sense, the points in supp(9� � �) have distance from supp � not
bigger than ? and this is especially important in applications. We refer e.g.
to [99], Chapter 2, for detailed proofs.

Let � : � � �1 be measurable. Then we define the distribution function
of � as

�(�� /) = mes �� � �; ��(�)� � /�� / � 0�

The function �(�� �) is measurable, non-increasing, and it is continuous
from the right on (0�+�). The non-increasing rearrangement of � is the
generalized inverse of �(��� ), that is,

��(�) = inf�/; �(�� /) � ��� � � 0�

The function �� is non-increasing and continuous from the right on (0�+�)
as well and it is a useful exercise for a reader to draw a picture showing
the behaviour of �� if �(�) =

�
� 5�L � (�), � � �1 , where �	�� is a finite

sequence of disjoint intervals in �1 : The function �� equals 5� on intervals
of length mes 	� and, starting from the origin, the values 5� are in non-
increasing order. Closely related is the concept of a spherical radially non-
increasing rearrangement (sometimes called a spherical symmetrization):
instead of a rearrangement on (0�+�) we consider a rearrangement �# on
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�� , defined by �#(�) = ��(O� ���� ), � � �� , where O� is the volume
of the unit ball in �
 . Plainly ��#���(��) = ������(0�+�) for all G, 1 �
G � �. The idea of symmetrization of a function goes back to the end of
the 19th century and works by Steiner and Schwartz. The rearrangements
were systematically studied by Hardy and Littlewood (see [65]) and since
then they have become an essential tool in the study of function spaces.
We refer e.g. to Kawohl’s book [90] for an account of various types of
rearrangements and further references. We recall an alternative formula
(see [96], [55]), giving another nice geometrical idea of what happens when
we rearrange a function, namely,

��(�) = sup
mes:=�

inf
%�:

��(�)�� � � 0�

Rearrangements have been widely used for proofs of imbedding theorems
for Sobolev spaces and their connections with isoperimetric formula and
geometric measure theory have been clarified. Let us recall the one of
the (highly non-trivial) key facts, namely, that �>(��#)�1 � �>(��)�1
for every Lipschitz continuous �, and convex non-decreasing > such that
>(0) = 0. From the rich literature on this subject we refer to the survey
paper by Talenti [144].
Sometimes it may be useful to work with the integral average

���(�) =
1
�

� �

0

��(R) !R�

The main property linking � and �� is their equimeasurability, i.e. we
have �(��� �) = �(�� �), � � 0. By Fubini’s theorem this implies that
������(0�+�) = �����(
), 1 � � � �, and �����(
) = ������(0�+�).
The Marcinkiewicz (or the weak ��)-space ���(�) is defined as the space
of all measurable functions � on � with the finite norm

������(
) = sup
'#0

/�(�� /)1�� = sup
�#0
�1����(�)� 1 � � ��� (2.2.5)

and/or

�����
�

(
) = sup
�#0
��(�)�

It is easy to see that ��(�) 7� ���(�) and ���(�) = ��(�). Moreover,
if � � 1, then the weak ��-spaces can alternatively be defined with use
of ��� instead of ��. One estimate is easy—it follows from the pointwise
estimate ��� 
 ��, which is moreover independent of �. The opposite
inequality holds (for integrals) in view of Hardy’s inequality (see (2.2.1))
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and it explains the restriction � � 1 (the constant here is equivalent to
(�
 1)�1 as �� 1). The case � = 1 will play no role for us; however, it is
very much worthy of interest. It can be shown that ��� is equivalent to the
non-increasing rearrangement of the maximal operator�� of the function �
(Herz’ theorem, see e.g. [22], Chapter 3). Recall that the maximal operator
is defined, for a locally integrable � , as

��(�) = sup
1

mes�

�
�

��(�)� !�� � � �� � (2.2.6)

where the supremum is taken over all cubes containing � and with edges
parallel with coordinate axes. A certain �� analog to Hardy’s inequality
is the maximal inequality, saying, that for 1 � � � �, the function ��
is in ��(�� ) if and only if � � ��(�� ). If � � �1(�� ), then, in gen-
eral, �� F� �1(�� ). On the other hand, � � �1(�� ) implies �� � ��1.
(Together with the (trivial) boundedness of � in ��(�� ) this implies the
maximal inequality in view of the Marcinkiewicz interpolation theorem; see
Theorem 2.3.2 in Section 2.3.) A further analysis reveals that �� is inte-
grable over the set ��� � 1� if and only if �� � log+ �� � is integrable (Stein’s
theorem). This is closely connected with the equivalence (��)� and ���

(Herz’ theorem). We refer e.g. to [63], [22], [58]. We also note that this
is naturally linked with deep differentiation properties of real functions of
several variables with respect to various differentiation bases, depending
heavily on the geometric properties of elements of the basis in question
(see e.g. [63]). Nevertheless, sticking even to nice bases as in (2.2.6), the
behaviour of many important operators, including the maximal operator or
the integral average as in Hardy’s inequality, changes dramatically as �� 1
and it turns out that �1 is not the “best” endpoint of the �� scale. On the
other hand the space �1 and Sobolev spaces based on it play an important
role in PDEs; hence this is a somewhat unpleasant situation. The situation
on the other end of the �� scale is not complicated in this way; however, it
sometimes is possible to replace �� by other spaces, with weaker topology,
particularly in interpolation arguments—the BMO space can serve to this
purpose, for instance. Nevertheless, both the spaces �� and the BMO are
not spaces “good” for the general Fourier analysis approach. (For including
of the bmo spaces, an �� variant of BMO, see e.g. [149].)
An interested reader will find the exposition of the more general concept

of the Lorentz space ���(�) in many well-known books, e.g. [29], [23],
Chapters 1 and 5, [22], Chapter 4.
Relevant elementary properties carry over to the case of Bochner inte-

grable vector-valued functions.
A bounded (sub-)linear mapping 
 : ��(�1) � ��(�2) is said to be of

type (�� G). The number �
� = sup��
���; ���� � 1� is the norm of 
 .
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If the target space is replaced with ���(�2), then 
 is said to be of weak
type (�� G). Explicitly, this means that there exists 5 � 0 such that for all
� � ��(�1) and all / � 0,

�(
�� /) � 5�/������� (2.2.7)

(which is equivalent to �
�����(
) � 5�����(
1)). The best 5 in (2.2.7) is
the norm of 
 .
The importance of the Marcinkiewicz spaces in our context consists in

the fact that they are natural target spaces for integral operators shifting
the smoothness properties of Lebesgue spaces.
We shall suppose that the reader is familiar with the elements of the

theory of Sobolev spaces of integer order on a domain in �� . Let us just
recall that they can be defined in several standard equivalent ways, namely,
as the spaces with distributional derivatives, as a completion of functions
smooth in the domain in question (the celebrated Meyers-Serrin theorem
[111] gives their coincidence), or as the so called Beppo-Levi spaces. We
refer to well-known expository texts [1], [99].
We also point out another essential topic in the theory of the Sobolev

type spaces. One often meets density arguments in proofs and the spaces
can be considered on various domains or on the whole of �� . Particularly
spaces on �� permit the Fourier analytic approach, embracing very general
scales of spaces (potential Sobolev spaces, Besov spaces, Lizorkin-Triebel
spaces). According to the Meyers-Serrin theorem one can approximate
functions in Sobolev spaces in a domain, say �, by functions in ��(�);
however, the situation changes dramatically when the latter space is re-
placed by ��(�). Analogous problems appear when considering imbed-
dings, extensions, and traces and it turns out that the geometric properties
of the boundary play the major role here. We touch upon these problems
(at least partly) in Subsections 2.7.1 and 2.7.3 (see also Section 1.6 for an
introduction).
In this connection let us again recall the concept of a mollifier (or of a

regularizator) in more details. Consider, for simplicity, � � ��(�� ). Then
there exists �0 � ��(�� ) with a compact support such that �� 
 �0�� is
arbitrarily small. Let

:(�) =

'
exp(
1F(1
 ���2))� ��� � 1�
0� otherwise,

and put 9(�) = :(�) (�:�1)�1. The function 9 is usually called the stan-
dard mollifier or briefly the mollifier. For � � �� , ? � 0, let us define the
family

9�(�) = ?��9(�F?)� (2.2.8)
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Then the functions 9� are in ��0 (�� ), supp9� � ���� � ?�, and �9��1 = 1
for all ? � 0. Consider functions ��(�) = � � 9�(�). It is not difficult
to show that �� � ��0 (�� ) and that �� � � in ��(�� ) as ? � 0 (using
Minkowski’s inequality and the ��-mean continuity of �). Similarly, if � has
a distributional derivative  �� � ��(�� ), then  ��� �  � in ��(�� ).
Moreover, if � � � �

� (�� ), that is, when  �� � ��(�� ) for all ��� � ),
then first one can approximate � by a function �� with a compact support
and close to � in the corresponding Sobolev space norm and then consider�� � 9� to prove the density of ��0 (�� ) in the Sobolev spaces � �

� (�� ). If
� is a domain in �� , � 
 2, with, say, a Lipschitz boundary ��, then
the procedure is only formally more complicated: After writing � as

�
��,

�� �� �
� (�), using a suitable decomposition of unity and after a rotation if

necessary we arrive at the situation when either �� has a compact support
contained in � or �� is non-zero in a domain say �� and �� � ��� is non-
empty and it is a graph of a Lipschitz function. Then consider the function
��.(�) = ��(� + D), � � � and D sufficiently small. One can show easily
that ��. � �� in � �

� (�) as D � 0 and then it suffices to approximate ��.
by ��. � 9� to show that ��(�) is dense in � �

� (�). These considerations
are of course much easier when � = 1.

2.3 Crash course in interpolation

We shall recall several basic facts from the interpolation theory. The be-
ginning of the interpolation theory goes back to theorems on bilinear forms
(Schur, M. Riesz) and the role of model cases is usually played by the Riesz-
Thorin theorem (the complex interpolation), hanging on the Hadamard
principle, and the Marcinkiewicz theorem (the real interpolation). The
theory underwent the major development in 1950s and 1960s in close rela-
tions with the function spaces theory and since then it has been constantly
an area of an intensive research.
The basic problem in the interpolation theory is the following: Given a

linear operator 
 acting continuously between two couples of normed linear
spaces, say, 
 : C� � Q� , ' = 1� 2, where (C1� C2) and (Q1� Q2) are compat-
ible (or a compatible couple of spaces), that is, both two last pairs of spaces
are subspaces of some Hausdorff topological linear space, we look for spaces
C and Q such that C1�C2 � C � C1+C2 and Q1�Q2 � Q � Q1 +Q2 and
such that 
 : C � Q is continuous. The spaces C1 �C2 and C1 +C2 are
endowed with the standard norms max����71 � ���72� and inf���1�71 +
��2�72 ; � = �1 +�2� �� � C� � ' = 1� 2�, resp. If C1 �C2 � C � C1 +C2,
then the space C is usually called intermediate with respect to the cou-
ple (C1� C2). According to the kind of quantitative relations between the
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norms �
�7��9� , ' = 1� 2, and �
�7�9 one can introduce more special
concepts of interpolation spaces. If �
�7�9 � �max�=1�2 �
�7��9� , then
C and Q are said to be uniform interpolation spaces ; if � = 1 here, we talk
about exact interpolation spaces. If �
�7�9 � ��
�1�;

71�91
�
�;72�92

,
then C and Q are said to be interpolation spaces of exponent K; if � = 1,
they are usually called exact interpolation spaces of exponent K. On this
level it is sometimes useful to consider the category of normed linear spaces
imbedded into some (fixed) Hausdorff topological linear space with bounded
(sub-)linear mappings as morphisms in this category. Then one can in-
troduce the interpolation functor as a mapping taking couples of spaces
in a given category to another spaces, which has interpolation properties
described above; then one speaks e.g. about exact interpolation functors
etc. We shall not go into further details and refer to [23], Chapter 2 or
[148], Chapter 1. The general theory of interpolation spaces together with
a description of numerous interpolation methods is sufficiently exposed in
well-known monographs (see e.g. [23], [148]). A reader who would like to
go to the modern roots of the theory and to original works will find also
many references there. For all of them let us recall Peetre’s book [119].

2.3.1 Classical theorems

Essentially, we shall need basic interpolation facts for the �� spaces, but
our considerations include also vector-valued spaces; hence we shall also
briefly describe the complex interpolation method. First of all, however,
we state two classical interpolation theorems (see e.g. [23], Chapter 1, [126],
Chapter 4, [148], Chapter 1).

2.3.1 Theorem (Riesz-Thorin convexity theorem). Let � � �� be
measurable. Let 1 � �� � �, 1 � G� � �, 
 = 1� 2 and suppose that 
 is a
(sub-)linear operator


 : ��1(�) � ��1(�)� and 
 : ��2(�) � ��2(�)�

with norms �1 and �2, resp. Let 0 � K � 1,

1
�

=
1
 K
�1

+
K

�2
� and

1
G

=
1
 K
G1

+
K

G2
(2.3.1)

(formally we put �F� = 0 for any real �). Then 
 is a bounded mapping
from ��(�) into ��(�) with norm less or equal to �1�;

1 �;
2 .

Observe that in connection with the relations (2.3.1) it is useful to con-
sider the norm of 
 as a function of 1F�. Then the theorem states that the
quantity � =�(K) is a logarithmically convex function of 1F�.
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Recall that the (Thorin’s) proof of the above theorem hangs on the
Hadamard three lines (or equivalently—via conformal mapping—three cir-
cles) principle: If ; is analytic on the open strip 0 � Re � � 1 in the com-
plex plane, bounded and continuous on its closure, and if �; () 
 1 + 
�)� �
��, ) = 1� 2, � � �1 , then �; (K + 
�)� ��1�;

1 �;
2 for all 0 � K � 1 and all

� � �1 .
More generally, one can consider �� spaces on spaces with positive mea-

sure and consisting of vector-valued functions; we shall do this in the con-
text of general interpolation methods (see below).

Let us recall another classical interpolation principle, belonging to the
standard tools in many areas of analysis. Recall the notation ���(�) for the
weak Lebesgue space ��(�) (see (2.2.5) on p. 82).

2.3.2 Theorem (Marcinkiewicz interpolation theorem). Let � �
�� be measurable. Let 1 � �� � �, 1 � G� � �, 
 = 1� 2 and suppose that

 is a (sub-)linear operator


 : ��1(�) � ���1(�)� and 
 : ��2(�) � ���2(�)�

with norms �1 and �2, resp. Let 0 � K � 1,
1
�

=
1
 K
�1

+
K

�2
� and

1
G

=
1
 K
G1

+
K

G2
(2.3.2)

(again, we formally put �F� = 0 for any real �) and suppose that � � G.
Then 
 is a bounded mapping from ��(�) into ��(�) with norm less or
equal to �(K)�1�;

1 �;
2 .

The behaviour of the constant �(K) above can be estimated—it gener-
ally blows-up as �� �� , ' = 1� 2 (see e.g. [147], Chapter 4).
The theorem holds also for vector-valued functions. Observe that the

major difference between these two classical theorems is the boundedness
of the operator in question between different pairs of spaces. Plainly, �� is
imbedded into ��� and the latter space is effectively larger, and hence the
assumptions in the Marcinkiewicz theorem are weaker; the price for that
is the necessary requirement � � G. Many classical operators as the Riesz
operator and various kinds of maximal operators fit into this scheme; we
shall see a prominent example based on Young’s inequality in the following.
We shall give a brief account of the abstract interpolation methods in

the next subsections.

2.3.2 The complex interpolation method

We give only a very brief description of the complex interpolation method
and several basic properties since we shall mainly use the real interpola-
tion in the following. Observe that the abstract construction of complex
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interpolation spaces is actually based on the main tool in the proof of the
Riesz-Thorin theorem, namely, on the Hadamard principle. Of course, the
Riesz-Thorin theorem becomes a special important claim of the complex in-
terpolation. We briefly describe the definition of the complex interpolation
scale. LetC = (C1� C2) be an admissible couple of normed linear spaces.
Denote by � = �(C) the linear set of all bounded and continuous functions
� : �� � � ; 0 � Re � � 1� � C1 +C2, analytic in �� � � ; 0 � Re � � 1�
and such that the functions � �� �(' 
 1 + 
�), � � �1 , are continuous into
C� , and satisfy lim

����+�
�(' 
 1 + 
�) = 0, ' = 1� 2. The set �(C) endowed

with the norm max
�=1�2

sup
���1

��(' 
 1 + 
�)� becomes a Banach space (see [23],
Chapter 4, [148], Chapter 1). For 0 � K � 1, we define the space

[C1� C2]; = �� � C1 +C2; there exists � � � such that �(K) = ��

and provide it with the norm

���[71�72]� = inf
1(;)=%� 1��

�
max

�=0�1� ����
��(' 
 1 + 
�)�

�
�

As a result we obtain a scale of Banach spaces [C1� C2];, 0 � K � 1, which
are exact interpolation spaces of exponent K with respect to the couple
(C1� C2), that is, the corresponding quantitative relation for the norms
of linear operators acting on complex interpolation spaces is precisely the
same as in the Riesz-Thorin theorem recalled above. This is of course
not a pure coincidence; interpolating �� spaces with the complex method
yields an �� space “between” the given couple. Moreover, the complex
interpolation method enjoys the stability property, that is, if we interpolate
two compatible Banach spaces, using different indices and if we repeat
the interpolation process with these results of interpolation, that is, if we
reiterate the interpolation, we arrive at a space, which can be constructed by
means of the same method from the couple of the spaces at the beginning.
More precisely:

2.3.3 Theorem (stability theorem). LetC = (C1� C2) be an admissible
couple of Banach spaces and let Q� = [C1� C2];� , 0 � K� � 1, ' = 1� 2.
Suppose that C1 �C2 is dense in C1, C2, and Q1 � Q2. Then [Q1� Q2]< =
[C1� C2]; for any K = (1
 N)K1 + NK2, where 0 � N � 1.

The Riesz-Thorin theorem appears in the following form:

2.3.4 Theorem. Let � � �� be measurable. Let 1 � �� � �, ' = 1� 2,
and 0 � K � 1. Put 1F� = (1 
 K)F�1 + KF�2. Then [��1(�)� ��2(�)]; =
��(�) with equal norms.
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Proofs of both theorems can be found in well-known monographs (see
e.g. [22], Chapter 4, [23], Chapter 5, [148], Chapter 1).
Observe that the Riesz-Thorin theorem holds also for vector-valued ��

spaces on sets with positive measure (see again [23], Chapter 5). We shall
present a more general theorem on complex interpolation of vector-valued
functions. Let (��0) be a space with a positive measure 0 and C a Banach
space. For 1 � � ��, denote by ��(C) the space of all functions � :� �
C such that ���� =

�

� ��(�)��7 !0

�1��
��.

2.3.5 Theorem. Let (C1� C2) be a compatible couple of Banach spaces
and assume that 1 � �1� �2 ��, 0 � K � 1, and 1F� = (1
 K)F�1 + KF�2.
Then

[��1(C1)� ��2(C2)]; = ��([C1� C2];) (2.3.3)

with equivalent norms.

The proof of the last theorem can be found e.g. in [23], Chapter 5.

2.3.3 Fourier multipliers

Proofs of estimates in Sobolev spaces in the Hilbert case � = 2 are usually
much easier due to the nice behaviour of the Fourier transform on �2.
The general case is much harder and a standard approach includes use of
multipliers. Let us observe that in the general theory of function spaces it
is just the “sufficient supply” of multipliers for them, which is essential for
their properties (cf. [148], [149], etc.).
We shall recall the concept of a Fourier multiplier and formulate a mul-

tiplier theorem of Mikhlin type. The proof is not easy and it would go
necessarily far beyond the purpose of this book; we refer to the rich ex-
isting literature ([119], [23], Chapter 6, [148], [149]). Let us recall our
notation: If # is a Hilbert space, then � (#) = � (��� #) is the space
of all infinitely differentiable, rapidly decreasing functions from �� into #
with the topology of seminorms given as in (2.2.2) with C = # . Given
Hilbert spaces #1 and #2, let � �(��� #1� #2) = � �(#1� #2) be the space
of all bounded linear mappings from � (��� #1) into #2.

2.3.6 Definition. A tempered distribution 3 � � �(��� #1� #2) is the
Fourier multiplier for the couple (��(#1)� ��(#2)) if � �1(3)�� � ��(#2)
for all � � � (��� #1) and

sup

1
��(�2)	1

�� �1(3) � ����($1) � +��
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The sup on the left hand side is the norm of the Fourier multiplier @,
denoted with �@���($1�$2). The space of all Fourier multipliers for the
couple (��(#1)� ��(#2)) will be denoted by ��(#1� #2). If #1 = #2 =
�� , we shall write ��(�� ) or simply �� and �@���(��) or �@��� if the
dimension is not essential in the given context.

2.3.7 Theorem (Mikhlin’s multiplier theorem). Let #1 and #2 be
Hilbert spaces and assume that there is a positive constant � such that
a mapping 3 : �� � �(� (#1)� #2) satisfies the condition

�+��� �3(+)��(�($1)�$2) �� (2.3.4)

for all + � �� and all ��� � M, where M is an integer bigger than �F2.
Then 3 is a multiplier for the couple (��(#1)� ��(#2) for every 1 � � ��.
Note that if #1 = #2 = �1 , then the condition (2.3.4) reduces to

�+��� �3(+)� � const. for all ��� � M, where M is an integer, M � �F2.
In the following we shall also need other sufficient conditions guarantee-

ing that a given function is a Fourier multiplier. We shall restrict ourselves
to the case of real (or complex) valued �� spaces; hence our multipliers will
be elements of � �. For brevity, we shall use the notation �� for the space
of multipliers in ��. Occasionally, we shall write��(�� ) to emphasize the
dimension.

2.3.8 Lemma. Let @ be a multiplier in �� for some 1 � � � � with the
norm �@��� = sup1 �=0 ���1@��������1

� . Then for every � � �1 ��0� the
function @�(�) = @(��), � � �� , is a multiplier in �� and �@�� = �@���.

Proof. We have

� �1(@(��); �) =
1

(26)��2

�
��

@�(�)&�%�* !�

=
���

(26)��2

�
��

@(N)&�<�*�� !�

= ���� �1(@; �F�)�

Further,

�� �1(@�) � ��� = ���

��
��

�����
��

� �1(@; �F�)�(�
 �) !�
����� !��1��

=
��

��

�����
��

� �1(@; N)�(� 
 �N) !N
����� !��1��

=
��

��

�����
��

� �1(@; N)�(�(� 
 �)) !�
����� !N�1��

= ������(��)�� �@��� �
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Since ��(� �)������ = ���� we are done.
2.3.9 Lemma. Let @ � ��(�1 ) for some 1 � � � � and let + � �� .
Then the function @* = @(+ � �) is in ��(�� ) with the same �� norm.

Proof. It is a matter of routine to verify that�� and its norm are invariant
with respect to surjective linear transformations in �� . (One can go along
the lines of the proof of the previous lemma, for instance.) Hence we can
suppose from the beginning that + � � = �1. Denote by @�8 our @8 in this
new coordinate system. Then

@�8(�) = @(�1) 1 � � �  1�

Let Æ denote the Dirac distribution. Then

�� �1(@�8) � ��� = �(� �1(@ Æ  � � �  Æ) � ���
� �@��������

which gives �@8���(��) = �@�8� � �@���(�1). The equality follows on taking
functions of the form �1(�1)�2(�2� � � � � �� ).

Next theorem gives conditions in terms of square integrability of a func-
tion and its derivatives of sufficiently high orders.

2.3.10 Theorem. Let � be an integer, � � �F2. Assume that @ � �2

and that  �@ � �2(�� ) for all ��� = �. Then @ is a multiplier in ��(�� )
for all 1 � � � � and

�@��� � 5�@�1���(2�)
2

 
sup
���=�

� �@�2
!��(2�)

� (2.3.5)

Proof. First we show that �1 � �� for 1 � � � 2. Together with the
(trivial) equality�� =��� , where �� = �F(�
1), this will imply�1 ���

for all 1 � � � �. Observe that �2 = ��. This immediately follows from
Parseval’s formula because

�� �1(@) � ��2 = �@� (�)�2
and ���2 = �� (�)�2. Hence if @ � �1 ��� = �1 ���� and 1 � � � 2,
then we have, by virtue of Riesz-Thorin theorem (see Theorem 2.3.1),

�@��� � �@�2��
�1

�@���1
��

since 1F� = 1
 K + KF�� for K = �
 1; hence 1
 K = 2
 � and K = �
 1.
From this we immediately get the desired imbedding of �1 into ��.
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Hence it will be sufficient to prove (2.3.5) for � = 1. According to
the definition, �1 = �� is the space of Fourier transforms of bounded
measures in �� and

�@��1 = �@���
=
�
��

�� �1(@;�)� !��

This follows from the simple estimate

�� �1(@) � �(0)� � �@���
����� � � � �

Fix some � � 0. By Hölder’s inequality and Parseval’s formula,�
�%���

�� �1(@;�)� !� � 51���2

��
�%���

�� �1(@;�)�2 !�
�1�2

� 51���2�@�2�
At the same time, using Hölder’s inequality once more,�

�%���

�� �1(@;�)� !� �
�
�%���

����������� �1(@;�)� !�

�
�
����2� !�

�1�2��
��

���2��� �1(@;�)�2
�1�2

� 52���2��

� �
���=�

�
��

� �@(�)�2
�1�2

� 53���2�� max
���=�

� �@�2�

On choosing � such that 51���2�@�2 = 53���2�� max���=� � �@�2, that is,
� = 54�@��1��

2 max
���=�

� �@�1��2

for a suitable 54 independent of �, we conclude that (2.3.5) holds with �@��1

on the left hand side and the proof is complete.

2.3.11 Remark. It follows from the proof of the previous theorem that ��

is an algebra. Furthermore, it is not difficult to prove that�� is complete,
hence, �� is even a Banach algebra.

We still have to go through several interpolation technicalities useful in
the sequel. Let C be a Banach space. For 1 � � � � and 1 � �1 , let *+�
denote the space of all sequences � = ������0 � C with the finite norm

��������(7) =
�+��

�=0

(2�+����7)�
�1��

�
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2.3.12 Proposition. Let 0 � K � 1, 11� 12 � �1 , 1 � �1� �2 � � and let
C1 and C2 be Banach spaces. Then, with equal norms,

[*+1�1
(C1)� *+2�2

(C2)]; = *+�([C1� C2];)�

where 1 = (1
 K)11 + K12 and 1F� = (1
 K)F�1 + KF�2.

Proof. If � � �(*+1�1
(C1)� *+2�2

(C2)) with �(�) = ���(�)���0, then put

���(�) = 2+1(1��)� 2+2����(�)�

The mapping � �� �� is an isometry between the spaces �(*+1�1
(C1)� *+2�2

(C2))
and �(*�1(C1)� *�2(C2)). Realizing that Theorem 2.3.5 holds for discrete
measures as well, we are done.

2.3.4 The real interpolation method

We shall turn our attention to the real interpolation method. Let (C1� C2)
be a compatible couple of normed linear spaces. The (Peetre’s)M-functional
is the real valued function M(�� �) defined on (0�+�)� (C1 +C2) by

M(�� �) = M(�� ��C1� C2)
= inf���1�71 + ���2�72 ; � = �0 + �1� �� � C� � ' = 0� 1��

For 0 � K � 1 and 1 � � �� we define the space (C1� C2);�� as the linear
set of all � � C1 +C2 with the finite norm

���;�� =
�� +�

0

)
��;M(�� �)

*� !�
�

�1��

�

For 0 � K � 1, the norm in (C1� C2);�� is given by

���;�� = sup
�#0
��;M(�� �)�

The result of this construction is again a scale of interpolation spaces
between C1 � C2 and C1 + C2. The same relation for norms of a linear
operator holds as in the case of the complex interpolation method, namely,
the real interpolation spaces (C1� C2);�� are exact of exponent K, for all
1 � � ��.
The real interpolation method is stable, too. We have (for the proof

see e.g. [22], Chapter 5, [23], Chapter 3, [148], Chapter 1) the following
reiteration theorem.
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2.3.13 Theorem (reiteration theorem). Let (C1� C2) be a compatible
couple of Banach spaces and 0 � K� � 1, ' = 1� 2, K1 �= K2. Put Q� =
(C1� C2);� ��� , where 1 � G� � �, ' = 1� 2. Let 0 � N � 1 and K = (1 

N)K1 + NK2. Then, for every 1 � G � �, it is (Q1� Q2)<�� = (C1� C2);�� with
equivalent norms. More generally, if S� are Banach spaces, C1�C2 � S� �
C1 + C2, ' = 1� 2, which are of class K� , that is, if (C1� C2);� �1 7� S� 7�
(C1� C2);� ��, then the same reiteration formula holds with S� replacing Q� ,
' = 1� 2.

On the general level we shall state yet a theorem on interpolation of dual
spaces. In particular, this will make possible later to derive directly interpo-
lation formulae for Sobolev-Slobodetskii spaces with negative smoothness.

2.3.14 Theorem (duality theorem). Let (C1� C2) be a compatible cou-
ple of Banach spaces. Assume that C1 �C2 is dense both in C1 and C2.
Let 0 � K � 1, 1 � � � �, and �� = �F(�
 1) (we put formally 1F� = 0).
Then, with equivalent norms,�

(C1� C2);��
�� = (C �

1� C
�
2);��� �

The trace method

Later we shall tackle the problem of traces, which is very natural to be
considered in the framework of the interpolation trace method. We shall
proceed briefly—the methods in the following are in details described e.g.
in [23], Chapter 3, [148], Chapter 1. Let C = (C1� C2) be a compatible
couple of Banach spaces, � = (�1� �2), with 1 � �1� �2 � �, 0 � K �
1. If � : (0�+�) � C , where C is a Banach space, let �� denote the
distributional derivative of �. Let � � �, 0 � K � 1, � = (�1� �2), where
1 � �� � �, 
 = 1� 2, and let C = (C1� C2) be a compatible couple of
Banach spaces. We define the space 2 � = 2 �(C� �� K) as the space of all
functions � : (0�+�) � C1 +C2 such that � is locally C1-integrable and
�(�) is locally C2-integrable, with the finite norm

���� � = max
�
��;����1(71�=���)� ��;�1�(�)���2(72�=���)

�
� (2.3.6)

An element � � C1 +C2 is said to be the trace of a function if there
exists � � 2 � such that � = lim��0 �(�) in C1 + C2. We shall use the
notation Tr � = �. We denote by 
� the factorspace of all such limits
equipped with the factornorm

����� = inf
Tr>=%

���� � �
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The spaces 2 � and 
� are Banach spaces and their crucial property is their
coincidence with the real interpolation spaces obtained by the M-method:

2.3.15 Theorem. Let C = (C1� C2) be a compatible couple of Banach
spaces, let 0 � K � 1, 1 � �� � �, 
 = 1� 2, and 1F� = (1 
 K)F�1 + KF�2.
Then 
�(C) = (C1� C2);��.

The proof of the above theorem would occupy a lot of space; we refer
to [23], Chapter 3, [148], Chapter 1.

Semigroups and interpolation

Let us recall the concept of a equibounded strongly continuous semigroup.
Let C be a Banach space and let �=(�)���0 be a one-parameter family
of bounded linear operators mapping C into itself, possessing the fol-
lowing properties: (i) =(�)=(1) = =(1 + �) for all 1� � 
 0, =(0) = 	 ,
(ii) lim

+��
=(1)(�) = =(�)(�) in C for all � � 0, (iii) lim

��0
=(�)� = � for all

� � C , (iv) there exists � � 0 such that �=(�)�� � ���� holds for all
� � C and all � � 0. Given a semigroup C with these properties we
can define the infinitesimal generator of a semigroup of C as the mapping
T� = lim

��0
��1(=(�) 
 	) defined on !(T), consisting of those � � C , for

which this limit exists. It is well known that T is a closed operator, !(T) is
dense in C , T commutes with =(�) for all � � 0. The space !(T) becomes
a Banach space when equipped with the norm ���7 + �T��7 . We refer to
[29], [154].
We shall now briefly describe the specific role of semigroups in real

interpolation.
Given semigroups �=�(�)���0 on a Banach space C , ' = 1� � � � � � ,

such that =�(�)=�(1) = =�(1)=�(�), '� ) = 1� � � � � � with correspond-
ing infinitesimal operators T� , let, for � any positive integer, T�

� denote

the �-th power of T� . The space
+�

�=1!(T�) endowed with the norm
���7 + max1	�	� �T�

� ��7 is a Banach space. Put

M� =
(

���	�

!�T�1
1 � � � T��

�

�
and define the norm in M� by

���"� =
�
���	�

�T�1
1 � � � T��

� ��7 �

where � = (�1� � � � � �� ) stands for � -dimensional multiindices. Then (see
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e.g. [148], Chapter 1), for 0 � K � 1 and 1 � G � �,

(C�M�);�� =
�
C�

�(
�=1

!(T�
� )
�

;��

� (2.3.7)

If ) is an integer, ) � 1 = K�, and * � 1
 ), then the norm in (C�M�);��
is equivalent to

���7 +
��
�=1

�� +�

0

��(+��)��(=�(�)
 	)�T�
����7

!�

�

�1��

(2.3.8)

or to

���7+
��
�=1

�� +�

0

� � �

� +�

0

�D��(+��)�

����� �,
�=1

=�(D�)
 	
�� �,

�=1

T
��

� �

�����
7

!D1 � � � !D�
�D��

�1��

(2.3.9)

(appropriately modified if G = �).
Observe that, generally, M� �= +�

�=1!(T�
� ) (see e.g., [148], Chapter 1).

The above abstract scheme is tailored to fit the situation when the
semigroups �=�(�)� are the translation operators

(=�(�)�)(�) =�(�1� � � � � ���1� �� + �� ��+1� � � � � �� )�
� 
 0� ' = 1� � � � � ��

(2.3.10)

acting on � � ��(C), where C is a Banach space. It is a matter of simple
routine to show that

(T��)(9) = 

�
��

�9(�)
��

!� =
��

���
(9)� ' = 1� � � � � ��

for all test functions 9 and that

!(T�) = �� � ��(C); ��F��� � ��(C)�� ' = 1� � � � � ��

more generally, that

T�1
1 � � � T��


 � =  ��

for � � M� and ��� � �. The space M� =
+�

�=1!(T�
� ) can be shown to

be the Sobolev space ��
� (C) up to equivalence of norms.
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Of importance and interest for us is of course the basic question about
real interpolation of �� spaces. We recall the remarkable formula for the
M-functional in �� spaces (due to Holmstedt; see e.g. [23], Chapter 3),
where the functions can be vector-valued:

M(�� �� ��1 � ��2) "
�� ��

0

[��(1)]�1 !1

�1��1

+
�� +�

��
[��(1)]�2 !1

�1��2

with 0 � �1 � �2, 1F� = 1F�1 
 1F�2. In particular, there is a simple
and elegant formula M(�� �� �1� ��) =


 �

0 �
�(1) !1, due to Calderón (see

e.g. [22]). Together with the reiteration formula for the real interpolation
method (cf. [23], Chapter 3, [148], Chapter 1) this yields

(��1 � ��2);�� = �� and (��1 � ��2);�� = ���

with 1F� = (1
 K)F�1 + KF�2.
Replacing the interpolation parameter � above with an arbitrary G �

[1��), one has to step out of the scale of the Lebesgue and Marcinkiewicz
spaces and to consider the Lorentz spaces. The last scale is then closed with
respect to the real interpolation. This, however, goes beyond our needs here
and we shall not deal with it. A detailed account of the Lorentz spaces can
be found e.g. in [22].
We shall illustrate the use of the real interpolation method to prove

a theorem on convolution, which gives one of the possibilities of proving
Sobolev imbedding theorems for potential type spaces.

2.3.16 Theorem (Young’s inequality). Let M � �?(�� ) for some P �
(1��) and � � ��(�� ), where 1 � � � PF(P 
 1). Then M � � � ��(�� )
for 1FG = 1F�
 (P 
 1)FP and �M � ��� � �M�? �����(��).

Proof. The proof of Young’s inequality is one of the standard applications,
demonstrating the power of the Marcinkiewicz interpolation theorem. By
Minkowski’s inequality it is very easy to show that the mapping # : � ��
M � � maps �1 into �? with the norm �M�? and, further, that it maps
�?�(?�1) into �� with the same estimate for the norm. Consequently,
interpolating (�1� �?�(?�1)) and the target couple (�? � ��) one arrives at
the desired inequality.

A deeper analysis shows that the assumptions on the kernel M can be
weakened: it suffices to assume thatM � ��?(�� ) for some P � (1��). This
is for instance the case with the Riesz kernel M?(�) 	 ���?�� , 0 � P � � .
In particular, for P = 1, we get the Sobolev imbedding theorem because
��(�)� � const.(M1 � (��))(�), � � �� , for � smooth.
Note that various generalizations of Young’s inequality can be found in

[101].
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Interpolation of compact operators

It is natural to ask how the compactness properties of operators behave
with respect to the interpolation. At the same time it is important for ap-
plications. The answer is sufficiently satisfactory for our purposes. We start
with a general concept of M(K) and B(K) classes (cf. also Theorem 2.3.13).

2.3.17 Definition. Let (C1� C2) be an interpolation couple and 0 � K � 1.
A Banach space C is said to be of class B(K�C1� C2) (or shortly of class

B(K)) if (C1� C2);�1 7� C 7� C1 +C2.
A Banach space C is said to be of class M(K�C1� C2) (or shortly of class

M(K)) if C1 �C2 7� C 7� (C1� C2);��.

2.3.18 Remark. It is not difficult to show that for C1 �C2 7� C 7� C1 +
C2, the space C is of class M(K) if and only if there is 5 � 0 such that
M(�� �) � 5�;���7 for all � � 0 and all � � C (where M(�� �) is the
Peetre functional). The membership in B(K) can be shown equivalent to
the inequality ���7 � 5���1�;

71
���;72

for all � � C1 � C2 and some 5
independent of �. Also, C is of class B(K) if and only if there is 5 � 0 such
that ���7 � 5max(��;���71 � �

1�;���72) for all � � C1�C2 and all � � 0.
(See [23], Chapter 3 or [148], Chapter 1 for details.)
Note that in the interpolation theory one encounters the functional

B(�� �) = B(�� ��C1� C2) = max(���71 � ����72)� � � C1�C2� � � 0�

Hence C is of class B(K) if and only if there is 5 � 0 such that ���7 �
��;B(�� �) for all � � C1 �C2 and all � � 0.
Recall the notation (C1� C2);�� and [C1� C2]; for the result of the real

and complex interpolation (see p. 93 and p. 88, respectively). Without
proof (we refer again to [23], Chapter 3 or [148], Chapter 1) we state

2.3.19 Theorem. Let (C1� C2) be an interpolation couple, 0 � K � 1, and
1 � G � �. Then both (C1� C2);�� and [C1� C2]; are of class M(K) and
B(K).

Now we state

2.3.20 Theorem. Let (C1� C2) be an interpolation couple and let Q be a
Banach space. Then the following implications hold:

(i) Let 
 be a linear operator, and let us assume that 
 : C1 � Q is
bounded, 
 : C2 � Q is compact, and that C is of class M(K�C1� C2).
Then 
 takes C into Q compactly.

(ii) Let 
 be a linear operator, and let us assume that 
 : Q � C1 is
bounded, 
 : Q � C2 is compact, and that C is of class B(K�C1� C2).
Then 
 takes Q into C compactly.
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We refer to [23], Chapter 3 and [148], Chapter 1 for further references
concerning especially the more general situation with another interpolation
couple (Q1� Q2) instead of the (trivial) couple (Q� Q ).
An easy consequence of the last theorem and Theorem 2.3.13 is

2.3.21 Corollary. Let C1 7� C2 be Banach spaces and suppose that C1

is compactly imbedded into C2. Let 0 � K1 � K2 � 1 and 1 � �1� �2 � �.
Then (C1� C2);2��2 is compactly imbedded into (C1� C2);1��1 .

A bit more general theorem can be proved:

2.3.22 Theorem. Let C1 7� C2 be Banach spaces and suppose that C1

is compactly imbedded into C2. Let 0 � K1 � K2 � 1 and Banach spaces
Q;1 and Q;2 of class M(K1� C1� C2) and of class B(K2� C1� C2), respectively.
Then Q; is compactly imbedded into Q;2 . The same conclusion is true in
the case when Q;1 = C1 or Q;2 = C2.

2.4 Besov and Lizorkin-Triebel spaces

2.4.1 The “classical” definition

The next natural question after identifying the interpolation spaces be-
tween the Lebesgue spaces and/or Marcinkiewicz spaces is what happens
between Sobolev spaces. We shall assume that the reader is familiar with
the standard concept of a generalized (or distributional) derivative and
with Sobolev spaces of integer order. In the Section 2.5 we shall see that
the scale of potential Sobolev spaces is closed under complex interpola-
tion method. Nevertheless, as well known, the potential Sobolev spaces
coincide with the “classical” Sobolev spaces only for integer derivatives.
In general, imbeddings between general Besov and Lizorkin-Triebel spaces
imply interpolation estimates for Sobolev-Slobodetskii spaces via estimates
for potential Sobolev spaces when � 
 2. This is clearly not enough for
some applications. Looking at the historical development, Besov spaces
naturally appear in the study of the trace problem. It is easy to show
that given � � ��(�) � � �

� (�) (with � sufficiently smooth) we have
� � ��(��) and the operator of this restriction is bounded, 1 � � � �.
Hence this restriction can be uniquely extended to� �

� (�), calling it a trace
operator . Nevertheless, one would like to have a complete description of
the target space, i.e. to have also an extension from the boundary. Here,
the Sobolev-Slobodetskii spaces come into play. We refer to key papers by
Gagliardo [56], Slobodetskii [138], [139], and Besov [24], [25]. The Sobolev-
Slobodetskii spaces fall into the more general class of Besov spaces; however,
because of their importance for the trace theory we start with the definition
due to Slobodetskii.
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2.4.1 Definition. Let 1 � 0 be a non-integer and denote with [1] the
integer part of 1. Let 1 � � � � and � be a domain in �� . Then
the Sobolev-Slobodetskii space � +

� (�) is defined as the linear space of all
functions � � ��(�� ) with

���	 �
� (��) = �����(��)

+
�
���=[+]

��



�



� ��(�)
 ��(�)��
��
 ��(+�[+])�+�

!�!�

�1��

� +�

(with the appropriate modification if � = �).
It was proved in papers mentioned above that for 1 � 1F�, 1 � � �

�, and ) 
 1 an integer, the space of traces of functions from � �
� (�)

(� sufficiently smooth) is exactly � ��1��
� (��). (The situation for � = 1

is in some sense singular—the trace space for � 1
� (�) is �1(�) as proved

by Gagliardo [56].) Note that, for � sufficiently smooth, after standard
decomposition and localization the situation can be transferred to func-
tions defined in �� , considering their traces on ���1 . In the sequel we
shall mostly handle this basic �� setting. As observed above the Sobolev-
Slobodetskii spaces � +

� are special cases of more general Besov spaces �
+
� �

(it is � +
� = �+

� � for non-integer 1 � 0), which are, for 1 � 1F�, “closed”
with respect to the trace operator, i.e., the trace of a function in a Besov
space belongs to another Besov space on the boundary. The same holds
even for traces on manifolds of lower dimension than � 
 1 and also per-
mits generalizations to certain kinds of anisotropic spaces. There is a vast
literature on this and related subjects and we refer to [26] for a detailed
account.
Now the reader should look at the definition of a general Besov space

below. It is not difficult to see that working either with differences or
with moduli of continuity leads to the same result. On the other hand,
the general definition gives a certain freedom for the choice of order of
differences (or moduli of continuity). That the results are equivalent norms
is not immediately clear and it will be discussed in detail in the sequel.
Let us point out that the developed theory and existing approaches to

Besov spaces allow handling them for a general scope of parameters 1, �,
and G and there is no particular reason for restricting our attention ar-
tificially to the case � = G. Hence we introduce now the concept of the
Besov spaces �+

� �. We shall start with a “more classical” definition of the
Besov spaces. This also corresponds to the historical development of the
topic. Later, we describe the Fourier analysis approach, using appropriate
decompositions. At the first look the latter approach is more complicated.
However, this technique is very powerful and the way to the desired goal
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is often more straightforward. Also, these tools are sometimes more ap-
propriate for description of more complicated spaces with some anisotropic
properties.
Let us introduce the following notation. For D � �� let 
. denote the

translation operator defined by 
.�(�) = �(�+ D). Let

A1
.�(�) = A.�(�) = �(�+ D)
 �(�) = (
. 
 id)�(�)

be the first order difference operator ; the higher order differences are de-
fined inductively by

A�
.�(�) = A.(A��1

. �)(�)� � = 1� 2� � � � �

Observe that 
 �
. �(�) = 
�.�(�) = �(�+ )D). Plainly,

A�
.�(�) = (
. 
 id)��(�) =

��
�=0

�
�

)

�
(
1)���
.��(�)�

Let now � � ���loc(�� ) for some � � [1��]. Then we define the �-th order
modulus of ��-continuity as

O�
�(�� �) = sup

�.�	�
�A�

.����

The function � �� O�
�(�� �) is non-decreasing, and satisfies O

�
�(�� 2�) � 2�����

and O�
�(�� 2�) � 2�O�

�(�� �). The former estimate follows directly from the
definition since A�

.�(�) = (
.
 id)��(�) and the �� norm of the right hand
side is majorized by 2� multiple of ����. As to the latter estimate observe
thatA1

2.�(�) = �(�+2D)
�(�+D)+�(�+D)
�(�) = 
.[�(�+D)
�(�)]+
[�(� + D) 
 �(�)] = (
. + id)A.�(�), hence A�

2.�(�) = (
. + id)�A�
.�(�)

for � � �.
Now we are in a position to define the Besov spaces both with positive

and negative smoothness. We shall do it in the whole �� and the symbol
�� will be usually omitted.

2.4.2 Definition. Let 1 � 0 and let � be any positive integer, � � 1. Let
1 � �� G ��. The Besov space �+

� � = �+
� �(�� ) is defined as the linear set

of all � � ��(�� ) with the finite norm

���0�
� �

=

$�%�&���� +
�� +�

0

[��+O�
�(�� �)]

� !�

�

�1��

� if G ��
���� + sup

�#0
��+O�

�(�� �)� if G = ��
(2.4.1)

The spaces �+
� � = �+

� �(�� ) will be called the Sobolev-Slobodetskii spaces .
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If 0 � 1 � 1 and � = G = �, the result are the Hölder spaces of order
1.
If 1 � 0, and 1 � �� G � �, then we put �+

� � = ��+
�� �� , where �

� =
�F(�
 1) and G� = GF(G 
 1).

The reader should now compare the above definition with the abstract
formula for the norm (2.3.8).

2.4.3 Remark. Since O�
�(�� 2�) � 2�O�

�(�� �) it is clear that after replacing
sup�#0 by, say, sup0���1, we get an equivalent norm.
Second, it is not difficult to replace the moduli of continuity in the above

definition by appropriate differences.
Third, one has to justify the freedom of the choice � � 1. This is not

straightforward and being of importance for the very definition we will pay
some attention to it.
Last, but not least, note that the restriction �� G � 1 in the above

definition is not necessary. One can start with arbitrary positive � and G,
thus obtaining generally quasinorms in (2.4.1)

After introducing the Besov spaces we shall turn our attention to their
real interpolation. We will present a formula for the M-functional between
�� and the Sobolev space� �

� and we show that Besov spaces are results of
a corresponding real interpolation between �� and � �

� . After getting fa-
miliar with the potential Sobolev spaces in the next section we shall explain
connections between various function spaces appearing here.
Let us observe that Besov spaces can be introduced in many equiva-

lent ways and we shall in fact briefly touch upon only some of them. The
prominent Fourier analysis approach, including the case of vector-valued
functions will be dealt with later; we will at least give a proof of the
equivalence of the classical definition above and the definition using the
decompositions and the Fourier analysis technique. The existing literature
is rather vast. We refer to the standard monographs [26], [22], [148] also
for a detailed account of references in the field.

Inequalities of Marchaud type

Our immediate program is to point out the equivalence of definitions of
a Besov space, using an arbitrary integer � bigger than the smoothness
parameter 1. This can be based on an inequality of Marchaud type, which
finds many useful applications in analysis and it is thus of independent
interest (see [105] and [22], Chapter 5).
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2.4.4 Proposition. Let 0 � ) � � be integers. Then

2���O�
�(�� �) � O�

�(�� �) � 5��
� +�

�

O�
�(�� R)
R�

!R

R
(2.4.2)

for all � � 0.

2.4.5 Corollary. Let 1 � 0, 1 � �� G � �, and �� � 1, ' = 1� 2, be positive
integers. Then the norms in (2.4.1) for � = �1 and � = �2 are equivalent.

Proof. Let, for instance, �1 � �2 and denote here ���+������� the norm in
�+

� � for � = �� , ' = 1� 2. Then the first of the inequalities in (2.4.2)
yields immediately ���+������1 � 5���+������2 with 5 independent of � . The
converse estimate follows from the second inequality in (2.4.2) combined
with Hardy’s inequality (see Proposition 2.2.1). This can be left to the
reader.

Further more detailed look at the Besov spaces gives a basic ordering
with respect to the parameters. We omit the proof; it is not difficult and
it can be found in all the standard references quoted above.

2.4.6 Theorem. Let 1 � � ��. Further, let either 0 � 11 � 12 �� and
1 � G1� G2 � �, or 0 � 11 = 12 � � and G1 � G2. Then �+2

� �1 7� �+1
� �2 . In

particular � +2
� 7� � +1

� for non-integer positive 11 and 12, 11 � 12.

Our next step in our guided Besov spaces tour will be a theorem on an
estimate for the M-functional between �� and � �

� , which is the key to real
interpolation of Sobolev spaces. We state it without proof; it can be found
e.g. in [22], Chapter 5.

2.4.7 Theorem. Let 1 � � � � and let ) be a positive integer. Then
there exist positive constants 51 and 52 such that

51M(��� �� ����
�
� ) � min(1� ��)���� + O�

�(�� �) � 52M(��� �� ����
�
� )�

(2.4.3)

Immediately we get

2.4.8 Corollary. Let 1 � �� G � �, 0 � K � 1, and suppose that ) is a
positive integer. Then

(����
�
� );�� = �;�

� � � (2.4.4)

In particular (����
�
� );�� =� ;�

� for non-integer K).

Hence the Besov space �+
� � is of class K = 1F) (for ) � 1). Invoking the

stability of the real interpolation method (see Theorem 2.3.13) we get
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2.4.9 Theorem. Let 0 � K � 1, 1 � �� G� G1� G2 � �, 1� 11� 12 � 0, and let
)� )1� )2 be positive integers, )1 �= )2. Then
(i) (� �1

� ��
�2
� );�� = �+

� � if 1 = (1
 K))1 + K)2,

(ii) (� �
� � �

+
� �2);�� = �+

� � if 1 = (1
 K)) + K1 and ) �= 1,
(iii) (�+1

� �1 � �
+2
� �2);�� = �+

� � if 1 = (1
 K)11 + K12 and 11 �= 12.
The corresponding special formulae hold for interpolation with parameters
� = G on the left hand side and with Sobolev-Slobodetskii spaces � +

� replac-
ing Besov spaces on the right hand side of the above equalities provided 1
is not an integer.

For a detailed account of interpolation properties of Besov spaces, even
within a broader range of parameters involved we refer to [23], Chapter 6,
[148], Chapter 2, [149], Chapter 2.
Following this “more classical” method of handling the Besov spaces

we will mention further basic imbedding properties. One of the alternative
ways how to prove them is the use of Marchaud type inequalities, linking
��-norms of derivatives of order ), where ) is an integer, with moduli
of continuity of order 1 � ). We shall state explicitly these estimates
since they throw some more light on the integrability and differentiability
properties of functions in Besov and Sobolev spaces and are therefore of
independent interest. We omit the proofs; they can be found e.g. in [22],
Chapter 5.

2.4.10 Theorem. Let 0 � ) � 1 be integers.

(i) There exist positive constants 51 and 52 such that

51 sup
�#0

�
���O�

�(�� �)
� � �

���=�

� ���� � 52
� +�

0

O+
�(�� �)
��

!�

�
� (2.4.5)

(ii) If, for integers 0 � ) � 1,� 1

0

���O+
�(�� �)

!�

�
� +�� (2.4.6)

then � �� �
� and

�
���=�

O+
�( 

��� �) �
� �

0

O+
�(�� R)
R�

!R

R
� R � 0� (2.4.7)
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The reader will easily verify that Theorem 2.4.10 together with Hardy’s
inequality implies that given an integer ) strictly between 0 and �, then a
function � belongs to �+

� � if and only if all the derivatives  
�� of order )

belong to ����
� � .

In the first section of this chapter we have introduced the non-increasing
rearrangement �� of a function � and the integral average ���. Both ��

and ��� are suitable for description of integrability properties of � . Hence
the next theorem, which we also state without the proof (see e.g. [22],
Chapter 5), can be directly used to establish imbeddings of Besov spaces
into Lorentz spaces ��� (Corollary 2.4.12), which in the particular case
� = G yields imbeddings into Lebesgue spaces. The latter, however, gives
only a piece of information for general Besov spaces, a certain “screening
on the diagonal”, which is enough only in the case of Sobolev-Slobodetskii
spaces.

2.4.11 Theorem. Let 1 � � � �. Then

���(�) � 5
� +�

�1��

O�
� (�� R)
R���

!R

R
� R � 0

for all � � ��, with 5 independent of � .

2.4.12 Corollary. The following imbeddings hold:

(i) Let 0 � 1 = �(1F�1 
 1F�2), where 1 � �1 � �2 � �, and suppose
1 � G � �. Then �+

�1 � 7� ��2�. In particular �
+
�1 �2

7� ��2 , and if
1 is a non-integer, then � +

�1
7� ��2�1 7� ��2 .

(ii) If 1 = �F�, 1 � � � �, then �+
� 1 7� ��. In particular � +

1 7� ��
if 1 is a non-integer.

Let us observe that a natural target for imbeddings of Besov spaces are
actually spaces of the same type. The last Corollary in turn implies another
Marchaud type inequality and the latter yields an imbedding theorem in
the scale of Besov spaces.

2.4.13 Theorem. Let 1 � �1 � �2 � �. Let 1 
 � be a positive integer
and suppose that 1 = �(1F�1 
 1F�2) � 0. Then

O+
�2

(�� �) � 5
� �

0

R�+O+
�1

(�� R)
!1

1
� 0 � � � 1� (2.4.8)

2.4.14 Corollary. Let 12 
�F�1 = 11 
�F�1, 11� 12 � 0, 1 � �1 � �2 �
�, and 1 � G � �. Then �+2

�2 � 7� �+1
�1 �.
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Of particular importance are imbeddings describing relations between
Sobolev and Besov spaces of integer order.

2.4.15 Theorem. Let ) be a positive integer. Then the following imbed-
dings are true:

��
� � 7� � �

� 7� ��
� 2 if 1 � � � 2� (2.4.9)

��
� 2 7� � �

� 7� ��
� � if 2 � � ��� (2.4.10)

In particular, � �
2 = ��

2 2.

2.4.16 Remark. For a more general comparison theorem in the scale of
Besov, Lizorkin-Triebel, and potential Sobolev spaces see for instance [119],
[23], Chapter 3, [148], Chapter 2, [149], Chapter 2.

2.4.17 Remark. All the above imbedding properties have their dual coun-
terpart (cf. Theorem 2.3.14) for negative values of the parameter 1. Since
the interpolation formulae for all the parameters 1, �, G hold with the same
value of K as for 
1, ��, and G�, respectively, the only difference in the cor-
responding theorems is only the assumption 1 � 0 and it is certainly not
necessary to formulate them explicitly.
Let us note that some further imbedding theorems for Besov spaces have

been established in [137].

2.4.2 The Fourier analysis approach

Let � be a non-negative �� function in �� supported in �+ � �� ; �+� � 2�
and �(+) = 1 if �+� � 1. We define

�0(+) = �(+)� + � �� �

and the telescoping sequence

��(+) = �(2��+)
 �(2��+1+)� ' = 1� 2� � � � �

Then

supp �� � �+ � �� ; 2��1 � �+� � 2�+1�

and

+��
�=0

��(+) = 1�
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The sequence ����+��=0 is called a smooth (dyadic) decomposition of unity.
Observe that in the above sum there are at most two non-vanishing terms
at each + � �� . Now define functions 9� � � (�� ) in terms of their
Fourier transforms by

� (9� ; +) = ��(+) ' = 0� 1� 2� � � � �

Observe that

supp� (9�) = �+; 2��1 � �+� � 2�+1�� ) = 1� 2� � � � �

and

supp� (90) = �+; �+� � 2��
In other terms, if we put D(+) = �(+)
 �(2+), + � �� , we have

� (9� ; +) = D(2��+)� + � �� � ) = 1� 2� � � � � (2.4.11)

D is non-negative, belongs to 
(�� ), it is supported in �+; 2�1 � �+� � 2�,
and it is positive in the interior of suppD. Conversely, if we start with
D possessing these properties and take 9� as in (2.4.11), and if we add a
function �, then after a normalization we get a decomposition of unity, too.
This is an alternative way of defining the decomposition that the reader
can often meet in the literature.

2.4.18 Remark. Systems with similar properties as the above decomposi-
tion play a key role in the modern theory of function spaces. We shall
restrict ourselves to considering the above special system �9��, which will
be quite sufficient for our purposes. At the same time we shall define Besov
and Lizorkin-Triebel spaces in the following not for all possible values of
parameters involved. We refer to [119], [148], [149], [23]. For reader’s better
orientation in the literature we present here the celebrated inequality due
to Nikol’skii, which gives an idea of importance of functions whose Fourier
transform is supported in a bounded set. In particular, 9� � � from the
definition of the Besov space is a function (see the definition below) which
enjoys this property.

The following theorem is one of the basic mighty tools in the function
spaces theory in the Fourier analysis spirit.

2.4.19 Theorem (Nikol’skii’s inequality). Let � � 0, 1 � � � G � �.
Then there exists 5 � 0 such that

� ���� � 5����+�(1���1��)���� (2.4.12)

for all � � � (�� ) such that supp� (�) � �+; �+� � ��.
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2.4.20 Definition. (i) Let 1 � � � �, 1 � G � � and 1 � �1 . Then
the Besov space �+

� � = �+
� �(�� ) is the space of all � � � �

(�� ) with
the finite norm

���0�
� �

=
�+��

�=0

2�+��9� � �����

�1��

(2.4.13)

if G �� and with the finite norm

���0�
��

= sup
�

2�+�9� � ���� (2.4.14)

if G =�.
(ii) Let 1 � � � �, 1 � G � � and 1 � �1 . Then the Lizorkin-Triebel
space ; +

� � = ; +
� �(�� ) is the space of all � � � �

(�� ) with the finite
norm

���6 �
� �

=
�����+��

�=0

2�+� �(9� � �)(�)��
�1������

��

(2.4.15)

with an analogous modification for G =�.
2.4.21 Remark. In the literature one often encounters the notation *+�(��)
and ��(*+�) for the mixed norm spaces consisting of sequences of functions
�� = ��(�); for instance �������(��) = � 2+����(�)��� ��� . Used for the
sequence �9� � ��, we have, for instance, ���0�

��
= �9� � �����(��) and so

on.

2.4.3 Imbeddings and interpolation

We survey the basic properties of Besov and Lizorkin-Triebel spaces without
proof (see e.g. [119], [23], Chapter 6, [148], Chapter 2, [149], Chapter 2).
The prominent feature of spaces of Besov, Lizorkin-Triebel (and Sobo-

lev) type, widely used in applications, are the imbedding theorems. They are
expressed in forms of norm inequalities, stating the fact, roughly speaking,
that a function differentiable in such a sense belongs to a “better” space,
either of the same type or even to other scales. The word “better” means
improved integrability or certain differentiability in a pointwise sense (up
to sets of measure zero).
Before stating the imbedding theorems we will recall the concept of

Hölder spaces. Given an integer ) � 0, then ��(�� ) is the closure of
� (�� ) in the norm ����� = max��	�� sup%��� � ��(�)�. If � � 0 is not
an integer let us write � = [�] + ���, where [�] is the integer part of �



2.4. Besov and Lizorkin-Triebel spaces 109

(hence 0 � ��� � 1). Then the Hölder space ��(�� )is defined as the
linear set of all � � � [�](�� ) with the finite norm

����� = ����[�] +
�

���=[�]

sup
%�=*

� ��(�)
 ��(�)�
��
 ����� �

It is well known and easy to prove that ��(�� ) is a Banach space.
Note also that for non-integer � the space ��(�� ) equals to the Zyg-

mund space �� , which is defined as the linear set of all � � � [�]�(�� ),
where � = [�]� + ���+ with [�]� an integer and ���+ � (0� 1], which has
the finite norm

����� = ����[�]�

�
���=[�]�

sup
%�=*

� ��(�)
 2 �((� + �)F2) + ��(�)�
��
 �����+ �

2.4.22 Theorem. The following imbedding statements are true:

(i) If 1 � �1 � �2 ��, 1 � G � �, and �� 1 � �1 are such that

1
 �
�1

= � 
 �
�2
� (2.4.16)

then

�+2
�2 �(�� ) 7� �+2

�1 �(�� )�

(ii) If 1 � �1 � �2 ��, 1 � G ��, and �� 1 � �1 satisfy (2.4.16), then

; +2
�2 �(�� ) 7� ; +2

�1 �(�� )�

(iii) Let 1 � � �� and � 
 0. Then

�
�+���
� 1 (�� ) 7� ��(�� ) and �

�+���
� 1 (�� ) 7� $�(�� )�

(iv) Let 1 � �� G �� and let � be non-integer. Then

;�+���
� � (�� ) 7� ��(�� )�

2.4.23 Theorem. The following assertions hold:

(i) The spaces �+
� �(�� ) and ; +

� �(�� ) are Banach spaces for all 1 � �1 ,
1 � �� G � �.

(ii) If 11 � 12 and 1 � �� G � �, then �+2
� �(�� ) 7� �+1

� �(�� ).
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(iii) If 1 � �1 , 1 � � � �, and 1 � G � �, then (�+
� �(�� ))� =

��+
�� �� (�� ).

(iv) If 1 � �1 , 1 � � � �, and 1 � G1 � G2 � �, then �+
� �1(�

� ) 7�
�+

� �2(�
� ).

(v) If ) = 0� 1� 2� � � � , then ��
2 2(�� ) =� �

2 (�� ). This equality holds only
for this special choice of parameters ), �, and G.

(vi) If ) = 0� 1� 2� � � � , and 1 � � ��, then ; �
� 2(�� ) =� �

� (�� ).

(vii) If 1 � �1 and 1 � � � �, then �+
� �(�� ) = ; +

� �(�� ). In particular,
if 1 � 0 is a non-integer, then ; +

� �(�� ) is the Sobolev-Slobodetskii
space � +

� (�� ).

2.4.24 Theorem. Let 1 � �1 and 1 � � ��. Then

�+
� �(�� ) 7� ; +

� �(�� ) 7� �+
� �(�� ) for all 1 � G � ��

Without proof (see e.g. [148], Chapter 2) we present basic interpolation
properties of Besov and Lizorkin-Triebel spaces. Below we formally put
1F� = 0.

2.4.25 Theorem. Let 0 � K � 1. Then

(i) (�+1
� �1(�

� )� �+2
� �2(�

� ));�� = �+
� �(�� )

for all 11� 12 � �1 , 11 �= 12, 1 � � � �, and 1 � G1� G2 � �, where
1 = (1
 K)11 + K12,

(ii) (�+1
�1 �1(�

� )� �+2
�2 �2(�

� ));�� = �+
� �(�� )

for all 11� 12 � �1 , 1 � G1� G2 ��, 1 � �1� �2 ��, �1 �= �2, and 1 �
G1� G2 ��, provided 1F� = (1
K)F�1+KF�2 = 1FG = (1
K)FG1+KFG2,

(iii) [�+1
�1 �1(�

� )� �+2
�2 �2(�

� )]; = �+
� �(�� )

for all 11� 12 � �1 , 1 � G1� G2 � �, 1 � �1� �2 � �, where � is as in
(ii) and 1FG = (1
 K)FG1 + KFG2.

2.4.26 Theorem. Let 0 � K � 1. Then

(i) (; +1
�1 �1(�

� )� ; +2
�2 �2(�

� ));�� = ; +
� �(�� ) = �+

� �(�� )
for all 11� 12 � �1 , 11 �= 12, 1 � �1� �2� G1� G2 � �, where 1 = (1 

K)11 + K12, and 1F� = (1
 K)F�1 + KF�2,

(ii) (; +
�1 �1(�

� )� ; +
�2 �2(�

� ));�� = ; +
� �(�� )

for all 11� 12 � �1 , 1 � G1� G2 ��, 1 � �1� �2 ��, �1 �= �2, provided
1F� = (1
 K)F�1 + KF�2 = 1FG = (1
 K)FG1 + KFG2,
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(iii) (; +
�1 �(�� )� ; +

�2 �(�� ));�� = ; +
� �(�� )

for all 1 � �1 , 1 � G � �, and 1 � �1� �2 � �, �1 �= �2, where
1F� = (1
 K)F�1 + KF�2,

(iv) [; +1
�1 �1(�

� )� ; +2
�2 �2(�

� )]; = ; +
� �(�� )

for all 11� 12 � �1 , 1 � �1� �2� G1� G2 � �, where 1 = (1
 K)11 + K12,
1F� = (1
 K)F�1 + KF�2, and 1FG = (1 
 K)FG1 + KFG2.

2.4.27 Remark. A reader has certainly wondered why not all possible com-
binations of parameters have been considered for the real interpolation
method. The reason is clear after looking at the very definition of Besov
and Lizorkin-Triebel spaces. The respective norms are mixed norms and
the scales of spaces in question are not closed with respect to the real in-
terpolation. Refinement to Lorentz spaces and/or Lorentz sequence spaces
will do; one obtains spaces based on Lorentz norms rather than on ��-
and/or *�-norms. Nevertheless, this is far beyond our needs here. See
[148], Chapter 2 for details.
Considering equal parameters � and G and non-integer positive smooth-

ness in theorems in this subsection, we arrive at particular statements for
Sobolev-Slobodetskii spaces similarly as we explicitly did it when surveying
the classical approach to Besov spaces. We leave it now to the reader.

2.4.28 Theorem. (i) Let 1 � �1 , 1 � � ��, 1 � G ��, �� = �F(�
 1),
and G� = GF(G 
 1) (G� = � if G = 1). Then (�+

� �(�� ))� = ��+
�� ��(�� ).

(iii) Let 1 � �1 , 1 � � � �, �� = �F(�
 1), and let ��+
��(�� ) denote the

closure of 
 (�� ) in �+
��(�� ). Then ( ��+

��(�� ))� = ��+
�� 1(�� ).

(iii) Let 1 � �1 , 1 � � ��, 1 � G ��, �� = �F(�
 1), and G� = GF(G
 1).
Then (; +

� �(�� ))� = ;�+
�� ��(�� ).

For further properties of Besov spaces, particularly for their relationship
to potential Sobolev spaces, see the next section.

2.4.29 Remark. The last two items in Theorem 2.4.23 are particularly wor-
thy of a comment. Namely, considering ) = 0, then � �

2 is the Lebesgue
space �2 and therefore

���2 "
�+��

�=0

�
��

((9� � �)(�))2 !�
�1�2

�

Furthermore, for any 1 � � ��,

���� "
��

��

�+��
�=0

((9� � �)(+))2
���2

!+

�1��

�
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Last two equivalencies are usually called inequalities of the Littlewood-Pólya
type.
The classical exposition of this topic can be found in Stein’s mono-

graph [143]. The reader should now return to the formula (2.4.15) on p. 108
to realize that ��(�� ) = ; 0

� 2.

2.4.4 Equivalence of definitions

In the following we shall tackle the coincidence of the above definition with
the classical definition of Besov spaces. For these considerations it will be
useful to express differences of a function as convolutions. To this end, note
that for � � �,

(26)��2� (A.�; +) =
�
��

&��8�%A.�(�) !�

=
�
��

(&��8�% 
 &��8�(%�.))�(�) !�

= (1 
 &�8�.)
�
��

&��8�%�(�) !�

= (1 
 &�8�.)(26)��2� (�; +)�

Applying � �1 we get for D� : � �� D � �:

A.�(�) = � �1
�
(1
 &�.�)� � �(�)�

Let� = 1� 2� � � � , and D � �� . Denote @. the function in� �(�� ) whose
Fourier image is

�
1
 &�.�8��. Let @�. be the �-times iterated convolution,

@�. = @. � � � � � @.. It is

� (@�. ; +) =
�
1
 &�.�8�� � (2.4.17)

Plainly,

@�. � �(�) = A�
. �(�) =

��
�=0

(
1)�
�
�

)

�
�(�+ )D)�

Our next goal is a theorem on equivalence of the “classical” and the
decomposition definition of Besov spaces. We shall need some auxiliary
assertions. The notation @�. in the following will be used for the function
from (2.4.17) and  �

�� will stand for the “pure” derivative �
��F���� .

2.4.30 Lemma. For � = 1� 2� � � � , let @���(�) = @�2��@�
(�), � � �� , ) =

0� 1� � � � , ' = 1� � � � � � , where &� is the '-th unit coordinate vector. Let
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�9����0 be the standard dyadic decomposition of unity in �� , and 1 �
� � �. Then for every non-negative integer � there exists 5 � 0 such that

�9� � ��� � 52���
��
�=1

��@��� � �
��
��
�
� ) = 1� 2� � � � � (2.4.18)

for every � � � �.

Proof. Let us fix ) and let D be the basic “hat function” from the definition
of the decomposition of unity, that is, D � 
 (�� ), D 
 0, suppD = �2�1 �
�+� � 2�, D � 0 in the interior of its support (see p. 107). Let 4 � 
 (�1 ),
positive in the interior of supp 4 = (1F(2�)� 3), and let E � 
 (���1 ),
positive on the interior of suppE = �+; �+� � 3�. Define functions �� ,
' = 1� � � � � � in terms of their Fourier transform as

� (�� ; +) =4(+�)E(+1� � � � � +��1� +�+1� � � � � +� )� ��
�=1

4(+�)E(+1� � � � � +��1� +�+1� � � � � +� )
��1

�

Then
��

�=1��� 	 1 on suppD, thus
��

�=1���(2
��+) 	 1 on supp9� . We

have

�9� � ��� = �� �1[D(2���9)]��

�
��
�=1

�� �1[���(2���)D(2���)�� ]��

=
��
�=1

�� �1[���(2���)D(2���)+�� (1
 &��2��@� ��#)��

(1
 &��2��@� ��#)�+���� ]��

=
��
�=1

��� �1[���(2���)D(2���)2���(2��+�)��

(�@���(�))�1�@���(�)� ( �
� �)]

��
�

= 2���
��
�=1

��� �1[���(2���)D(2���)D(2���)(2��+�)��

� (@���(�))�1] � (@��� � �
��)
��
�
�

The function + �� ���(2��+)D(2��+)(2��+�)��(�@���(+))�1 has the same
��-norm as the function

+ �� ���(+)D(+)(+� )��(�@��0(+))
�1 = ���(+)D(+)+��

� (1
 &�8� )��
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(see Lemma 2.3.8). A routine calculation shows that the assumptions of
Lemma 2.3.5 are satisfied (the function in question is smoothly differen-
tiable and the origin does not belong to its support). Hence we can conclude
that (2.4.18) holds.

2.4.31 Remark. Note that (2.4.18) implies

�9� � ��� � 52���
��
�=1

�A�
2��@�

����

where &� is the '-th unit coordinate vector.

Now we can prove the first half of the desired equivalence:

2.4.32 Proposition. Let 1 � �1 , let � and � be integers, � + � � 1,
0 � � � 1, 1 � �� G ��. Then

���0�
��
� 5

-.���� +
��
�=1

�� +�

0

)
���+O�

�

�
�� �

��
�*� !�

�

�1��
/0 (2.4.19)

for all � � � (�� ), with a constant 5 independent of � .

Proof. All the difficult job has been done in the previous lemma. In ad-
dition to that, note that D � �1. This follows at once from the multi-
plier criterion in Theorem 2.3.10. Thus invoking Lemma 2.4.30 and using
Minkowski’s inequality, we get

���0�
� �
� 5���� + 5

�+��
�=1

�
2�(+��)

��
�=1

��@��� � �
��
��
�

���1��

� 5���� + 5
�+��

�=1

�
2�(+��)A�

�

�
2��&� �  

�
��
����1��

�

Let us observe that the integral

 2�+1

2� !�F� is a constant independent of ).
Hence monotonicity of O�

� yields (2.4.19).

2.4.33 Remark. A byproduct of the above estimate (cf. also Remark 2.4.31)
is

���0�
� �
� 5���� + 5

��
�=1

��
��

)�D���+A�
�

�
D� �

��
�*� !D

�D�

�1��

�

Now we derive the converse estimate. Again we split the proof in several
steps.
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2.4.34 Lemma. Let 1 � 0, �� � be integers, � + � � 1, 0 � � � 1,
1 � �� G � �. Let �9�� be the standard decomposition of unity and let @�*
be as in (2.4.17). Then there exists 5 � 0 such that��@�* � 9� � �

��
��
�
� 5min

�
1� ����2��

�
2���9� � ���� ) = 1� 2� � � � �

(2.4.20)

Proof. According to Lemma 2.3.9 the function + �� (1 
 &�.�8)�, + � �� ,
where D � �� is fixed, has the same ��-norm as � �� (1 
 &��)�, � � �1 .
Furthermore, in view of Lemma 2.3.8 this norm is the same for all functions
� �� (1
&-�)�, � � �1 , where � is an arbitrary non-zero (complex) number.
It suffices to choose � � 0 or � = 
 and to apply Theorem 2.3.10 to see that
there is 5 � 0 such that

�� (@�* )��1 � 5 for all � � �� .

(Note that, plainly, � (@�* ) belongs to �� since ��-norms of differences of
any order of a function in �� are estimated by a suitable multiple of the
��-norm of this function.) An analogous argument shows that with the
notation of the scalar product in �� by (�� �)� we have��� �

@�* (�� �)��
�

���
�1
� 5

and

�(�F���� �)��9(�)��1 � 5

with some 5 independent of �. Passing from + to 2�� in the role of the
variable we get

�(�� �)��9(2���)��1 � 5����2���

which implies that��@�* � 9� � �
��
�� � min(5� 5����2��)

��9� � �
��
��
�

� 5min(1� ����2��)
��9� � �

��
��
�
�

It remains to estimate �9� � �
����)�. If ) 
 1, then

9� � �
�� = � �1(�9�+

�
���(+)) = (9� �� �1)(+����(+))

= � �1(�9� � +�� ) � ��
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Hence it will be enough to find an appropriate estimate for the �� norm
of the function + �� �9�(+)+�� . However,

9� � �
��(�) = � �1(�9�(+)+�� ) � �(�)

= � �1(�9(2��+)(2��+�)�2��) � �(�)
= 2��� �1(�9(2��+)(2��+�)� � Lsupp�(2��+)) � �(�)
= 2��� �1(Lsupp�(2��+)(2��+�� )) � (9� � �)� � � �� �

The ��-norm of the function + �� Lsupp�(2��+)(2��+�) is independent of
) (cf. Lemma 2.3.8) and equals to a constant. Hence

�9� � �
���� � 52���9� � ����

The same argument applies to 90. We have proved (2.4.20).

We are in a position to prove the estimate converse to (2.4.19).

2.4.35 Proposition. Let 1 � �1 , let � and � be integers, � + � � 1,
1 � �� G � �. Then

���� +
��
�=1

�� +�

0

)
���+O�

�

�
�� �

��
�*� !�

�

�1��

� 5���0�
� �

(2.4.21)

for all � � � (�� ), with a constant 5 independent of � .

Proof. Again we use monotonicity of functions involved to see the equiva-
lence �� +�

0

)
���+O�

�

�
�� �

��
�*� !�

�

�1��

"
� +��

�=��

�
2�(+��)O�

� (2���  �
��)
���1��

�

Let � � �� , ��� � 2��. Then (Æ denotes the Dirac distribution)

2�(+��)A�
� (�� �

��) = 2�(+��)�@�* � �
����

= 2�(+��)�@�* � Æ � �
����

� 2�(+��)
+��
�=0

�@�* � 9� � �
����

� 5
+��
�=0

2�(+��) min
�
1� ����2��

�
2���9� � ���
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� 5
+��
�=0

2�(+��) min
�
1� 2�(���)�

�
2���9� � ����

Hence

2�(+��)O�
� (2���  �

��) �
+��
�=0

2(���)(+��) min
�
1� 2�(���)�

�
2+��9� � ����

The last expression can be viewed as a multiple of convolution of the se-
quences

�� = 2�(+��) min(1� 2���)� ) � ��

"� =

'
2+��9� � ���� ) 
 0�
0� ) � 0�

Because ���� � *1 and �"�� � *�, we have
����� � �"����� � �������1 � ��"�����

� 5���0�
� �
�

2.4.36 Remark. Similarly as in Remark 2.4.33 we have also proved that

���� + 5
��
�=1

��
��

)�D���+A�
�

�
D� �

��
�*� !D

�D�

�1��

� 5���0�
� �
�

Hence the expression on the left hand side is an equivalent norm in �+
� � .

This implies also the “usual” formula for the norm in the Sobolev-
Slobodetskii spaces �+

� �. If 1 � 0 is not an integer, let 1 = [1] + �1�,
where [1] is the integer part of 1 (hence 0 � �1� � 1). An application of
Fubini’s theorem yields then

���0�
��
" ���� +

�
���=[+]

��
��

�
��

� ��(�)
 ��(�)��
��
 ���+�+��

!�!�

�1��

�

Summation over all ��� � [1] leads to another equivalent norm. Let us also
observe that in all integral expressions for the norm in �+

� � one can replace
the integration with respect to � and D by integration over some interval
(0� Æ) and (0� Æ)� , respectively. This follows at once since the terms with
the ��-norms of differences and with the ��-modulus of continuity play
a role only for small values � and �D�, respectively; near infinity they are
trivially majorized by a multiple of ����. We refer to [148], Chapter 2, for
a detailed account of these and still other equivalent norms in Besov spaces.
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We shall present several basic assertions mostly without proofs. We
refer to [119], [23], Chapter 6, [148], Chapter 2. We shall, however, prove
the next lemma, actually as an archetypical example, in order to throw
some light on how the decomposition idea works.

2.4.37 Definition. Let 1 � �� . Then the Bessel potential of order 1 is
the mapping defined for � � � (�� ) as

B+� = � �1
�
(1 + �+�2)+�2� (�)

�
� (2.4.22)

Note that in literature one often meets the “symbolic” definition of
powers of (	 
 A), namely, � ((	 
 A)+�2�) = (1 + �+�)+� (�). In the
Hilbert case this is justified by the Plancherel formula.

2.4.38 Lemma. Let 1 � � � �, � � � �(�� ), and �9� � ��� ��. Then
for every 1 � �1 ,

�B+9� � ��� � 52+��9� � ��� (2.4.23)

with a constant 5 independent of � and ).

Proof. We shall prove (2.4.23) for ) 
 1. The proof of (2.4.23) for ) = 0 is
quite similar and it is left to the reader. Note that the function 9��1 +9�+
9�+1 equals 1 on supp9�, that is, supports of all the remaining functions
of the decompositions have an empty intersection with supp9�. Hence it
is sufficient to show that

�� (B+9�)�� � 52�+� (2.4.24)

where 
 = ) 
 1� )� ) + 1. Since 9�(+) = �(2��+) 
 �(2��+1+) = D(2��+) (in
notation of (2.4.11)) we have

� (B+9�; +) = (1 + �+�2)+�2� (��; +) = (1 + �+�2)+�2D(2��+)� (2.4.25)

According to Lemma 2.3.8 the ��-norm of the right hand side of (2.4.25)
is the same as the ��-norm of the function

@�(+) = 2�+
�
2�2� + �+��+�2D(+)�

The �2-norms of the last function and its derivatives are plainly finite and
an elementary estimate gives � �@�� � 52�+ for 
 = ) 
 1� )� ) + 1, hence
Lemma 2.3.10 yields (2.4.24).

2.4.39 Corollary. The Bessel potential B+ is an isomorphism between the
spaces �+0

� � and �
+0�+
� � for all real 1� 10 and all 1 � �� G � �.
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2.5 The potential spaces

To fix the notation we shall use the symbol � �
� (=) and � �

� (=�C), 1 �
� ��, ) = 0� 1� � � � , for the Sobolev space of real valued and vector-valued
functions, resp.
There are more equivalent ways of introducing various clones of Sobolev

spaces of non-integer order. Since many of the spaces used in the following
have a Hilbert structure we shall follow the Fourier analysis approach, which
makes it possible at the same time to introduce non-integer derivatives
in a rather transparent way, e.g. without digging deeply into the spectral
theory and powers of general positive operators (see [148], Chapter 1); we
shall restrict ourselves just to powers of 	 
A. The underlying “classical”
analysis of Bessel potentials is not trivial and we shall mostly omit the hard
technical details.
If 0 � � � � , then the function + �� �+���� , + � �� , is locally

integrable and it is therefore a regular tempered distribution. For these
values of � and � � � (�� ) we define the Riesz potential of order � by


��(�) = ��1
�
(26)��2���2�+���� (� ; +)

�
(�)� � � �� � (2.5.1)

Of course, the meaning of (2.5.1) is to be understood in the duality sense,
that is,�

��


��(�)� (9;�) !� =
�
��

((26)��2���2������ (� ; +)9(�) !�

for our � and all 9 � � (�� ). Note that the last identity follows from the
well-known formula for the Fourier transform of ������ ,

(� (������ ; +) =
2��26��2���2� (�F2)
�+��� (�F2
 �F2)

�

(See e.g. [143], Chapter 5 for the proof. Let us observe that the multiplica-
tive constants here and the other formulae concerning the Fourier transform
might differ according to the definition of the Fourier transform. In partic-
ular, the classical monograph [143] uses



�� exp(26� � +)�(�) !�.) Further

calculation (see again e.g. [143]) leads to the formula, which expresses the
Riesz potential in terms of a convolution,


��(�) =
� (�F2
 �F2)
6��22�� (�F2)

�
��

�(�)
��
 �����

!�� � � �� � (2.5.2)

The kernel

	�(�) =
� (�F2
 �F2)������

6��22�� (�F2)
� � � �� �
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is called the Riesz kernel of order �.
Let � � � (�� ). Then plainly (
A)�(�) = ��1

��+�2� (� ; +);�
�
, � �

�� , and this suggests to define positive powers of the Laplacean: For " � 0
we put

(
A)��2�(�) = ��1
��+��� (� ; +);�

�
� � � �� � (2.5.3)

The definition (2.5.3) has sense, however, for any � such that �+��� (� ; +)
is in � �(�� ). Hence if we consider the function + �� �+�� with 0 � � � �
(which is locally integrable in �� ), we can define the negative power of the
Laplacean as

(
A)���2�(�) = ��1
��+���� (� ; +);�

�
� � � �� � (2.5.4)

A simple calculation yields (
��)(�) = (26)��2���2(
A)���2�(�). Putting
� = (26)��2���2(
A)��2� and invoking (2.5.2), we arrive at

�(�) = 
��(�) =
6��22�� (�F2)
� (�F2
 �F2)

�
��

�(�)
��
 �����

!�� � � ��

(compare with the classical harmonic analysis formula if � = 2).
If we define on � (�� ) the Riesz transforms ,

���(�) = ��1

�

 
+��+�� (�); �

�
(a special sort of a singular integral operator with a Calderón-Zygmund
kernel, see e.g. [143], [126]), then by the well-known rules for calculation
with the Fourier transform we have ��( ��)(�) = ��1

�
+2� �+��1� (�);�

�
and �

���
�=1 ��( ��); +

�
= �+�� (� ; +). Consequently

�(�) = ��1

12�+��1�

12 ��
�=1

��( ��)

34 ; �

34 � � � �� �

and we obtain the representation formula

�(�) " 
1

12 ��
�=1

��( ��)

34 (�)� � � �� �

Note that this is one of the possible keys to imbedding theorems for Sobolev
spaces. The operators �� take ��(�� ) into the same space for 1 � � ��
(this is a deep fact from the theory of singular integral operators) and (as
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we shall see below) 
1 maps ��(�� ) into ��(�� ), where 1FG = 1F�
 1F�
(the Sobolev exponent). Nevertheless, 
1 does not map ��(�� ) into itself.
This can be seen from its behaviour near infinity—it is not integrable there;
hence the mapping � �� 	1 � � for � � ��(�� ) is not bounded in ��(�� ).
This disadvantage can be removed by considering the Bessel kernels, which
have the same behaviour at the origin, but nice properties at infinity.

2.5.1 Theorem. Let 0 � � � � , 1 � � � �, �� � � , and 1FG =
1F�
 �F� . Then 	� is of weak type (�� G).

A straightforward application of the Marcinkiewicz theorem yields

2.5.2 Corollary. Let 0 � � � � , 1 � � � �, �� � � , and 1FG =
1F�
 �F� . Then 	� is of type (�� G).

Before we prove Theorem 2.5.1 let us observe that Corollary 2.5.2 con-
tains the classical Sobolev imbedding theorem. Indeed, considering the So-
bolev space of the first order and employing the well-known representation
formula

�(�) =
1

�(��1�
��
�=1

�
��

��

���
(� 
 �) ��

����+1
!�� (2.5.5)

where �(��1� denotes the area of the unit sphere in �� , we see that

��(�)� � 5
��
�=1


1

����� �����
����� (�)�

and we are done. Imbeddings for higher order spaces (with integer deriva-
tives) follow by simple iteration. Observe also that the identity (2.5.5) is a
sum of convolutions of partial derivatives with (singular) kernels ��F����+1,
which are special cases of the so called Calderón-Zygmund singular oper-
ators (see e.g. [143]) and their �� boundedness (1 � � � �) follows from
the general theory of singular integrals.

Proof of Theorem 2.5.1. It is sufficient to consider the convolution with the
kernel M(�) = �����
. Fix % � 0, and put M1(�) = M(�) on the ball about
the origin and of the radius % and M2 = M 
M1. It is easy to check that
M1 � �1 and M2 � ���(��1). Hence the integrals M1 � �(�) and M2 � � with
� � �� exist for a.e. � � �� . We want to prove the inequality of weak type

/� mes�� � �� ; �M � �(�)� � /� � 5������ � � ��(�� )� (2.5.6)
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Plainly

mes�� � �� ; �M � �(�)� � /�
� mes�� � �� ; �M1 � �(�)� � /F2�

+ mes�� � �� ; �M2 � �(�)� � /F2��
(2.5.7)

Further, suppose that ���� = 1. We have

mes�� � �� ; �M1 � �(�)� � /F2� �
2��M1 � ����

/�

� 2��M1��1�����
/�

=
2��M1��1
/�

�

(2.5.8)

The norm �M1�1 can be computed directly; it equals 51%�. By Hölder’s
inequality,

�M2 � ��� � �M2���(��1) ���� � �M2���(��1)�

and this gives �M2 � ��� � 52%���� with a suitable constant 52. Hence
�M2���(��1) = /F2 if 252%���� = /F2. Fix such %. Then �M2 � ��� �
/F2 and the second summand on the right hand side of (2.5.7) is zero.
Combining (2.5.7) and (2.5.8), we get

mes�� � �� ; �M � �(�)� � /� � 53%��/�� = 54/�� = 54

�����
/

��

�

A detailed discussion of convolution inequalities and imbedding theo-
rems of Sobolev type can be found e.g. in [101] and [157]. In particular,
much attention in the theory has been devoted to refined imbeddings of
Sobolev spaces into Lorentz spaces and there are also some interesting ap-
plications to the PDE’s theory.

Now we shall collect basic facts about the Bessel potentials defined in
Subsection 2.4.2. Note that, symbolically, B� corresponds to (	 
A)���2,
where A is the Laplace operator. Their crucial role in the theory of Sobolev
spaces is the lifting property: the (potential) Sobolev spaces on �� are
exactly isomorphic copies of ��(�� ) and the isomorphism is just the Bessel
potential of corresponding order. We shall see that the local behaviour
of the Bessel potentials near the origin is the same as in the case of the
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Riesz potentials; nevertheless, they have more suitable properties near the
infinity. We refer to [143], Chapter V, for more details.

Let � � 0. Denote

��(�) =
1

(46)��2� (�F2)

� +�

0

exp(
262���2F�) exp(
�)�(��+�)�2 !�

�
�

(2.5.9)

Then (see e.g. [143], [126] for the calculation) � (��)(+) = (1 + �+�)���2.
Inspecting more closely the formula for ��, it is possible to show that for
0 � � � � (see again e.g. [143]),

��(�) " �����+� + U(�����+�) near the origin� (2.5.10)

The kernel �� has an exponential decay at the infinity and it is not difficult
to show directly that

��(�) = J(&�A�%�) as ��� � +�� (2.5.11)

The last two estimates are the key to convolution estimates in �� and in
even finer scales of spaces; this is one of the ways of proving imbedding
theorems for Sobolev and more general spaces. We saw the core in the
proof of Theorem 2.5.1, where we considered the Riesz kernel �����+� (up
to a multiplicative constant).
We shall formulate this as a separate statement (see e.g. [143], [126] for

the proof).

2.5.3 Proposition. Let 0 � � and �� be given by (2.5.9). Then ���(+) =
(1 + �+�2)���2, + � �� , and the asymptotic behaviour of �� near the origin
and near infinity is given by (2.5.10) and (2.5.11), respectively.

2.5.4 Definition. Let � � �1 , 1 � � � �. Then we define the potential
isotropic Sobolev space #�

� = #�
� (�� ) as B�(��(�� )), that is, as the space

of all � � � (�� ) for which there exists � � ��(�
 ) such that � = B�� =
� �1((1 + �+�2)��2� ), with the norm ���$�

� (��) = �����(��).
The space #�

� is often called the Bessel potential space. Historical
reasons lead to frequent notation #� instead of #�

2 .

For brevity, we shall omit the symbol for the domain �� if no con-
fusion can occur. Observe that the definition has a good sense since B�
is plainly one-to-one mapping from � (�� ) onto itself. Indeed, if B��1 =
B��2, then we have



��(B��1 
 B��2)9(�) !� =



��
�� ��(� 
 �)(�1 


�2)(�)9(�) !�!� =


��(�1 
 �2)B�9!�, and, consequently, �1 = �2 a.e. in
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�� . The spaces#�
� (�� ) are isomorphic copies of ��. In particular they are

reflexive separable Banach spaces and #�
2 is a Hilbert space. In accordance

with the common usage we shall use the brief notation #� or #�(�� ) if
� = 2 in the next chapters.

2.5.5 Remark. If � = 0, then trivially #�
� = ��. If � = ) is a positive

integer, then #�
� coincides with the usual Sobolev space �

�
� , consisting

of all functions in �� possessing distributional derivatives up to the or-
der ). This is easy to see in the prominent Hilbert case #�

2 ; it is just a
consequence of the Plancherel formula. The general case is much harder
and the coincidence of the “classical” and potential spaces with integer
derivatives and the equivalence of the norms can be proved e.g. with the
help of multiplier theorems of Mikhlin type. For completeness we state
it as a separate theorem and we give the proof. Let us observe that for
1 � � �� we obtain an equivalence of the potential norm ���$�

�
with the

norm ���� +
��

�=1 ����F���� ��.
It is well known from the theory of Sobolev spaces that the norms

���(1) =
�
���	�

� ����� ���(2) =
��
�=1

� �
� ����

���(3) =
��

�=1

��
�=1

� �
� ���� ���(4) = ���� +

�
���=�

� �����

and

���(5) = ���� +
��
�=1

� �
� ���� (2.5.12)

and their variants where we neglect ���� are equivalent. There are also
various other quantitative inequalities resulting from estimates of this type
we have seen in Subsection 2.7.2. Let us point out that ���� must be present
if we consider Sobolev spaces on domains with finite measure. Mikhlin’s
multiplier theorem gives an efficient tool to handle similar relations, at least
for 1 � � � �. In next theorem we prove an equivalence of the potential
norm with the norm in (2.5.12).

2.5.6 Theorem. Let � be a positive integer and 1 � � � �. Then
#�

� (�� ) =��
� (�� ).

Proof. It is not difficult to verify that the functions + �� +�� (1 + �+�2)���2,
+ � �� , ' = 1� � � � � � , satisfy the assumption of the Mikhlin multiplier
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theorem. For � � � denote  �
� � = ���F���� . Then

� �
� ��� = �� �1[+�� ((1 + �+�2)���2)((1 + �+�2)��2)� (�)]��

= �� �1[+�� ((1 + �+�2)���2)�� �1((1 + �+�2)��2)� (�)]��
= 5�� �1[+�� ((1 + �+�2)���2)� (B�� (�))]��
� 5���$�

�
�

Hence if � � #�
� , then  

�
� � is a function in �� whose norm is estimated

by a multiple of the #�
� -norm of � .

For the converse estimate let us write

�B���� =
��� �1

�
(1 + �+�2)��2� (�)

���
�

=
����� �1

�
(1 + �+�2)��2

�
1 +

��
�=1

N(+�)�+� ��
�

�
1 +

��
�=1

N(+�)�+� ��
��1

� (�)
�����

�

�

where N is a non-negative �� function on �� , vanishing in the unit ball
and equal to 1 on the set �+; �+� 
 2�. An elementary calculation yields
that for any multiindex �,������ ����

�+�1
1 � � � �+��

�

12(1 + �+�2)��2

�
1 +

��
�=1

N(+�)�+� ��
��1

34������ � 5�
�+�� � + �= 0�

hence we can invoke Mikhlin’s multiplier theorem (see Theorem 2.3.7) to
get

�B���� � 5
����� �1

��
1 +

��
�=1

N(+�)�+� ��
�
� (�)

�����
�

� 5���� + 5
��
�=1

��� �1
�
N(+�)�+� ��+��

� � ( �
� �)

���
�
�

Recalling Mikhlin’s theorem once more it is not difficult to show that the
function + �� N�(+�)�+� ��+��

� is a Fourier multiplier in any ��, 1 � � ��.
Hence

�B���� � 5���� + 5
��
�=1

� �
� ����

The proof is complete.
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2.5.7 Remark. Mikhlin’s multiplier theorem provides a powerful tool for
handling the problem of intermediate derivatives and equivalent norms even
in “classical” Sobolev spaces. The preceding theorem states the equivalence
of the #�

� -norm with the sum of ���� and the “pure” derivatives of the
highest order. One can, however, consider also other equivalent norms on
#�

� . Essentially the question can be reduced to an estimate of the ��-
norm of a mixed derivative  (�1�BBB��� )1 by a multiple of the sum of the
��-norms of  

��

� � , and then to an estimate of the latter norms by the
��-norms of the corresponding “pure” highest order derivatives and of the
function itself. To avoid huge and clumsy formulae let us consider—without
loss of generality—the case � = 2. If  2

1�� 
2
2� � ��, then���� �2�

��1��2

����
�

=
����� �1

�
+1+2
+21 + +22

(+21 + +22)� (�)
�����

�

�
����� �1

�
+1+2
+21 + +22

�
� ( 2

1� + 2
2�)
����
�

�

(2.5.13)

It is easy to verify that the function + �� +1+2F(+21 + +22) satisfies the as-
sumptions of Mikhlin’s multiplier theorem. Hence the right hand side of
(2.5.13) is estimated by a multiple of � 2

1��� + � 2
2���. As to the esti-

mate of the “pure” derivatives, fix an integer 0 � ) � � and consider, for
instance, differentiation with respect to the first variable. We have

� 1
1��� = �� �1(+1(1 + +21)�1) � (� + 1

1�)���
By an analogous multiplier argument as before we arrive at the estimate
� �

1��� � 5(���� + � �
1 ���). The general case consists of combinations

of the above steps. Let us point out that estimates for mixed derivatives
by the non-mixed (“pure”) derivatives do not hold generally for � = 1 (see
e.g. [148]).
A more general case occurs when one has to cope with a similar problem

in anisotropic spaces. The answer is particularly aesthetically pleasing if
we consider an arbitrary set of � -dimensional multiindices, say, % and
assume that  �� � �� for all � � %. Then  �� � �� for all ", where
" are the lattice points with integer coordinates that belong to the convex
hull of% (see e.g. [26]).
The estimates for the intermediate derivatives imply multiplicative esti-

mates analogous to that from Subsection 2.7.2. Indeed, it suffices to replace
the function � �� �(�) by � �� �(?�) and to use the simple argument in
Subsection 2.7.2.

2.5.8 Remark. Passing to spaces on domains follows the well-known scheme.
A potential space on a domain can be defined in a natural way as a fac-
torspace modulo equality a.e. on the domain in question. If this domain has
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the extension property with respect to spaces considered we arrive even to
the desired “classical” Sobolev (or Sobolev-Slobodetskii in the non-integer
case) spaces. A standard sufficient condition for � �

� is for instance the
boundary of the class $��1�1, that is, when the domain locally lies on one
side of an $
1-dimensional manifold, which can be described by local maps
with Lipschitz continuous derivatives of the () 
 1)th order plus either some
“uniformity” of corresponding Lipschitz constants or assumption about ex-
istence of finitely many local maps covering the boundary. Extension theo-
rems for Sobolev spaces can be found in many standard monographs, recall
[143], [26], [1], [148]. An attention to various smoothness properties of a
boundary is paid e.g. in [1]. Recently, some authors (see [49], [50]) con-
sidered rather sophisticated potential type operators, working directly on
smooth domains. We give some more information in Section 2.8.

2.5.9 Remark. It turns out that the quality of the target spaces for imbed-
dings of Sobolev spaces on domains heavily depends on the geometric prop-
erties of the domain in question. Sobolev [140] proved his celebrated the-
orem for domains with the cone property. There is a very large literature
on imbedding theorems of Sobolev type in domains of various type. Let us
recall at least Maz’ya [109] with classes B� and 	��� (capacity type assump-
tions), Reshetnyak [122], [60], dealing with the John domains, and Besov
in [26], where the so called domains with the horn property are considered
(for further generalizations see e.g. the second (Russian) edition of [26]).
In particular, the situation becomes still more complicated if one considers
anisotropic spaces as one can see in [26], Chapter 5. We return to extensions
in more details in Section 2.7.

2.5.1 Interpolation in potential spaces

Our aim in the following will be interpolation theorems for the potential
Sobolev spaces. Essential for us are theorems providing interpolation es-
timates both for derivatives and integrability exponents. As pointed out
above this can be relatively easy if the spaces in question are Hilbert spaces
since then one can invoke the Plancherel theorem.

Let �� (9�)���0 be a standard dyadic decomposition of unity in �� .
The construction was described in Subsection 2.4.2. Let us define the map-
pings & and ' on � � by

(& �)0 = 90 � ��
(& �)� = 9� � �� ) = 1� 2� � � � �
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and

'� =
+��
�=0

�9� � �� �

where � = ������0 � � , �90(+) = 90(+) + 91(+), and �9�(+) = 9�(2+) +
9�(+)+9�(+F2), ' = 1� 2� � � � , for sequences ������0 such that the series for
'� is convergent in � �. Plainly '& is identity on � �.
Recall the notation *+2 from p. 92 and ��(*+2) from Remark 2.4.21. We

have

2.5.10 Theorem. Let 1 � � �� and 1 � �1 . Then

& :#+
�(�� )� ��(*+2)�

' :��(*+2) � #+
�(�� )�

and the superposition '& is identity on #+
�(�� ).

Proof. Let 3 � � �(��� *+2) be given by

(3(+))� = (1 + �+�2)�+�2�9�(+)� ' = 0� 1� 2� � � � �

Then

�+��� �3(+)��(�����2)
� �+��

�+��
�=0

(2�+� �(3(+))� �)2
�1�2

� 5��

where here and in the sequel the symbol �(C�Q ) stands for the space of
bounded linear operators from C to Q . By Mikhlin’s multiplier theorem
we get & : #+

�(�� )� ��(*+2).
Next we show that ' : ��(*+2) � #+

�(�� ). In view of the isometry of
#+

�(�� ) and ��(�� ) this is equivalent to B+� : ��(*+2)� ��(�� ). We can
write B+� (�) = � �1D � �(+), where � = ������0 and �(+) = �2�+"����0,
and

D(+)" =
+��
�=0

2��+(1 + �+�2)+�2 �9�(+)�� �

We conclude that D an element of �(� (��� *2)� � ) and, moreover,

�+��� �D(+)��(� (����2)��) � �+��
�+��

�=0

� �(1+ �+�2)+�2��9�(+)�(+))2
�1�2

�

which is bounded. Now it suffices to invoke Mikhlin’s multiplier theorem.
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2.5.11 Remark. A theorem on the interpolation estimate for the Hilbert
case is rather easy. We leave the proof to the reader.

2.5.12 Corollary. Let 0 � K � 1, 1 � �1� �2 � � and 11� 12 � �1 . Then
[#+1

�1
� #+2

�2
]; = #+

� , where 1 = (1
 K)11 + K12 and 1F� = (1
 K)�1 + K�2.

The proof follows at once from Theorem 2.3.5, Proposition 2.3.12, and
Theorem 2.5.10.

In an analogous manner we can prove a vector-valued version of the last
theorem (see Theorem 2.6.10 on p. 136).

Next two theorems give information about ordering of potential spaces
with respect to the Besov spaces and interpolation links between Besov and
Sobolev potential spaces. A general reference is [23] and [148].
Observe that the result of real interpolation between the latter spaces

falls into the same class only for a special choice of the parameters involved.

2.5.13 Theorem. The following imbeddings hold:

(i) �+
� 1(�� ) 7� #+

�(�� ) 7� �+
��(�� ) for all 1 � �1 and all 1 � � �

�
(ii) �+

� �(�� ) 7� #+
�(�� ) 7� �+

� 2(�� ) for all 1 � �1 and all � � (1� 2]

(iii) �+
� 2(�� ) 7� #+

�(�� ) 7� �+
� �(�� ) for all 1 � �1 and all � � [2��].

2.5.14 Theorem. Let 0 � K � 1. Then

(i) (#+1
� (�� )� #+2

� (�� ));�� = �+
� �(�� ) for all 11� 12 � �1 , 11 �= 12,

1 � �� G � �, where 1 = (1
 K)11 + K12

(ii) (#+
�1

(�� )� #+
�2

(�� ));�� = #+
�(�� ) for all 1 � �1 , 1 � �1� �2 � �,

where 1F� = (1
 K)F�1 + KF�2.

2.5.15 Remark. Using standard localization techniques we get the interpo-
lation theorem for potential spaces of the type #+

�(	�#C
� ). Formal proofs

would require additional text and we feel that this is not necessary.

2.5.16 Remark. Later we shall need interpolation estimates in the scale
consisting of Sobolev-Slobodetskii spaces �+

� �(�� ) for 1 non-integer and
of the Sobolev spaces � +

� (�� ) for integer 1. Since for an integer we have
�+

� �(�� ) = � +
� (�� ) if and only if � = 2 the above interpolation theorem

does not provide desired estimates for this scale. A remedy is easy: One
can use the reiteration in order to interpolate between the Sobolev spaces of
integer order and Sobolev-Slobodetskii spaces, representing both of them as
a result of interpolation of Sobolev spaces of integer order. The procedure
is straightforward, using Theorem 2.3.13, and we give a proof for reader’s
convenience in a special case needed later.
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2.5.17 Theorem. Let 0 � 1 � 1, 1 � � ��. Then

(� +
� (�� )�� 1

� (�� ))<�� = �+1
� �(�

� )

for 11 = (1 
 N)1+ N.

Proof. According to Theorem 2.5.6 we have� �
� (�� ) = #�

� (�� ) for integer
). Further, in view of Theorem 2.5.14, �+

� �(�� ) = (��(�� )� #2
� (�� ))+�2��

and � 1
� (�� ) = #1

� (�� ) = (��(�� )� #2
� (�� ))1�2��. Hence invoking the

theorem on stability of the real interpolation method (Theorem 2.3.13), we
get

(� +
� (�� )�� 1

� (�� ))<��

= ((��(�� )� #2
� (�� ))+�2��� (��(�� )� #2

� (�� ))1�2��)<��

= (#0
� (�� )� #2

� (�� ));��

provided K = (1 
 N)1F2 + NF2 and 11 = (1
 K)�0 + 2K = (1
 N)1+ N.

2.6 Vector-valued Sobolev and Besov spaces

Sobolev spaces

We are now in a position to define more complicated Sobolev and Besov
type spaces. We shall use the notation � = (�1� �2� � � � � �� ) for a multiindex
with � components; if � = (�1� � � � � �� ) and 1 = (11� � � � � 1�) are such
multiindices, then � � 1 if �� � 1� for all 1 � 
 � � , and �F1 is the
multiindex with components ��F1�, 1 � 
 � � . Further, if � � �� , then �
is the � -tuple with all coordinates equal to �. By the symbol �� = ��(�� )
we denote the Lebesgue space with mixed norm, endowed with the norm

� �� � � � � � ������
�����1

� � � ���1
�

where the ��� norm is taken with respect to �� , 1 � ' � � . If $ = 2, this
is a special case of the vector-valued Lebesgue space ��1(�� � ��2).

2.6.1 Definition. Let � = (�1� � � � ��� ) be a multiindex of non-negative
integers and 1 � � ��. Then the classical anisotropic Sobolev space with
dominating mixed smoothness (�

� � = (�
� � (�� ) is defined as the space

of all � � �� with the finite norm

� �� ���,�
� 	 =

�
0	��	��

1	�	�

� (�1�BBB��� )����
�
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Let 
� � � �� and 1 � � ��. Then we define the potential Sobolev
space with dominating mixed smoothness (�

�# = (�
�#(�� ) as the space of

all � � � �(�� ) with the finite norm

� �� ���,�
�$

=
������1

� �,
�=1

(1 + �+� �2)
����2

��

����
��

�

Let � be a multiindex of non-negative integers and 1 � � � �. Then
we define the (classical) anisotropic Sobolev space (with non-mixed deriva-
tives) ��

� = ��
� (�� ) as the space of all � � ��(�� ) with the finite

norm

� �� ����� +
�

��	��

�=1�BBB��

� (0�BBB��� �BBB�0)�����

First two kinds of spaces are of primary interest for us. Let us point
out that the above definitions yield the same space provided 1 � � � �.
We shall omit the proof—a corresponding multiplier theorem for mixed ��

spaces can be used similarly as in the isotropic case (Theorem 2.5.6); see
[135] for details. For convenience, we shall state it separately. Observe that
an analogous theorem can be proved for the classical anisotropic Sobolev
spaces.

2.6.2 Theorem. Let 1 � � �� and let � be an � -tuple of non-negative
integers. Then (�

� � = (�
� #.

2.6.3 Remark. These definitions have their vector-valued counterpart. As
was already observed relevant properties of scalar-valued spaces carry over
to the vector case. Nevertheless, the analog is not complete. The first prob-
lem is a restriction as to duality. It is not generally true that (��(�� � C))� =
���(�� � C �) for every Banach space C and 1 � � ��. The necessary and
sufficient condition for it is the Radon-Nikodým property of C . (See [39]
for details.) Second, there is a question about coincidence of Sobolev po-
tential spaces (defined via Bessel potentials) with the “classical” Sobolev
spaces with distributional derivatives, and the density of smooth functions
in them. This leads to the so called UMD property of the space C (the
property of unconditional martingale difference sequences). We refer to [6],
[7], [8], [133], [134] for a discussion of these topics and further references.

Sobolev spaces with dominating mixed smoothness of integer order have
been investigated by Nikol’skii, Amanov, Grisvard, Sparr, and further au-
thors (see references in [133]). General spaces of this type in �� have been
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introduced and studied in the framework of the Fourier analysis approach
by Schmeisser; see e.g. the monograph by Schmeisser and Triebel [135].
Let us make several important observations.
If � = (�� � � � � �), and the smoothness parameters are integers (or the

same integer), then Fubini’s theorem gives a relatively simple expression
for the norm. If � = 2, then all the spaces are Hilbert spaces and a suit-
able tool for handling them is just the properties of the Fourier transform
(transformation of derivatives plus the Plancherel formula).
Spaces on domains in �� can be defined in a standard way as fac-

torspaces modulo equality a.e. in this domain. Of course, this definition
has a good sense only if the domain in question has the extension property
with respect to spaces considered. We do not know if there are extension
theorems supporting the full generality of the above definitions. The most
important case in the following is spaces of type #�(	�#�(�)), where 	 is a
one-dimensional interval and � is a domain in �� with a “nice” boundary.
This case is sufficiently dealt with in the existing literature (see e.g. [102]).
Let us have a look at some more special cases and let us illustrate the

difference between various concepts of the anisotropy here. Let � = 2,
�1 = �2, �1 = �2 = 1. Then the corresponding anisotropic space consists
of functions with��

�2

������(�)��1

����� +
������(�)��2

������1��

!� � +��

Only the “pure” derivatives appear here and generally it is not true that
�2�(�)F��1��2 � ��. Still, one can get information about the ��-integra-
bility of derivatives (cf. e.g. [26], Chapter 3): It is possible to show it for
 (?1�?2)� , where P1 + P2 � 1. Generally, if � � ��

� , then  
(?1�BBB�?� )�

belongs to ��, where P1F�1 + � � �+ P�F�� � 1.
On the other hand, the norm in ((1�1)

� � is given by��
�2

������(�)��1

����� +
���� �2�(�)
��1��2

����� +
������(�)��2

������1��

!��

This gives a justification to the terminology; clearly, the mixed derivatives
dominate—they are of the highest order.

Besov spaces

We come to the vector-valued analog of scalar-valued Besov spaces. At the
beginning we shall stick to real analysis terms. For � � ��(C), where C is
a Banach space, let us define the '-th difference of the �-th order, where
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� is a positive integer and ' = 1� � � � � � , by

A�
����(�) = A�

�@��(�)�

where &� is the unit vector in the direction of the '-th coordinate axis.
Further, let 1 � �1 and put 1 = [1]� + �1�, where [1]� is an integer and
0 � �1� � 1.
For the moment it will be convenient to introduce “pure anisotropic”

Sobolev spaces. In Section 2.3 we recalled the concept of an equibounded
strongly continuous semigroup. Let X be a Banach space. For� = 0� 1� � � � ,
and 1 � � � � denote by (�

� (C) the Sobolev space consisting of all func-
tions � whose “pure” distributional derivatives �

� � belong to ��(C) for all
) = 0� 1� � � � and ' = 1� � � � � � . Consider the operators defined in (2.3.10).
Let T� , ' = 1� � � � � � be the infinitesimal generators of �=�(�)���0 and con-
sider the space

+
1	�	�  (T�) and M�, � = 0� 1� 2 � � � , from Section 2.3.

Then M� = ��
� (C) and

+
1	�	�  (T�) = (�

� (C). (See [133] for the
proof.) In particular, T�1

1 � � �T��

� � =  �� for all � � M� and ��� � �,
and T�

� � =  �
� � for all � �

+
1	�	�  (T�).

2.6.4 Definition. Let C be a Banach space, 1 � �� G � � and 0 � 1 ��.
Then we define the Besov space �+

� �(C) = �+
� �(�� � C) as the space of all

� � ( [+]�

� with the finite norm

���0�
��(7) = �����(7) +

��
�=1

�� +�

0

���+���A2
��� 

[+]�

� �����(7)

!�

�

�1��

�

Interpolation relations between Sobolev and Besov spaces in the vector
case are analogous to those known for scalar spaces.

2.6.5 Theorem. Let C be a Banach space, 1 � � � �, 1 � G � �, and
0 � 1 ��. If � � 1 is an integer, then

�+
� �(C) = (��(C)���

� (C))+���� = (��(C)�(�
� (C))+���� �

If 1�, 
 = 1� 2, are non-negative integers, 0 � K � 1, and 1 = (1
K)11 +K12,
then

�+
� �(C) = (� +1

� (C)�� +2
� (C));�� = (� +1

� (C)�(+2
� (C));���

For the proof see [133].

To give a general definition of a vector-valued Besov space �+
� �(C) =

�+
� �(�� � C) and that of a Lizorkin-Triebel vector-valued space ; +

� �(C) =
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; +
� �(�� � C) in the framework of the Fourier analysis approach one needs
first to look at the vector-valued counterpart of the Fourier transform and
its inverse. The formulae are the same; one also gets the well-known rela-
tions for Fourier images of derivatives and convolutions. Similarly as in the
scalar case the Fourier transform and its inverse are bounded one-to-one
mappings from �

�

(��� C) into itself. We shall denote the vector Fourier
transform and its inverse by the same symbol � and � �1, respectively.
Nevertheless, not everything carries over to the vector-valued situation;

particularly Plancherel’s formula does not hold in general. (See e.g. [118].)
The definition of vector-valued Besov and Lizorkin-Triebel spaces is for-

mally the same as in Definition 2.4.20 and we shall omit it. Note that the
basic tool to handle these spaces include Mikhlin multiplier theorem for
vector-valued functions, vector-valued variants of further multiplier criteri-
ons. Basic properties of �+

� �(C) are summarized in the following theorems
(see Schmeisser [133]).

2.6.6 Theorem. Let C be a Banach space. For 1 � �� G � � and
1 � �1 the spaces �+

� �(C) are Banach spaces continuously imbedded into
�

�

(��� C).

2.6.7 Theorem. Let 1� 11� 12 � �1 , 1 � �� �1� �2 � �, 1 � G� G1� G2 � �.
Then

�+
� �1(C) 7� �+

� �2(C)� if G1 � G2�
�++�

� �1 (C) 7� �+
� �2(C) for any ? � 0�

�+1
�1 �(C) 7� �+2

�2 �(C) whenever 11 
 �
�1

= 12 
 �
�2
�

(�+1
� �1(C)� �+2

� �2(C));�� = �+
� �(C)

where 1 = (1
 K)11 + K12 for any K � (0� 1)�

For the proof see [133].

Particularly important is the duality theorem. We state it as a separate
statement.

2.6.8 Theorem. Let C be a reflexive Banach space, 1 � 0, 1 � � � �,
1 � G ��. Then

(�+
� �(C))� = ��+

�� ��(C
�)�

where �� and G� are conjugate exponents to � and G, respectively.

The proof goes along the lines of the scalar case.
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In an analogous manner, in accordance with the corresponding definition
of the Bessel potential spaces, one can define their vector-valued variants
#�

� (C) = #�
� (�� � C); absolute values are replaced by norms and one

has to work with vector valued tempered distributions and the Fourier
transform for them.

Iterated Sobolev and Besov spaces

Let � = (�1� �2) and � = �1 + �2 in the following, that is, we split
�1� � � � � �� into two groups, �1� � � � � ��1 and ��1+1� � � � � ��1+�2 and con-
sider the mixed norms with the power �1 and �2 with respect to the first
and the second group of variables, respectively. Then the mixed norm
Lebesgue space �� = ��(�� ) can be simply identified with the “iterated”
Lebesgue space ��1(��2) = ��1(��1 � ��2(��2 )), that is, with the space
of ��1-integrable functions defined on ��1 whose values are elements of
��2 = ��2(��2 ). The same holds for the iterated Sobolev and Besov spaces
(cf. [133]). We shall state this property as a separate statement after we
introduce an additional notation. These spaces are usually called Sobolev
(Besov, etc.) spaces with dominating mixed smoothness. Sobolev spaces
of this type have been introduced by Nikol’skii (cf. [103], [62], [142]). Nev-
ertheless, this scale naturally falls into a more general scale of anisotropic
Sobolev (Besov, etc.) spaces with dominating mixed smoothness and they
allow the powerful and unified Fourier analysis approach. This has been
done by Schmeisser in a series of papers, see e.g. in [131], [132], [133], and
spaces of this type are subject of the monograph [135]. Note that there are
considered spaces, where all the multiindices have two components; this is,
however, only a formal restriction to simplify the notation.

2.6.9 Theorem. Let � = (�1� �2), 1 � �1� �2 � �, �� = ��1 � ��2 . Let
) = ()1� )2), where )1 and )2 are non-negative integers. Then

��(��1 � ��2 ) = ��1(��1 � ��2(��2 )�

Similarly,

(� �
� (��1 � ��2 ) =� �1

�1
(��1 �� �2

�2
(��2 ))�

The proof is not very difficult and we omit it. Hence � �
� (��1 � ��2 )

(see Definition 2.6.1) can be alternatively defined in terms of vector-valued
Sobolev spaces � �1

�1
(��1 � C), where C =� �2

�2
(��2 ). (See [133] for details

and further references.)
A consequence of Theorem 2.6.7 is
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2.6.10 Theorem. Let 1 � �1� �2 ��, 1� 11� 12 � �1 , 0 � K � 1, �� �1� �2 �
�1 , 0 � K � 1, 1 = (1
K)11+K12, � = (1
K)�1+K�2, 1F� = (1
K)F�1+KF�2.
Then

[� +1
�1

(�1 �� �1
�1

(�� ))�� +2
�2

(�1 �� �2
�2

(�� ))]; =� +
� (�1 �� �

� (�� ))�

2.6.11 Remark. There are a number of other types of anisotropic spaces
considered in the literature. In classical terms, the general situation can
be as follows: Consider a set � of multiindices and an associated set of
exponents � , consisting of (possibly different) vectors �� = (��1 � � � � � �

�
� ),

where 1 � ��� � � for � � � and 
 = 1� � � � � � . Then one can define the
anisotropic space ��

D (�� ) as the space of all functions � with the finite
norm

���	�
�

=
�
���

� ���
��
�

2.6.1 Some special types of anisotropic spaces

Special cases, investigated by various authors, include the Sobolev spaces,
where

� = ��; ��� � �� and �� = � = (�1� � � � � ��) for all � ���
and one considers the condition  � � ��. See [26] and references there for
a detailed account.
If there is a scalar �� for each ��� � �, that is, every derivative has its

own (non-mixed norm) �� space, we get another type of anisotropic space,
investigated by Troisi [151], [152] in the 1960s and used later in a number
of papers on PDEs regularity (see e.g. [21] and references therein).
Particular attention has been paid to the so called reduced Sobolev

spaces studied by Adams [2] and, more generally, by Amanov [4] and others.
The basic case is when for ) � � one considers only those multiindices
��� � ), for which �� � 1. A very surprising property of these spaces is
no loss of imbedding properties; if )� � � , then they are imbedded into
���, where �� = ��F(� 
 �) is the Sobolev conjugate exponent, exactly as
under the “classical” assumption  �� � �� for all ��� � ), )� � � . The
fine difference concerns behaviour of the imbedding norm when the product
�) is close to the critical value � . Some of these spaces fall into the scale
of potential Sobolev spaces with dominating smoothness (see [131], [132]
for the theory of these spaces, and [97]).

We shall now briefly describe some special cases of iterated Besov spaces,
that is, we will consider vector-valued Besov spaces, where the role of the
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space C is played by another Besov space. For the sake of simple notation
let us consider the case � = 2. It turns out that we need the mixed
differences . Let � be a function in �2 and D� � �1 , 
 = 1� 2. Then we put

A.1�1�(�) = A1
.1
�(�) = �(�1� �2)
 �(�1 + D1� �2)�

A.2�2�(�) = A2
.1
�(�) = �(�1� �2)
 �(�1� �2 + D2)

and

A�
.
�� = A.
��(A

��1
.
��

)� 
 = 1� 2�

Now if � = (�1��2) is a couple of positive integers and if D = (D1� D2) �
�1 � �1 , we define the mixed difference of order � as

A�
.
�(�) = A�2

.2�2
(A�1

.1�1
�(�))�

2.6.12 Definition. Let � = 2, 1 � � = (�1� �2) � �, 1 � G = (G1� G2) �
�, and 0 � 1 � �. Let �� � 1� be integers, 
 = 1� 2. Then we define the
Besov space (�+

� � with dominating mixed smoothness as the linear set of
all functions � with the finite norm

���,0�
� �

= ����� +
������ +�

0

D�+1�1
1

��A�1
.1�1
�(�1� �2)

���1
��1

!D1

D1

�1��1����
��2

+
�� +�

0

D�+2�2
2

��A�2
.2�2
�(�1� �2)

���2
��

!D2

D2

�1��2

+
�� +�

0

D�+2�2
2������ +�

0

D�+1�1
1

��A�
.
�(�1� �2)

���1
��1

!D1

D1

�1��1�����2
��2

!D2

D2

�1��2

(with an appropriate change for infinite values of �� and G�).

The definition is formally rather complicated. Nevertheless, one can
prove the following iteration theorem, similar to Theorem 2.6.9. (See again
[133], [135] for details.)

2.6.13 Theorem. Under the notation and assumption on the parameters
from the previous theorem we have

(�+
� � = �+2

�2 �2(�
1 � �+1

�1 �1)�
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2.6.14 Remark. The above spaces fall into the Fourier analytic scheme af-
ter the proper concepts of an anisotropic resolution of unity is introduced.
Spaces of Lizorkin-Triebel type can be introduced, too, and their coinci-
dence with the Sobolev type spaces can be proved, analogous to what we
already know from the scalar isotropic case. We will not pursue this topic
here and we refer to [133], [135].

2.6.15 Remark. In the next chapters we shall mainly have to cope with
the anisotropy resulting from splitting the variables into two groups, cor-
responding to the time and space variables, and in addition restricted to
bounded domains. Whereas this is not a real problem in one dimension,
one has to be careful about the quality of the boundary of the domain for
the space variables as we have seen already—specifically, an anisotropy in
the space variables leads to strong assumptions on the domain to guarantee
e.g. validity of imbedding theorems (the horn property, see [26], Chapter 2).
Hence our considerations could be based on more general function spaces
but the price for doing this would be rather high. An assumption about
isotropic behaviour of the space variables will make our life not easy but
manageable.
It is exactly the point, where relevant applications create a challenge

for the theory of function spaces, and on the other hand it raises natural
questions about the descriptions of real processes by mathematical means.
The spaces which we will consider in the sequel are the special mixed

norm Sobolev (Sobolev-Slobodetskii) spaces, which can be denoted—in the
language of the iterated spaces—by� +1

�1
(	�� +2

�2
(�)), where 	 is an interval

in �1 and � is a domain in �� . The adaption of the last definition to the
situation �1 � �� is clear. Extension theorems for spaces on intervals are
well known (see e.g. [102]) and if � has the extension property with respect
to (isotropic) Besov spaces, we can use the full power of the theory in ��
as developed in [151], [152], [26], [131], [132], [133], [135].

2.7 Extensions and traces

2.7.1 Geometrical properties of boundaries of domains

Let � be a domain in �� . Several times in the previous text we came
across geometrical properties of ��, the boundary of �. Since they play
a very important role both in the theory and in the applications we shall
give several definitions frequently met in the literature. In the following we
say that a family � of open sets in �� is locally finite if every compact set
meets only a finite number of sets from � .
Let � � �� be a closed ball and let � � �� ��. A bounded cone with
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the vertex � is the set �� � �� ; � = (1
 K)� + K�� K � [0� 1]� � � ��.
2.7.1 Definition. Let � � �� be a domain.
(i) The domain � is said to have the segment property if there exists
a finite open covering �=5�5�" of �� and a family ��5�5�" , �5 �
�� � �0� such that if � � � �=5 for some V, then �+ ��5 � � for all
� � (0� 1).

(ii) The domain � is said to have the cone property if there exists a
bounded cone � in �� such that � + �% � � for every � � � and
some cone �% congruent to �.

(iii) The domain � is said to have the uniform cone property if there exists
a locally finite open covering �=5�5�" of �� and a family ��5�5�"
of bounded cones congruent to some fixed cone � � �� such that
the following properties are satisfied:

it is sup5�" diam=5 �� and there exists a constant ? � 0 such that
�� � �; dist(�� ��) � ?� � "5=5;

it is
"

%����

(�+ �5) = #5 � �;

there is a positive integer � such that the intersection of every sub-
family of �#5�5�" consisting of more than � sets is empty.

(iv) The domain � is said to have the strong local Lipschitz property if
there exist ? � 0, a locally finite open covering �=5�5�" of ��, and
a family of real functions ��5�5�" defined in some neighbourhood of
zero in ���1 , possessing the following properties:

there is a positive integer � such that the intersection of any � sets
from �=5�5�" is empty;
if �� � � are such that dist(�� � ��) � ?, ' = 1� 2, and ��1 
 �2� � ?,
then there is V0 � M such that dist(�� � �=50) � ?;

the family ��5�5�" is uniformly Lipschitz continuous;
for every V � M there is a local Cartesian coordinate system, say,
(�1� � � � � ��) such that��=5 = �(�1� � � � � ��); ����5(�1� � � � � ���1)�.

(v) Let * = (*1� � � � � *�) be a � -tuple of positive real numbers, D � 0,
? � 0, and �� �= 0, 
 = 1� � � � � � . The set

2 (*� D) =
#

0�E�.

'
� � �� ;

��
��
� 0� 4 �

�
��
��

��


� (1 + ?)4� 1 � 
 � �
5
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is called an *-horn (with radius D and aperture ?). An open set
� � �� is said to have the weak horn property if � =

"�
�=1��,

where � is a finite integer, �� are open subsets of �� , and for every
) = 1� � � � �� there exist an *-horn 2�(*�� D�) such that

� =
�#
�=1

(�� + 2�(*�� D�))�

(vi) The domain � is said to have the uniform ��-property if there exist
a locally finite open covering �=����� of �� and a family of one-to-
one transformations �
����� of the class ��, with bounded partial
derivatives up to the order �, mapping =� onto the unit ball in ��
and possessing the following properties:

there is ? � 0 such that �� � �; dist(�� ��) � ?� � "��� 

�1
� �� �

�� ; ��� � 2�1�;

there is a positive integer � such that every � sets from �=����� have
empty intersection;


�(=� ��) = �� � �; �� � 0�, where � is the unit ball in �� .
2.7.2 Remark. Plainly all the families �=5�5�" can be countable and if �
is bounded, then these families can be assumed to consist of finite number
of sets. The item (iv) of the above definition turns then into the usual
definition of a Lipschitz continuous boundary, namely, when �� is assumed
to be locally a graph of a Lipschitz continuous function and � is (locally)
situated on one side of the respective graph.
Sometimes it is relevant to consider the cone property in the sense of

(ii) and (iii) for the complement of �. Then one usually talks about the
outer cone property and the outer uniform cone property, respectively, and
if one has to distinguish, then (ii) and (iii) above get the specific names
the inner cone property and the inner uniform cone property, respectively.
The usage varies, however. Closely related is the concept of domains with
a cusp (see e.g. [1]).
The concept of the *-horn has been introduced in connection with

anisotropic spaces (see [26], Chapter 2). The reader will easily verify that
if * has equal components, then the weak horn property coincides with the
cone property (hence consequently called by some authors the weak cone
property).

It is not difficult to check that for any domain in �� the strong local
Lipschitz property implies the uniform cone property, which in turn gives
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the segment property. The cone property is missing here; nevertheless, the
following theorem is true for bounded domains (see [57], [1] for the proof):

2.7.3 Theorem (Gagliardo). Given a bounded domain � � �� with the
cone property and ? � 0, there exist finitely many open subsets �1� � � � � �"

such that � =
""

�=1�� and to every ) = 1� � � � �M there exist #� � �� with
diameter smaller than ? and an open parallepiped �� with one vertex at the
origin such that �� =

"
%�$�

(� + ��). Furthermore, if ? is small enough,
then every ��, ) = 1� � � � �M, has the strong local Lipschitz property.

Let us note that a byproduct of the proof of the last theorem is the
fact that every domain with the cone property can be written as a union of
translations of finitely many parallelepipeds. If � is bounded, then interiors
of fixed dilatations of these translated parallelepipeds (with respect to some
fixed interior points) yield an open covering of � and one can choose a
countable subcovering. Using the corresponding decomposition of unity
subordinated to the latter countable covering, one can pass to Lipschitz
domains.
There are many other concepts useful for description of geometrical

properties of domains. We refer to [1], Chapter 4 and to [26], Chapter 2.
The reader may draw some illustrative pictures. In particular, it is a bit
surprising that even nice domains fail to have the horn property for gen-
eral values of the parameters of a horn. For instance, it is not difficult to
check that a disk in �2 enjoys the horn property only if 2�1*1 � *2 � 2*1
(see [26] for a number of examples). Since the horn property plays a ma-
jor role e.g. in imbedding theorems for anisotropic Sobolev spaces this is
a rather unpleasant fact, leading to essential restrictions. Let us point
out that our anisotropic spaces in applications are assumed to be isotropic
in the space variables and we can thus bypass such complications. The
reader should have in mind, however, that further consideration, taking
into account more general anisotropic spaces, should be carried out very
carefully since standard imbedding and trace theorems do not hold in gen-
eral anisotropic spaces (even if the boundary is infinitely differentiable, for
instance).

2.7.2 Estimates of Gagliardo-Nirenberg type

We have seen in Section 2.4 that the scale of Sobolev spaces is not closed
with respect to the real interpolation. Hence interpolation estimates from
this section are sometimes insufficient for estimates of intermediate deriva-
tives. If 1 � � � �, then the desired estimates in the scale of poten-
tial Sobolev spaces follow by complex interpolation. Nevertheless, this
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approach fails when � = 1. To fill the gap we shall prove now an inter-
polation type estimate for ��-norms, including � = 1. Let us start with
� � 
 (�1 ). Let � � �1 . Then by virtue of the mean value theorem
there is + � (�� � + 1) such that �(� + 1) 
 �(�) = � �(�) +


 %+8

%
� ��(R) !R .

Hence �� �(�)� � ��(�+ 1)�+ ��(�)�+ 
 %+8

% �� ��(R)� !R . This yields �� �(�)�� �
5
�
��(�+ 1)�� + ��(�)�� +


 %+1

%
�� ��(R)�� !R

�
for some constant 5 � 0 in-

dependent of � and integration with respect to � implies that �� ��� �
5(���� + �� ����). If 1 � * � �, then by iteration argument we get
�� (�)�� � 5(���� + �� (�)��). If � � 
 (�� ) and if 0 � �"� � �, then
iterating once more, this time with respect to variables �1� � � � � �
, gives

� ���� � 5
�
���� +

�
���=�

� ����
�
� (2.7.1)

Now � ?�(?�)�� = ?����+�?���� ?�(�)�� for any ? � 0 and any multiin-
dex P. Plugging this into (2.7.1) we arrive at

� ���� � 5?����
�
���� + ?�

�
���=�

� ����
�
� (2.7.2)

Moreover, if the last term on the right hand side of (2.7.2) is positive, then
the particular choice

? = ���1���

� �
���=�

� ����
��1��

finally yields

� ���� � 5���1�������

� �
���=�

� ����
������

� (2.7.3)

That (2.7.3) holds for all � � ��
� follows now by standard density argu-

ment. Since similar estimates will play an important role in the following,
we shall formulate it as a separate theorem. Note that we hit on these
questions in Remark 2.5.7.
Note also that a refined estimate can be proved (see Gagliardo [57]):

Given � � ��
� (�� �), � 
 2 an integer, 1 � � � �, (�� �) = 	 � �1 , then

for every 0 � � � mes 	 ,

��1�
�=1

���� (�)���( ) � ���� (�)���( ) + 5������( )
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with 5� independent of � . Of course, from this the above estimates in ��
follow similarly. Let us observe that the case � = � goes along the same
lines as � ��. We have:
2.7.4 Theorem. Let � � ��(�� ), 1 � � � �. Let 1 � 
 � � be integers
and denote  �

� = ��F���, ' = 1� � � � � � . Then

� �
��� � 5����1����

� � �
������� � ' = 1� � � � � �� (2.7.4)

and

� ���� � 5����1����
�

� �
���=�

� ���
����

� (2.7.5)

Furthermore, (2.7.2) and (2.7.3) hold for every ? � 0.

Note that by density these estimates extend to functions in � �
� .

Sometimes it is useful to have analogous estimates for mixed deriva-
tives. Observe, however, that in anisotropic spaces there is a substantial
restriction 1 � � ��. We state a typical estimate of this sort and refer to
[26], Chapter 3, for further generalizations and counterexamples.

2.7.5 Theorem. Let �� 
 1, 
 = 1� � � � � � be integers and 1 � � � �.
Then there is 5 = 5(�1� � � � ���) such that

� ���� � 5
��
�=1

� �


� �� (2.7.6)

for every � � ��(�� ) and all � = (�1� � � � � �� ) with
��

�=1 ��F�� � 1.

Again, the estimate (2.7.6) extends by density argument to the appro-
priate (anisotropic) Sobolev space.
Let us still formulate a corresponding isotropic theorem for domains.

We refer e.g. to [1], Chapter IV for the proof.

2.7.6 Theorem. Let � � �� be a domain with the uniform cone property.
Then the conclusion of Theorem 2.7.4 holds with the respective norms on
� replacing �� .
Furthermore, the same is true for bounded � with the cone property.

We refer to [26], Chapter III, for a general theorem of this sort in an-
isotropic spaces on domains and to [134] for spaces on �� .
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2.7.3 Extension operators

As mentioned already several times earlier (e.g. p. 126), the extension theo-
rem makes it possible to pass from theorems on �� to corresponding claims
on domains. The extension theorems are often based (apart from a clever
idea) on quite elaborate and tedious calculations so that we touch upon
only the major points of the theory. Naturally, as in all considerations near
the boundary the geometric properties of the boundary are important.
Next, we employ the Besov spaces for a complete description of traces

of functions in Sobolev spaces in question. Namely, after appropriate local-
ization and introduction of Besov spaces on the boundary of a sufficiently
smooth domain, this scale includes spaces of functions that are traces of
functions in Sobolev spaces on the domain in question. The local consider-
ations are well known and well described in the existing literature (cf. e.g.
[1], [99], [114]) and we shall omit them.
Our ultimate goal in this part is an exposition of very recent interpola-

tion results for Lipschitz domains, which are consequences of theorems in
�� and of the corresponding general extension theorem. In the literature
one meets often several less general standard extension methods so that we
start with them.

2.7.7 Theorem. Let � � �� be either a halfspace or a domain in ��
with a bounded boundary, possessing the uniform ��-regularity property.
Then there exists an operator - :

"
�� �	��

�
� (�) � "

�� �	��
�
� (�� )

such that ��
� (�) � ��

� (�� ) for every ) � � and every � � [1��) and
there is a constant ,()� �) such that

�-��	�
� (��) � ,()� �)���	�

� (
) (2.7.7)

for every 1 � ) � �.
Note that an operator - with the above properties is sometimes called

a strong )-extension operator . The proof of Theorem 2.7.7 is based on
suitable reflections near the boundary (Hestenes [69] and further authors).
Sometimes also the concept of a simple ()� �)-extension operator is used,
when the construction of - is specific for an individual couple ()� �) and the
estimate (2.7.7) need not necessarily hold for other values of the smoothness
and integrability parameters.
Seeley [136] has modified the reflection method to get a total extension

operator , that is, a “universal” extension operator -, whose restriction to
any � �

� (�) is a strong )-extension operator:

2.7.8 Theorem. Let � � �� be either a halfspace or a domain in �� with
a bounded boundary, possessing the uniform ��-regularity property for ev-
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ery� � �. Then, there exists a total extension operator - :
"

���
1	���

� �
� (�)

� "
���

1	���
� �

� (�� ).

We shall not give proofs of two preceding theorems (they can be found
e.g. in [1], Chapter IV). The proof of Theorem 2.7.7 for the halfspace is,
however, easy, once a suitable explicit formula for the extension is written

down: If � � ��(��+1
+ ) (one can suppose this because ��(��+1

+ ) is dense
in ��

� (��+1
+ )), we put, for � = (��� �� ) � ��+1

+ ,

-�(�) =

'
�(�) if �� � 0���+1

�=1 /��(�
��
'�� ) if �� � 0�

and

-��(�) =

'
�(�) if �� � 0���+1

�=1 (
1)��/��(���
'�� ) if �� � 0�

where /� satisfy
��+1

�=1 (
1)�/� = 1 for all ) = 0� 1� � � � ��. One can verify
without much effort that -� � ��(�� ) and that  ��(�) = -� 

��(�) for
all � � �� and all � with ��� � �. The claim on the boundedness of - is
immediate.
The proof of Theorem 2.7.8 is more technically complicated.

Calderón [31] established existence of a simple (�� �)-extension operator
for domains with a modified uniform cone property (especially for bounded
domains with a Lipschitz boundary) for 1 � � ��. The proof is based on
the Calderón-Zygmund theory of singular integral operators:

2.7.9 Theorem (Calderón). Let 1 � � � �, � � �, and let � � ��
be a domain satisfying the condition of Definition 2.7.1 (iii), where the
covering is supposed to be finite and diameters of the sets in the covering
need not be uniformly bounded. Then there exists a simple (�� �)-extension
operator for �.

The restrictions for � in Calderón’s theorem can be removed to obtain
an extension theorem for Lipschitz domains (roughly speaking) and all �
with 1 � � � �. The general theorem is due to Stein and can be found e.g.
in his monograph [143]. We shall not go into details; the basic case is the
epigraph of a Lipschitz function and then one can consider domains with
the so called minimal smoothness property: it is assumed that there exists
a sequence of open sets � = �=��1	���, an integer )0, ? � 0, and � � 0
such that every point in �� is contained in at most )0 sets from � , every
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point � � �� is contained in some =� together with the ball centered at �
and with the diameter ?, and, finally, it is assumed that =� �� = =� ���,
where �� is an epigraph of a Lipschitz function in ���1 (after a suitable
rotation and translation of the coordinates) with a Lipschitz constant not
exceeding � . This of course includes bounded domains with Lipschitz
boundary we are mostly concerned with. We have

2.7.10 Theorem (Stein). Let 1 � � � � and let the domain � � ��
possess the minimal smoothness property. Then there exists a total ex-
tension operator for �. In particular this claim holds true for bounded
domains with a Lipschitz boundary.

The reader will find further references on extension theorems e.g. in [26].
We also refer to Jones’ paper [87] on the so called ?-Æ-property. For

� = 2 and domains in �2 , this is even a necessary and sufficient condition
for a domain to possess the extension property. Nevertheless, the general
case � � 2 is a difficult problem, not solved yet completely in this sense.
Important progress in the theory, namely, an existence of an univer-

sal extension operator independent of the smoothness parameter, appeared
recently due to Rychkov [125]. We postpone this theorem and its interpo-
lation consequences to Subsection 2.8.2 (see page 153).

2.8 Spaces on domains

2.8.1 Traces

Now we turn our attention to traces. We present a theorem for Besov and
Sobolev spaces in the halfspace.

2.8.1 Theorem. Let 1 � � ��, 1 � G � �, and 1 � 1F�. Then the trace
operator maps �+

� �(��+ ) onto �+�1��
� � (���1 ). If ) is a positive integer,

then the trace operator maps � �
� (�� ) onto ���1��

� � (���1 ).
In particular, for non-integer 1 � 1F�, the trace operator maps the

Sobolev-Slobodetskii space � +
� (�� ) onto � +�1��

� (���1 ).

Sketch of the proof. The basic step is to show that Tr maps � �
� (�� ) =

#�
� (�� ) into ���1��

� � (���1 ) when ) is a positive integer. The rest will
follow by interpolation.
Since Sobolev spaces of positive integer order on ��+ can be extended

to the corresponding Sobolev spaces on the whole �� and their restriction
from �� to ��+ is plainly a continuous operator we can consider spaces on
��+ .
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If we put C1 =� �
� (���1 ) and C1 = ��(���1 ), then ���1��

� � (���1 ) =
(C1� C2)1����� according to Theorems 2.3.15 and 2.4.25. For � � � (�� )
define �(�) = �(�� �), � � ���1 , � � 0. Then lim��0 �(�) = Tr � in
��(���1 ) and

�Tr ��(71�70)1�����

� const.max
�
��1���(�)���(71�=���)� ��1����(�)���(71�=���)

�
�

An inspection of the right hand side shows that it is equivalent to the norm
in � �

� (���1
+ ). Further, interpolation of the Sobolev spaces yields the trace

result for all 1 � (1��).
Let 1F� � 1 � 1. Since �1��

� � (�1 ) is imbedded into ��(�1 ) we have
�Tr �(�� �)� � 5��(�� �)�

0
1��
�� (�1)

. Raising this to the �-th power and inte-

grating with respect to � � ���1 we arrive at

�
�����(���1) � 5���01��
� 1 (��)

�

Recalling Theorem 2.4.25 we get the theorem for �+
� �(�� ), where 1 � 1F�.

In view of Theorem 2.5.13 (ii), we have #+
�(�� ) � �+

� �(�� ) for 2 �
� ��. Hence for these values of � the case of #+

�(�� ) follows.
We have

Tr :#C
2 (�� ) � �

C�1�2
2 2 (���1 ) provided % � 1F2,

Tr :#1
�1

(�� )� �1�1��1
�1 �1

(���1) for all 1 � �1 ��.

Given � � (1� 2) and 1 � 1F�, one can choose �1 � (1� �) in such a way that

1
�

=
1
 K

2
+
K

�1
� 1 = (1
 K)% + K�

with % � 1F2.
We refer to [148], Chapter 2 for the construction of the extension oper-

ator.

Let us return to the basic classical situation in Sobolev spaces of )-th
order since this case can be treated with “more classical” means. Let us
assume that there exist local transformations of a part of the boundary
such that we can consider spaces on �� and traces on ���1 , where the
latter set is naturally identified with �� = (�1� � � � � �� ) � �� ; �� = 0�.
For such local transformations of � �

� (�) it is enough that the boundary
�� of the original domain is of class $��1�1, that is, one requires that �� is



148 Chapter 2. Background

described with help of finitely many local coordinate systems as a graph of
a one-to-one function, which, together with its inverse, possesses Lipschitz
continuous derivatives of () 
 1)-st order and � is locally located at one
side of these graphs.
Let us write points � � �� as (��� �� ), where �� = (�1� � � � � ���1) �

���1 .

2.8.2 Lemma. Let � � � 1
� (�� ) � ��(�� ) with some 1 � � ��. Then

the function Tr �(��), �� � ���1 , belongs to � 1�1��
� (���1 ) and

�Tr ��
	

1�1��
� (��1)

� 5���	 1
� (��)� (2.8.1)

where 5 is independent of � .
Furthermore, Tr maps � 1

1 (�� ) continuously into �1(���1 ).

The proof for � = 1 is easy. If 1 � � � �, then the usual technique
for proving the estimate (2.8.1) is use of Hardy’s inequality, going back to
Gagliardo [56] (see also [114], [99]).
The trace spaces above are, moreover, the “best possible”. We refer

to [56], [114] and [99], Chapter 6, for construction of extension operators
from the boundary. After localizing the problem with help of a local co-
ordinate system describing the boundary and transferring the situation to
��+ one can start locally with a function � in ��(���1 ) and supported
in (
1� 1)��1, for instance. Then we can write an extension explicitly in a
form of a convolution

-�(��� �� ) =
1

���1
�

�
�%��*���%�

�(��)9
�
�� 
 ��
��

�
!���

�� � (
1� 1)��1� �� � (0� 1)�

where 9 � ! (���1 ), supp9 � (
1� 1)��1, 9 
 0, and �9��1(���1) = 1
(see [56], [99], Chapter 6). This works for 1 � � ��.
The situation for � = 1 is very much different. As it was already ob-

served it is simple to show that the traces of functions in ��
1 (�) (for �

appropriately smooth) belong to ���1
1 (��). As to the inverse problem

Gagliardo [56] has given a construction of an extension of an �1 function
on the boundary to a function in � 1

1 (�). A more general question about
existence of a bounded extension operator for � = 1 has been considered
by Peetre [120]. A certain modification of the trace problem for � = 1 was
considered by Souček [141].
Let us present the following general theorem for Sobolev spaces:
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2.8.3 Theorem. Let 1 � � � �, W be an integer, and suppose that � �
$��1�1. Then there exists a unique linear mapping

Tr
 :� �
� (�) �

��1,
�=0

�����1��
� � (��)

such that Tr
� = (�� ��F�$� � � � � ���1�F�$��1) for all � � ��(�), where

���

�$�
(�) =

�
���=�

'!
�!

(���(�)F���)$�� � � ���

is the '-th order derivative of � with respect to the outer normal at � � ��.

2.8.2 The problem of norms and interpolation on do-
mains

In preceding sections we could see and appreciate the power of the �
 the-
ory. In applications, however, one has to work with Sobolev type spaces
defined on domains with boundaries of various smoothness quality. Plainly,
if � is a domain in �� and the smoothness parameter 1 is non-negative, we
can naturally define the Sobolev (Besov, Lizorkin-Triebel) space on � as a
space of restrictions in the corresponding space on the whole �� . Given
such a function � on �, we can consider all functions � in the appropriate
space on �� that equal to � on � and to define the norm of � as the lowest
upper bound of norms over all such �. We get a Banach space (it is a fac-
torspace) and it is easy to realize that now one can immediately formulate
consequences of all the �� claims (especially imbedding theorems). If, on
the other hand, we start with a space of functions on � and if � has the
extension property with respect to the spaces considered, that is, if there
exists a bounded extension operator, then we can proceed along the same
lines. Hence it turns out that extension theorems are the main unlocking
device here. This can be naturally done similarly if elements of the spaces
above are tempered distributions and not functions.
The first basic question is about an intrinsic norm in spaces on domains.

It is not clear for instance if the norm in the space � �
� (�) () � 0, integer)

defined in this way is equivalent to
�

���	� �(��F���)����(
) as one natu-
rally wishes. The situation with Besov spaces is still more complicated at
first glance—one has to be careful about the difference operator since the
translated variable should stay in �.
We state the following theorems without proofs, which would require

a lot of space. The general strategy is clear: one has to consider local
coordinates to situate the problem to the basic setting of ��+ (for domains
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with the cone property this is possible by Gagliardo’s Theorem 2.7.3) and
then to use extension theorems. We refer to [148], Chapters 2 and 4 for all
the details.
For the sake of a simple formulation of the following theorems let a script

letter as a symbol for a space denote the space resulting from restrictions
from �� to �, that is, � �

� (�) denotes the space of all restrictions of
� � � �

� (�� ) to �, equipped with the corresponding factornorm, and so
on.
Let us also recall the symbol �1�+, coming out of the equation 1 =

[1]� + �1�+, where [1]� is an integer and 0 � �1�+ � 1 (i.e. [1]� is the
biggest integer among those smaller than 1).

Since the cone property belongs to those frequently met in assumptions
and it is also well documented in the literature let us look at the situation
here:

2.8.4 Theorem. Let � � �� be a bounded domain with the cone property.
Let ) � 0 be an integer and 1 � � ��. Then all the formulae

��
���	�

� ������(
)

�1��

� ������(
) +
��
���=�

� ������(
)

�1��

�

and ������(
) +
� 
�

�=1

�(��F���� )�����(
)

�1��

are equivalent norms in � �
� (�).

Let 0 � 1 � �, 1 � � � � and 1 � G � �. Let ) and * be integers,
0 � ) � *, * � 1 
 ). For D � �� denote �.�� =

+�
�=0��; � + 'D � ��.

Then

�����(
) +

�

�=1

��
��

�D��(+��)�

����A.
� (��F���� )�

�����
��(
���)

!D

�D�

�1��

�

�����(
) +
�
���	�

��
��

�D��(+��)�

����A.
� 

��

�����
��(
���)

!D

�D�

�1��

are equivalent norms in �+
� �(�).

Especially the norm in the Sobolev-Slobodetskii space � +
� (�) = �+

� �(�)
is equivalent to

�����(
) +
�
���=[+]

�



�



� ��(�)
 ��(�)��
��
 ���+�+��

!�!�
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(one can also replace the summation over ��� = [1] by ��� � [1] or use the
“pure” derivatives ��F���� , 1 � ' � �).

Interpolation and duality on domains

The next step in building the theory on domains in the Fourier analysis
spirit is to establish their interpolation properties. As in the preceding
subsection all depends on the extension properties of the domain in ques-
tion. Therefore, one expects that domains with the cone property, in par-
ticular domains with a Lipschitz boundary, inherit relevant interpolation
properties—at least for spaces whose elements are regular distributions. Let
us formulate the corresponding interpolation theorems. We refer to [148],
Chapter 4 for proofs.
The general principle is contained in the next abstract theorem on in-

terpolation spaces. Given two linear spaces C and Q , we say that a lin-
ear mapping � : C � Q is a retraction if there exists a linear mapping
( : Q � C such that (� = id onC . The mapping ( is called a coretraction
(with respect to �).
If C is a linear space, then an operator � : C � C is called a projection

(of � into � ) if � 2 = � . A subspace S of C is called a complementary
subspace if S = �C for some projection � of C into itself.
The reader can think about extensions to �� of functions defined on a

domain � (as of () and then about their restrictions to � (the operator �);
this is exactly how the next theorem applies (see [148], Chapter 1 for the
proof). The theorem seems to be a bit complicated at first glance but this
is not the case (draw a picture!). One can alternatively proceed directly as
in the proof of Corollary 2.8.9 (see p. 154).

2.8.5 Theorem. Let C�, Q�, 
 = 1� 2 be compatible couples of Banach
spaces and suppose that a linear operator � : C1 + C2 � Q1 + Q2 takes
continuously C� into Q�, 
 = 1� 2. Let ( : Q1 + Q2 � C1 + C2 be a
linear operator such that the restriction of ( to Q� is a coretraction with
respect to the restriction of � to C� , ' = 1� 2. Let � be an interpolation
functor on the family of all compatible couples of Banach spaces. Then
( is an isomorphic mapping of � (Q1� Q2) onto a complementary subspace
of � (C1� C2) and this subspace coincides with the range of the restriction
of (� to � (C1� C2). Moreover, the restriction of (� to � (C1� C2) is a
projector in � (C1� C2).

Hence invoking the extension theorem for spaces on domains with the
cone property, we almost immediately get the following theorem. Let us
point out that 1 
 0.
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2.8.6 Theorem. Let � � �� be a domain with the cone property. Then
the following statements hold true:

(i) Let us suppose that 0 � K � 1, 1 � �1� �2 � �, 1F� = (1 
 K)F�1 +
KF�2, 1 
 0. Then (#+

�1
(�)� #+

�2
(�));�� = #+

�(�).

(ii) With the same parameters as in (i), assume additionally that 1 =
(1
K)11+K12 for some 11� 12 
 0. Then [#+1

�1
(�)� #+2

�2
(�)]; = #+

�(�).

(iii) Let 1 � � � �, 1 � G��� �, 
 = 1� 2, 0 � K � 1, 1FG = (1 

K)FG1 + KFG2, 0 � 11� 12 � �, 11 �= 12, 1 = (1 
 K)11 + K12. Then
we have (�+1

� �1(�)� �+2
� �2(�));�� = �+

� �(�). In particular, if � = G1 =
G2, we get the corresponding interpolation formula for the Sobolev-
Slobodetskii spaces with positive smoothness.

(iv) Let 1 � � � �, 1 � G��� �, 
 = 1� 2, 0 � K � 1, 1FG =
(1 
 K)FG1 + KFG2, 0 � 11� 12 � �, 1 = (1 
 K)11 + K12. Then we
have (�+1

� �1(�)� �+2
� �2(�));�� = �+

� �(�). In particular, if � = G1 =
G2, we get the corresponding interpolation formula for the Sobolev-
Slobodetskii spaces with positive smoothness.

(v) Let 0 � 11 � �, 0 � 12 � �, 0 � K � 1, 1 = (1 
 K)11 +
K12, 1 � � � �, 1 � G1� G � �. Then (�+1

� �1(�)� #+2
� (�));�� =

(#+1
� (�)� #+2

� (�));�� = �+
� �(�).

(vi) We have (�+1
� �1(�)�� +2

� (�));�� = (#+1
� (�)�� +2

� (�));�� = �+
� �(�)

with the same parameters as in (v).

In particular, if � = G1, we get for the Sobolev-Slobodetskii spaces
with non-negative smoothness that (� +1

� (�)�� +2
� (�));�� = �+

� �(�).
If further � = G, then (� +1

� (�)�� +2
� (�));�� = � +

� (�).

Important in applications are Sobolev-Slobodetskii spaces with negative
smoothness on domains. The situation is not straightforward at all. To go
on in the same spirit as before and to preserve our strategy let us stick to
the earlier definition of spaces on domains as restrictions of spaces on �� .
We saw in the preceding subsection that under fairly general assumptions
on the smoothness of � (the cone property) we get the right spaces, well-
known from the “classical” theory of Sobolev and Besov spaces, at least for
non-negative smoothness parameters.
Let 1 � �1 , 1 � � ��, 1 � G � � and let � be an arbitrary domain in

�� . Let us denote by ��+
� �(�) and by �#+

�(�) the space of all the elements
in � � �+

� �(�� ) and in #+
�(�� ), respectively, whose support is contained

in �. Then we have (see e.g. [148], Chapter 4):
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2.8.7 Theorem. Let 1 � �1 , 1 � � � �, 1 � G � � and let � be an
arbitrary domain in �� . Let �� and G� be the conjugate exponents to � and
G�, respectively. Then ( ��+

� �(�))� = ��+
�� ��(�) and ( �#+

�(�))� = ��+
�� (�).

Note that, for 1 � 0, the “more traditional” way of introducing the
Sobolev spaces #�+

� (�) and Sobolev-Slobodetskii spaces ��+
� (�) is to de-

fine them as duals of appropriate spaces of functions with zero traces, i.e.
taking the closure of ��0 (�) in #+

��(�) and � +
��(�), obtaining thus the

spaces #̊+
��(�) and �̊ +

��(�), respectively, and to pass to their duals (see
[102], for instance). But as is well known for some values of 1 the concept
of the trace lacks its sense, in particular, ��0 (�) is dense both in #+

��(�)
and � +

�� (�) provided 1 � 1F�� and � is sufficiently regular (see e.g. [148],
Chapter 4). Second, there is a problem of a suitable extension operator for
tempered distributions to guarantee interpolation properties analogous to
those valid in �� . There is a large number of papers, above all in the Rus-
sian school of function spaces, dealing with extension properties of various
kinds of Sobolev spaces (in particular general anisotropic spaces in the sense
of Nikol’skii, etc.) We list at least an extensive treatment by Burenkov [28],
containing also a survey of various extension methods and a lot of further
references, Fain [52], with the problem of extension from domains with less
regular boundaries, discussing the price paid in the form of weighted target
spaces or worse integrability of extended functions, further Vodop’yanov,
Gol’dstein and Latfullin [153] on the geometric properties of unbounded do-
mains in the plane, necessary and sufficient for the existence of an extension
operator on � 1

2 spaces, and eventually Kalyabin [89], studying extension
operators on Lizorkin-Triebel spaces (of positive integer order).
The interpolation theory for spaces on Lipschitz domains has not been

dealt with in the existing literature at all until recently. Despite a large
number of papers, considering extension properties of Sobolev spaces of
various types, it was only in 1999, when Rychkov [125] succeeded in estab-
lishing a universal extension operator for Besov and Lizorkin-Triebel spaces
for the whole range of the smoothness parameter 1. The construction hangs
on a highly non-trivial generalization of the Calderón extension operator
and we refer to the original paper for details.1

Let us recall our agreement that the spaces on domains are defined
as restrictions of spaces in the whole �� . Then the universal extension
theorem can be formulated as follows.

2.8.8 Theorem. Let 1 � �1 , 0 � � � �, 0 � G � � (� � � in the case
of the Lizorkin-Triebel spaces) and let � � �� be a bounded domain with
1We are grateful to Prof. Hans Triebel for valuable discussion on the subject of inter-

polation on Lipschitz domains, resulting in his recent paper [150], filling an important
gap in the theory.
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Lipschitz boundary. Then there exists a universal extension from �+
� �(�)

and ; +
� �(�) into �+

� �(�� ) and ; +
� �(�� ), respectively.

Before stating an interpolation theorem for spaces in domains let us
observe that the formulae in Theorem 2.8.6 hold also for �� G � (0� 1), that
is, also in the case when the spaces in question are quasi-Banach spaces.
There are no essential problems in extending the Peetre’s M-method to
this case; nevertheless, the Calderón complex method works only in the
category of Banach spaces. This restriction can be removed on the basis
of a recent generalization of the complex method in [110], covering all the
Besov and Lizorkin-Triebel spaces with � � (0� 1) or G � (0� 1). We note
this just for the sake of completeness—and to be able to state the next
theorem in its most general form.

2.8.9 Corollary. Let � be a bounded domain in �� with a Lipschitz
boundary. Then all the interpolation formulae from Theorem 2.8.6 holds
for all real 11 and 12, 0 � � ��, 0 � G � � (� �� in the case of ;,

� �).

Proof. Let 11� 12 � �1 , and let ��� G�, ) = 1� 2 satisfy the above assump-
tions. To simplify the notation denote by I�(�) and I�(�� ), ) = 1� 2, the
corresponding couples of either Besov or Lizorkin-Triebel spaces in � and
in �� , respectively. Let 0 � K � 1 and let �I;(�) be the restriction of
I;(�� ) to �, where the latter space is the result of interpolation (real or
complex) of the couple (I1(�� )� I2(�� )) with the parameter K and some
�� G, satisfying our assumptions. Further, let 	I;(�) be the result of the
corresponding interpolation of the couple (I1(�)� I2(�)). Let Rest be the
operator of restriction from �� to � and let Ext stands for the Rychkov
extension operator.
Since the operator Rest is bounded from I�(�� ) to �I�(�) it is also

bounded from I;(�� ) to 	I;(�), that is,

��� 2�(
) � 5�Ext ��2�(��)� (2.8.2)

By interpolation argument, the operator Ext is bounded from 	I;(�) into
I;(�� ). Thus recalling (2.8.2) we obtain

��� 2�(
) � 5 � ����2�(
)� (2.8.3)

By the definition of spaces in � (restrictions from �� and taking the quo-
tient norm) we have

����2�(
) � �Ext ��2�(��)� (2.8.4)

Combining (2.8.3) and (2.8.4) we see that the spaces in � defined by the
restriction and those resulting by interpolation of spaces in � are the same,
with equivalent norms.



2.8. Spaces on domains 155

2.8.10 Remark. What was said about the isotropic spaces above can be
immediately carried out for the iterated Sobolev and Besov spaces (the
spaces with dominating mixed smoothness, isotropic in space variables).
The reader will be able to formulate the anisotropic variants of Theorems
2.8.6 and 2.8.9.

Function with zero traces on Lipschitz domains

Let us now discuss the concept of zero traces. If we work with Bessel
potential spaces involving those with negative smoothness it is natural to
work with the definition of zero traces of functions in #+

�(�) in the sense
of the �#+

�(�) spaces introduced in Triebel [148] for �� domains (see the
preceding subsection).
Let � be from now on a Lipschitz domain in �� and let us consider the

spaces

1. #̊+
�(�) as the completion of 
(�) in #+

�(�), for 1 � � ��, 1 � �1 ;

2. �#+
�(�) as the linear set of all � � 
 �(�) such that there exists � �

#+
�(�� ) such that ��
 = � in 
 �(�) and

supp � � �� (2.8.5)

endowed with the factornorm

��� �$�
�(
) = inf ���$�

�(��)�

where the infimum is taken over all � � #+
�(�� ) satisfying (2.8.5). Then

we have

2.8.11 Theorem. Let 1 � � �� and 1 be a real number. Then

#̊+
�(�) = #+

�(�) = �#+
�(�) for all

1
�

 1 � 1 �

1
�
�

If we define

#
+
�(�) = #+

�(�) for 1 �
1
�

and

#
+
�(�) = �#+

�(�) for 1 �
1
�

 1�

then the standard interpolation formulae hold for couples of #
+

�(�) spaces.
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The proof of this theorem can be found in Triebel [150].
Hence it seems that the #

+
�(�) are the good choice for the definition

of spaces with zero traces on Lipschitz domains, at least from the point of
view of the interpolation theory.

2.8.3 Compact imbeddings

Let us start with an observation that theorems on compact imbeddings fol-
low directly from the abstract theorems from Subsection 2.3.4 and from the
corresponding imbedding theorems on domains (which are sharp in given
scales of function spaces). It is sufficient to start from the well-known com-
pact imbedding theorems for the Sobolev spaces of integer order (or their
anisotropic variants) and to consider the interpolation scale between the
starting and the target space for K � (0� 1). We also refer to [26], Chap-
ter 8 for general compact imbeddings of Sobolev and Besov type spaces.
In [1] one can find an approach, which does not explicitly use the abstract
theorem on interpolation of compact mappings.
Nevertheless, this cannot be done in the whole of �� . A priori, any �

with infinite Lebesgue measure is excluded:

2.8.12 Theorem. Let � � �� be a domain, 1 � � � �, and suppose
that there exists a compact imbedding � �

� (�) 7� ��(�) for some G 
 �
and some ) = 1� 2� � � � . Then mes(�) ��.
Furthermore, if � satisfies the condition lim sup��+� mes(�� � �; � �

��� � �+1�) � 0, then none of the imbeddings � �
� (�) 7� ��(�) with G � �

is compact.

Further refinements of the above theorems and compact imbeddings
of Sobolev spaces on special unbounded domains can be found e.g. in [1],
Chapter VI. In the following we restrict our attention on bounded domains.
Let us start with the model case. We have (see [1], Chapter VI or [99],
Chapter V)

2.8.13 Theorem (Kondrashov). Let � � �� be a bounded domain with
the cone property, and 1 � � � � . Then the imbedding � 1

� (�) 7� ��(�)
is compact.

The reader will be able to prove the theorem easily, recalling the Riesz
criterion for relative compactness of subsets of ��(�). The ��-mean equi-
continuity of a bounded set in � 1

� (�) follows by a density argument and
then by an estimate of �(�+D)
 �(�) for smooth � by means of the mean
value theorem (the ��-norms of derivatives are equibounded) and the rest
is just a technical problem: one can use the mean value theorem only on
sets, where the derivatives of (a smooth) � exist. But thanks to the cone
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property the set, on which such an estimate is impossible, can be done
sufficiently small.
The space� 1

� (�) is imbedded into ��(�) with G = ��F(�
�). Hence
invoking Theorem 2.3.20 and Corollary 2.3.21 we arrive at once at

2.8.14 Corollary. Let � be as in the preceding theorem, 1 � � � � . Then
� 1

� (�) is compactly imbedded into ��(�) for every 1 � � � ��F(� 
 �).
Moreover, if 0 � 11 � 12 � 1, then � +1

� (�) is compactly imbedded into
� +2

� (�).

Of course, the second claim in the preceding Corollary holds in the
scale of Besov spaces, resulting from real interpolation between ��(�) and
� 1

� (�).
Let us observe that quite analogous theorems hold also for imbeddings

of Sobolev (Besov) spaces into the spaces with the smoothness parameter
smaller than that of the corresponding trace space. The reader will easily
formulate and justify them, relying on the fact that the imbeddings of
� 1

� (�) into ��(��) are compact.
Following the above scheme one obtains corollaries of the imbedding

theorems met earlier. We shall just formulate the basic theorem (sometimes
called the Rellich-Kondrashov theorem) for compact imbeddings of Sobolev
spaces and leave further details to the reader.
We present the basic compact imbedding theorem for Sobolev spaces.

2.8.15 Theorem. Let � � �� be a bounded domain with the cone prop-
erty. Let 1 � � �� and ) be an integer, ) 
 1. If )� � � , then the imbed-
ding � �

� (�) 7� ��(�) is compact for every � with 1 � � � ��F(� 
 )�).
If )� = � , then the imbedding � �

� (�) 7� ��(�) is compact for every
finite �.
If )� � � , then the imbeddings � �+�

� (�) 7� ��(�) are compact for
every ' = 0� 1� � � � .
If the assumption about the regularity of �� is omitted, then the imbed-

dings above are compact provided � �
� (�) is replaced by the closure of � (�)

in � �
� (�).

2.8.16 Remark. A particular consequence of the last theorem is the follow-
ing assertion: If � is a domain with the cone property, 1 � � � �, and
0 � 11 � 1+ � 1, then the imbedding � +2

� (�) 7�� +1
� (�) is compact.

The general picture does not change much when passing to compact
imbeddings for spaces with mixed norms. The machinery is the same, only
this time one has to interpolate between mixed norm �� spaces. We recall
the classical theorem on interpolation of mixed norm �� spaces due to
Benedek and Panzone [20]. As a result we obtain compact imbeddings of
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the anisotropic Sobolev spaces into the mixed norm �� spaces, in every
case, when all the components of the vector integrability parameter are
strictly smaller than its “best” value, for which an imbedding exists.

2.8.17 Theorem. Let �� = (��1� � � � � �
�
� ), ' = 1� 2 be multiindices, 1 �

�� �� and 1FG� = (1
K)F�1� +KF�2� , 
 = 1� � � � � � . For any measurable set
, � �� the space ��(,) is an exact interpolation space with respect to the
couple (��1(,)� ��2(,)), and it is a result of real interpolation of this couple
of spaces with parameters K and G and a result of complex interpolation of
this couple with parameter K.

The reader will be able now to formulate the corresponding theorem on
compact imbeddings of iterated Sobolev and Sobolev-Slobodetskii spaces.



Chapter 3

Static and quasistatic
contact problems

In this chapter we revisit the static contact problem by first giving an al-
ternative existence proof using the penalty method. The penalty method is
closer to physical intuition and needs weaker requirements on the smooth-
ness of the boundary than the fixed point approach employed in the intro-
duction. We assume that the coefficient of friction is solution dependent.
This may be useful in order to model a possible difference of the coefficients
of friction of stick and of friction of slip.

The second section of this chapter contains an extension of these results
to the semicoercive contact problem. There, no displacement boundary
condition is prescribed on any part of the boundary; therefore the bilin-
ear form of elastic energy is no longer equivalent to the scalar product
in �1(�). The problem is solved under the assumption of an additional
condition called pressure condition that was introduced in the context of
contact problems by G. Fichera. This condition requires, roughly speaking,
the outer forces to press the body onto the obstacle and not to draw it
away from the obstacle. If this condition is valid, some kind of coercivity
of the total problem is established via the combination of boundary forces
and contact forces.

In the third section the results of the previous two sections are extended
to the contact of two elastic bodies. The last section contains a result of
L.E. Andersson [12] on quasistatic contact problems, obtained by a suitable
time discretization.

3.1 Coercive static case

Let us recall the contact problem of an elastic body with a rigid foundation.
If � denotes a bounded domain occupied by the body and � is its boundary
consisting of the mutually disjoint, open (with respect to the topology of
� ) parts �� , �� and �� , then the static contact problem is given by the
variational inequality

159
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Find a function � � � such that for all � � � there holds

,(���
�)+
�
��

�(�)�%
(�)�����
���
���
���
�
!1� 
 � (�
�)� (3.1.1)

Here the convex cone

� =
	
� ��1(�); � = � on �� and 4
 � �
 on ��



�

the bilinear form

,(���) =
�



�
!� � � + �����&��(�)&��(�)

�
!�

and the linear functional

� (�) =
�



� � � !� +
�
��

� � � !1�

are used. The coefficient functions !, ����� and the given functions � , � ,
� , �
 are supposed to satisfy the conditions of Assumption 1.5.1. The
function � � �1�2(��) may arise from a time discretization as described
in Section 1.5, there � = �(��1).

3.1.1 Approximate problems and limit procedures

Instead of the fixed-point approach used in the introduction we apply here
the penalty method. The inequality constraint 4
 � �
 in the cone � of
admissible functions is replaced by adding the penalty functional�

��

1
�

[�
 
 �
]+ (4
 
 �
) !1�

with [ � ]+ 	 max�0� �� to the left hand side of (3.1.1). This is equivalent to
prescribe the normal component of boundary stress %
(�) = 
1

? [�
 
 �
]+
in a weak sense and leads to the variational inequality
Find � � � +�1

0(�) with �1
0(�) 	 	� ��1(�); � = 0 on ��
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(3.1.2)
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Here we assume the function � to be defined on the whole domain �.
In a next approximation step, the norm � � � in the friction functional

is replaced by a smooth approximation ><(�). Here, >< : �� � [0�+�)
is a convex �1-function which has its minimum in � = 0 and satisfies the
approximation property��><(�)
 ����� � N�
Such a function is e.g. given by

>< : � ��

$�%�&
���� ��� 
 N�


���
4

8N3
+

3���2
4N

+
3
8
N� ��� � N�

with the gradient

�><(�) = "(�)
�

��� � "(�) =
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The resulting variational inequality is equivalent to the following vari-
ational equation
Find � � � + �1

0(�) such that for all � ��1
0(�)

,(���) +
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��

1
�
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 �
]+ 4
 !1�

+
�
��

�(�)1
�
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 �
]+�><(�� 
��) � �� !1� = � (�)�
(3.1.3)

In fact, inserting � = �+ /�� into the smoothed version of (3.1.2), dividing
the result by / and passing to the limit /� 0 yields (3.1.3). On the other
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hand, choosing the test function � = �� 
 � in (3.1.3) and employing the
relation

�><(�� 
��) �
���� 
 ��

� � ><(��� 
��)
 ><(�� 
��)

which is valid because >< is convex, we obtain the smoothed version of
(3.1.2).
The existence of solutions to this problem will be proved under the

following set of assumptions:

3.1.1 Assumption. Let � be a bounded domain with a Lipschitz boundary
� . Let either mes� �� � 0 and ! 
 0 or �� = � and ! 
 !0 � 0 on a
set of positive measure. The coefficients ����� are symmetric, bounded and
elliptic in the sense described in (1.2.2)–(1.2.4). The given data satisfy

� � �1(�), � � ��
�1

(�), � � ��
�1�2

(�� ), �
 � #1�2(��), �
 
 0
a.e. in �� , and � � �1�2(��). The coefficient of friction � 	 �(���)
shall be globally bounded, non-negative and continuous in the sense of the
Carathéodory property (i.e. �(�� �) is measurable for all � � �� , and �(�� �)
is continuous for a.e. � � � ). The compatibility conditions I
 � �
 and
� � = 0 a.e. on �� shall be valid.

Then the following result holds:

3.1.2 Lemma. Let Assumption 3.1.1 be valid. Then to each ? � 0, N � 0
there exists a solution � = ���< of problem (3.1.3). This solution satisfies
the a priori estimate

����<��1(
) +
���1
�

)
(���<)
 
 �


*
+

���
$̊�1�2(�� )

� 51 (3.1.4)

with a constant 51 independent of ? and N. For every fixed ? � 0 there exists
a sequence N� � 0 and a corresponding sequence ���<� of solutions to the
smoothed problem (3.1.3) that converges strongly in �1(�) to a solution
�� of (3.1.2).

Proof. The existence of solutions is proved by a fixed point approach. Let
� � � + �1

0(�) be an admissible displacement field. Then we define the
problem

,(���) +
�
��

�(�)1
�
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 �
]+�><(�� 
��) � �� !1�

+
�
��

1
�
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 �
]+ 4
 !1� = � (�)�
(3.1.5)
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This problem can be interpreted as a (smoothed and penalized) contact
problem with given friction; the term �(�)1

�
[�
 
 �
]+ represents the given

friction force. The problem is equivalent to the optimization problem

� = Argmin
���+�1

0(
)

(B0(�) + '�(�))

with

B0(�) =
1
2
,(���)
� (�)

and

'�(�) =
�
��

�
1
2?

[4
 
 �
]2+ + �(�)1
�
[�
 
 �
]+><(�� 
��)

�
!1��

As in the corresponding part of Section 1.5 the functional B = B0 + '� :
� +�1

0(�) � � is strictly convex and continuous, hence it is weakly lower
semicontinuous. It is coercive, since B0 is coercive and '�(�) 
 0 for all
� � � +�1

0(�). According to Theorem 1.5.3, problem (3.1.5) has a unique
solution �. Inserting the test function � = � 
� with a � � �1(�)
that satisfies � = � on �� and � � = 0, �
 � �
 on �� yields the a
priori estimate

����1(
) � 5 (3.1.6)

with constant 5 independent of �, ? and N. Due to the existence and
uniqueness result for problem (3.1.5), the operator 
mapping any argument
� � �2(� ) to the solution � of (3.1.5) is well defined. A solution of problem
(3.1.2) is given by a fixed point of this operator. The existence of a fixed
point follows from the fixed point theorem of Schauder, applied to the space
� 	 �2(� ) and the subset

� 	 	� �� ; ���� � �5
�
Here, the constant �5 is taken from the estimate

����1�2(� ) � �5
valid for the solution of (3.1.5); this is true due to the a priori estimate
(3.1.6) and the trace theorem. In order to verify the complete continuity of
the operator 
 :� �� , let us consider a sequence �� having the limit �
in� . Then the strong convergence 1

�
[(��)

�
]+ � 1

�
[�

�
]+ in �2(��)

holds. The Lebesgue dominated convergence theorem yields �(��) � �(�)
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in ��(��) for any G � �. Let �� be the solution of problem (3.1.5) to
the given friction defined by ��. Due to the a priori estimate there exists
a subsequence—denoted by �� again—which converges weakly in �1(�)
and, due to the trace theorem and Theorem 2.8.14, strongly in ��(��) for
any � � )1� 2 + 2F(� 
 2)

�
in the case � 
 3 and � � [1�+�) in the case

� = 2 to a function �. Performing the limit ) � � in problem (3.1.5)
with given friction defined by �� and with solution �� it is verified that
the limit � solves the problem with given friction defined by �. Since this
solution is unique, the whole sequence �� converges to this limit. Adding
the term ,(���� 
 �) to both sides of (3.1.5) with solution �� and test
function � = �
 �� and passing to the limit ) � � it is proved that the
convergence �� � � is in fact strong in �1(�). The trace theorem and
the compact imbedding�1�2(� ) 7� �2(� ) yield the complete continuity of
the operator 
 and the assumptions of the fixed point theorem of Schauder
are satisfied. Hence the existence of a solution to problem (3.1.3) and also
the a priori estimate (3.1.4) are verified.
By a similar procedure we verify the convergence of a sequence ���<� of

solutions of (3.1.3) with N� � 0 for fixed ?. In fact, for suitable sequences
N� and �� = ���<� the convergences �� 8 � in �1(�) and �� � � in
��(� ) with � defined above are valid. Passing to the limit in the smoothed
variational inequality
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(3.1.7)

and using the lower semicontinuity of positive (semi-)definite bilinear forms,

lim inf
���

,(�����) 
 ,(���)

and the approximation property of ><� yields that � is a solution of (3.1.2).
Then the usual trick of adding ,(����
�) to both sides of (3.1.7) with test
function � = � and passing to the limit again proves the strong convergence
�� � � in �1(�).

In the proof of Lemma 3.1.2 the completely continuous character of
the friction functional was essential. It enables overcoming the difficulties
with the non-monotone friction term by the usage of strong convergences.
However, in the limit ?� 0 this complete continuity disappears. With the
a priori estimates available from (3.1.4) it is therefore not possible to prove
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the convergence of an appropriate sequence ��� of solutions to (3.1.2) for
some sequence ?� � 0 to a solution of the original contact problem directly.
Fortunately, with the techniques of the preceding chapters it is possible to
restore the required strong convergence in the friction term by proving some
additional regularity of the solution on the contact part of the boundary.
The required additional assumptions are given in

3.1.3 Assumption. In addition to Assumptions 3.1.1, let �� � �1+�

with " � 1
2 + � for a parameter 0 � � � 1

2 , �
 � #1�2+�(��), � �
#1�2+F(��) with 0 � � in the case � � 1

2 or 0 = 1
2 in the case � = 1

2 and

� � ��
�1+�

(��) with a subdomain �� � � satisfying �� � ���. The
coefficients of the bilinear form , belong to ���1�2(�). For all � � �� the
support of �(���) is contained in a set �� � �� having a positive distance
to � � �� . The coefficient of friction is bounded by

�����(��
�� ) � ��
with the constant �� defined in (3.1.24) below.

Then the following assertion holds

3.1.4 Theorem. Under Assumption 3.1.3 every solution � = �� of prob-
lem (3.1.2) satisfies the a priori estimate

�����1�2+�(��) +
���1
�

)
(��)
 
 �


*
+

���
$�1�2+�(��)

� 51

with a constant depending on the geometry of the domain and on the given
data, but not on the penalty parameter ?.

Proof. The proof of this theorem is performed with the help of a local
rectification of the boundary as described in Section 1.6 or Section 1.7.3.
For simplicity of the presentation we employ the direct rectification from
Section 1.6 only; the modifications required for the geometrical rectification
mentioned at the end of Section 1.7.3 are described there. In order to get an
optimal result it is important to apply the shift technique to the penalized
but non-smoothed problem (3.1.2) in the case � � 1

2 and to the smoothed
problem (3.1.3) in the case � = 1

2 ; the reason will be explained later. Both
cases can be done in a uniform notation for the variational inequality

,(��� 
 �) +
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��

��(�) (4
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) !1�

+
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��

�(�) (�(� 
�)
 �(�
�)) !1� 
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(3.1.8)
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with ��(�) = 1
�
[�
 
 �
]+ ,

�(�) =

'
�(�)��(�) for � � 1

2 �

�(�)��(�)�><(�� 
��) for � = 1
2

and

�(�) =

'���� for � � 1
2 �

�� for � = 1
2 �

In the case � = 1
2 inequality (3.1.8) follows from variational equation (3.1.3)

for test function � 
 �.
Let us recall the notations of Section 1.6 for the direct rectification,

namely the finite covering of the contact part of the boundary	Æ 	 �I�; 
 �

Æ�, the appropriate local rectification maps �� = H� Æ �� : I� � J� with
diamJ� � Æ, their inverse maps �� = ��1

� , 
 � 
 (Æ) and the partition of
unity �Æ 	 �@�; 
 � 
Æ� subordinate to the covering 	Æ. The sets JÆ =
���1(Æ) � (0� Æ) and �!
 = ��(JÆ) are introduced, and for a sufficiently
small Æ there holds �!
 � �. The localization and rectification for a fixed

 � 
Æ is done by taking the test function �+ @(�
 @�) in relation (3.1.8),
then shifting the cut-off function @ from the right hand side of each form
to its left hand side and performing the transform of variables � = �(�).
For simplicity of the notation we omit the localization index 
. The result
then reads�

(Æ

(�(@��� 
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 !@�) � (� 
 @�) !��

(3.1.9)

Here the notation (Æ 	 ���1(Æ) � �0� is used. The determinant of the
Jacobian of this transformation is equal to 1, and the density of surface
measure is equal to B� 	

�
1 + ��:�2 with the function : from the repre-

sentation H(��� �� ) = (��� �� 
 :(��))�. In the friction term the estimate

�(� + @(� 
 @�)
�)
 �(�
�) � @�(� 
 @�)
 @�(@�
 @�)

is used; it is valid for both definitions of �. For any function 9 : �! � �
we denote the transformed function 9 Æ� again by 9. The forms �� � and
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�0 are defined on JÆ by the formulae (1.7.26) and (1.7.28). In the case of
anisotropic material, the transformed bilinear form � has the same constants
of ellipticity �0 and of boundedness ,0; for homogeneous isotropic material
it remains the same as the original one. The bilinear form � : ��� ��
�(�� @�)
 �(@���) is a compact perturbation satisfying

��(���)� � 51�������+ 52��������

The form �0 arises from the local rectification of �� ; it depends linearly
on the components of �:. Due to the special local coordinates it holds
��:(��)� � 58Æ�� , �� � ���1(0� Æ), with �" = min�"� 1�. Hence it follows for
any suitable vector fields ���

��0(���)� � 5Æ�� ���� ����� (3.1.10)

In the anisotropic case we formally extend the coefficients of the bilinear
form � from the domain of definition JÆ onto J 	 ���1��+ in such a way
that they remain Lipschitz, bounded and elliptic with the same constants
�0 and ,0 as the original coefficients. In the homogeneous, isotropic case
the appropriate extension of constant coefficients is clear. The coefficients
of � vanish at the intersection of the boundary �JÆ of JÆ and J and can
be extended by 0. The coefficients of �0 and the density of surface measure
B� are extended from JÆ and ���1(0� Æ) onto J and �J 	 ���1 � �0�,
respectively, such that the extended functions are still Hölder continuous
with the original exponent and bounded. The functions @�, @�
, @� and
the modified volume force @� 
 @!� are extended by 0 onto J and �J,
respectively. Let us denote the extensions by the corresponding gothic
letters �, 	
, � and �. The argument � in the form �(�� �) is extended to
�1(J) such that ����1(() � 5���$1((Æ) with a 5 independent of �. Let
us also formally extend the original outer normal vector 	 to the whole �J
in such a way that 	 remains Hölder continuous with the original exponent
and �	
 (0� � � � � 0�
1)� � 51Æ�� . The density of surface measure is included
in the penalty term,

� (�) 	 ��(�)B� �

or in the function �,

�new = �oldB�

and we forget the index “new”. With this notation the following variational
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inequality is valid:�
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(3.1.11)

The tildes at the normal indicate that they are calculated with respect of
the original normal vector 	.
We study the regularity of the solution � of this inequality with the

shift technique as described in Subsection 1.7.3. For a function � : J � �
and for � 	 (��� 0) � �� let

��
(���) = (
�(���) = �(�+ ���) and A
� 	 ��
 
 �

denote the shifted function and the corresponding difference operator, re-
spectively, cf. (1.7.4) and (1.7.5). We insert the test function � 	 ��
 into
variational inequality (3.1.11). Then we shift the whole inequality (3.1.11)
into the direction � and insert the test function ��
 	 � into the shifted
inequality. We add both inequalities, multiply the result by ������+1�2�

and integrate the product with respect to �� � ���1 . Then most expres-
sions can be estimated with the help of the given data. The coefficients 5�,

 � �, may depend on the data

�0� ,0����
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)� max
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=1�BBB��

��������	(
)
(3.1.12)

and on the constants from the a priori estimate (3.1.4). For simplicity of
the notation, let us omit the argument � in � = � (�) and � = �(�) and
let

� 2(�) 	
�
���1

������+1�2�,(A
�� A
�) !���

The penalty term can be estimated with the decomposition

��


�
��
 � �	�
 
 � � �	�
�+�

�
� � �	
 ��
 � �	�

= A
� A
(� � �	
 ��
) +A
�A
��
 
A
� � �A
�	



3.1. Coercive static case 169

+ �A
�A
�	�
the monotonicity of the penalty functional and the �� continuity of the
normal vector 	 by�
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The friction term is estimated starting from the decomposition
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(3.1.13)

In the case � � 1
2 we have �(�) = �����. The second term on the right hand

side of (3.1.13) is bounded by����
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this follows from � 
 0 and �	 � �� . Since " � 2� and � � #1�2+F(�J)
holds with 0 � �, the estimate�����
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Analogously, the last term in (3.1.13) is bounded by���(��
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and the corresponding integral can be estimated as above. As a conse-
quence, the friction term is bounded by�����

���1

�
�(

A
�A
(�(�
�))
������1+2�

!1� !�
�

����
+ 51(")���$�1�2(�()

����$1�2(�() + ���$1�2(�()

�
+ 52���$�1�2+�(�()���$1�2+�(�()�

Here the first term is further estimated by

5��1(�)�����(��
�()���(�)�$�(1�2��)(�()�
� �(1 + X)!��1(�)��(�
�)��1�2+�(�() + 5��(�
�)��1�2(�()

�
with

!��1(�) =

�
5��1(1

2 
 �)
5��1(1

2 + �)
(3.1.14)

and X = 0 for � � 1
4 , X arbitrarily small at the expense of the constant

5 = 5(X) for 1
4 � � �

1
2 (c.f. (1.7.13)) and the estimate is done for the first

case � � 1
2 .

In the second case � = 1
2 the map � is linear. As a consequence, the

term � in (3.1.13) cancels. We employ the decomposition

��
(��
��
 
 ��
�) +�(��
 ���
)
= A
�A
(��)
A
�(A
�)�+�A
�A
��

(3.1.15)

Using the relation

����2(�() = ����(�)�><(�
�)B� ��2(�()

� �1�����(�(
��)���(�)��2(�()
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which is valid due to ��><(�)� � 1, the integral over the first term on the
right hand side of (3.1.15) is bounded by�����

���1

�
�(

������A
�A
(��) !� !��
����

� 5��1

�
1
2

������(�(
��)���(�)��2(�()�����1(�()�

The integral over the last term is estimated with the help of

��A
�A
�� � 5min������ 1� ��� �A
��

by �����
���1

�
�(

�������A
�A
� !� !�
�

���� � 5����2(�()����1�2(�()�

For the remaining expression in (3.1.15) we use relation

�(A
�)���1�2(�() � �A
����(�()����1�2(�()

+ 5(")�A
��		�2
� (�()

����2(�()�

This is further estimated with the obvious relation �A
����(�() � 5����
and with

�A
��		�2
� (�()

� 5(")������2�

The latter inequality is a consequence of the relation

��(� + � + �)
 �(� + �)
 �(� + �) + �(�)� � 5������2�����2

valid for � = (��� 0) � �� and � = (��� 0) � �� . This relation follows from
the estimate

��(� + � + �)
 �(� + �)
 �(� + �) + �(�)�

=
����� 1

0

���(� + X� + �)
��(� + X�)
�
� !X

����
� 5����	(�()����������1

for 1 � " � 2 and the similar relation

��(� + � + �)
 �(� + �)
 �(� + �) + �(�)�
� 5����	(�()����������1
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derived by exchanging the roles of � and �. Employing these auxiliary
estimates we get�����

���1

�
�(

A
� (A
�)�
����� !�� !�

���� � 5����2(�()����1�2(�()�

The estimate of the total friction term in the case � = 1
2 is then given by

5��1

�
1
2

������(�(
��)���(�)��2(�()�����1(�()

+ 51���(�)��2(�()����1�2(�()�

Let us briefly explain why the different approaches for � � 1
2 and � = 1

2

are necessary. In the case � � 1
2 we can use the estimate �A
�����(�() �

5����� with " � 2� in order to cancel the factor �����(��1+2�) up to a
locally integrable remainder �����(��1+2���). This is no longer possible
for � = 1

2 any more. Therefore, we have to use “products of differences”
in order to control the singular term ������ . However, it is not possible to
get those products using the non-linear norms. This is why the smoothing
of the friction is necessary for � = 1

2 . The smoothing cannot be applied for
� � 1

2 , because the estimate

��><����2(�() � �����2(�()

is no longer valid, if the �2-norm is replaced by a #�(1�2��)-norm. Then
some fractional derivatives of �>< will appear which are no longer uni-
formly bounded with respect to N.
Let us come back to the shift technique. All the other not yet mentioned

terms are estimated as in Section 1.6. In fact, the estimates are easier as
those given there, because the penalty method doesn’t require the rotation
of the normal vector as in the shift technique done for the fixed point
approach. The result is the inequality

� 2(�) � �1 + 51Æ
�� + 52X

�
5��1(�)!��1(�)�����(�(
��)�

� ���(�)�$�(1�2��)(�() ������1�2+�(�()

+ 51(X)���(�)�$�(1�2��)(�()

+ 52(X) ������1�2+�(�() + 53(X)

(3.1.16)

with !��1(�) defined in (3.1.14) for � � 1
2 and !��1(1

2 ) = 1. The constant
X can be chosen arbitrarily small. The constants 51� 52 and 53 depend only
on the data from (3.1.12) and on X, but neither on the penalty parameter
? nor on the smoothing parameter N.
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For the further estimate of the term �����$1�2+�(�() we employ the spe-
cial trace theorem

����2�1�2(�() � �
(1)
0 ���2) + 5���2�2(�()� (3.1.17)

In this estimate, whose proof is performed in the following subsection, the
tangential component is taken with respect to the straightened boundary.
This is admissible, since

������1�2+�(�() �
�
1 + 51Æ

��������1�2+�(�() + 52����2(�()

is valid due to the ��-continuity of the normal vector �	 and due to the fact
that ��	 
 	� � 5Æ�� on �J. Here it is necessary to have " � 1

2 + �. Using
this and the standard renormation technique described in Sections 1.7.1,
1.7.2, the estimate

�����2�1�2+�(�() �
�
1 + 51Æ

���!�1
��1

�
�� 1

2

�
�

(1)
0 � 2(�)

+ 52���2�1�2(�()

(3.1.18)

is derived with !��1(�� ") = 5��1(�)5��1(")
Æ
5��1(�+ ").

In order to finish the proof it is necessary to estimate the norm of the
penalty term� . This is done starting from the relation (1.7.7) which yields

�� �2$�(1�2��)(�() � (1 + X)
�
!���1

�
�� 1

2

���1�

�
�
���1

�����(��1+2�)�A
� �2$�1�2(�() !�
�

+ 5(X)�� �2$�1�2(�()

(3.1.19)

with an arbitrarily small X � 0 and !���1(��
1
2 ) = 5��1(�)5��1(1

2 

�)
Æ
5��1(1

2 ), cf. (1.7.8). We employ the Green formula�
�(

� 4�
 !1� = 

�
(

�
�(���) + �(���) + �0(���)
 � � �� !�� (3.1.20)

valid for functions � satisfying ��� = 0. The Green formula is used with the
test function � = ��	 ��1�2(�J), where � is defined by

� (�; �) 	 � (� ; �)
�
1 + 5��1

�
1
2

� �����1
�

This function fulfils the relations

���2$1�2(�() = �� �2$�1�2(�() = �� � ���(�
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We use a linear extension operator

� : #1�2(�J) � #1(J)

satisfying the inverse trace relation

,(� ��� �) � �(2)
0 ���2$1�2(�() + 51���2�2(�() (3.1.21)

for all � with ��� = � and a minimal parameter �(2)
0 . The precise form

of this extension will be given in the next section for different types of
the constitutive relation. In fact, there this inverse trace estimate will be
proved for a function satisfying �� = 0; in other words, for the normal
component of the rectified domain instead of the original domain. This is
sufficient, because �4(�	 
 	)��1�2(�() � 51Æ

���4��1�2(�() + 52�4��2(�()

for every scalar function 4 � #1�2(�J). We insert � = � ((� 
 ��
)�	) into
(3.1.20), shift the equation (3.1.20) into the direction of �, insert ��
 =
� ((��
 
 �)�	�
) into the shifted equation, add both equations, multiply
the sum by �����(��1+2�), integrate the product with respect to �� � ���1

and carry out the usual estimates. The result is�
���1

�����(��1+2�) �A
� �2$�1�2(�() !�
�

� �1 + 51Æ
��� �

���1
�����(��1+2�)

�
,(A
�� A
�)�

�,�� (A
(��	))�� (A
(��	))
��1�2

!��

+ 51

��
���1

�����(��1+2�) �A
� �2$�1�2(�() !�
�

�1�2

+ 52� (�) + 53�

Here the linear structure of � has been used in the formula � (A
(��	)) =
A
� (��	). The estimate of the term ,

�
� (A
(��	))�� (A
(��	))

�
by means

of the special trace relation gives

,
�
� (A
(��	))�� (A
(��	))

�
� �1 + 51Æ

����(2)
0 �A
���2$1�2(�() + 52 �A
��2�2(�()

� �1 + 51Æ
����(2)

0 �A
� �2$�1�2(�() + 53�A
� �2$�1(�()�

Here, the factor 1 + 51Æ
�� is introduced, because then this estimate is also

valid with the constant �(2)
0 calculated for the extension of a scalar function
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by means of the normal $ to the rectified domain; see the remark above.
The estimate for the penalty term now reads

�� �2$�(1�2��)(�() � (1 + 51Æ
�� + X)

�
!���1(��

1
2 )
��1�

� �(2)
0 � 2(�) + 52� (�) + 53(X)

(3.1.22)

with X � 0 arbitrarily small. Hence from (3.1.16) we get

� 2(�) � (1 + 51Æ
�� + X)�����(�(
��)(��)�1� 2(�)

+ 52� (�) + 53(X)
(3.1.23)

with

�� =
�
�

(1)
0 �

(2)
0

��1�2

� (3.1.24)

If

�����(�(
��) � �� (3.1.25)

holds and X, Æ are chosen sufficiently small, then � (�) is bounded. As a
consequence the terms ����1�2+�(�() and �� �$�(1�2��)(�() are bounded,
too. This is valid for each cut-off function @ � �Æ, if Æ is sufficiently small.
Hence the theorem is proved.

Due to the better regularity of the solution on the contact part of the
boundary proved in the previous theorem there exists a sequence of penalty
parameters ?� � 0 and a corresponding sequence of solutions �� = ��� to
the penalized problem such that the following convergences are valid:

�� 8 � in �1(�) and in �1�2+�(��)�

�� � � in �?(��) for every P � 1
2 + ��

�(��) � �(�) in ��(��) for every G �� and
%
(��)8 %
(�) in #�(1�2��)(��)�

(3.1.26)

The mentioned convergence of �(��) follows from the Lebesgue dominated
convergence theorem combined with the uniform boundedness of �(��) in
��(��) and the strong convergence of �� in �2(��).
If the coefficient of friction depends on the solution it is necessary

to ensure the convergence �(��)%
(��) � �(�)%
(�). For � = 1
2 the

weak convergence %
(��) 8 %
(�) in �2(��) and the strong convergence
�(��)� �(�) in ��(��) with arbitrarily big � � +� are sufficient to prove
the weak convergence �(��)%
(��)8 �(�)%
(�) in ��(��) with G � 2. In
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the case � � 1
2 the situation is more complicated, because the convergence

of %
(��) is proved only in a dual Sobolev space #�(1�2��)(��). From the
relation

��(��)%
(��)�$�(1�2��)(��) � ��(��)���(��)�%
(��)�$�(1�2��)(��)

that is valid due to the non-negativity of both 
%
(��) and �(��) there
follows �(��)%
(��) 8 
 for a suitable subsequence at least, but it is
not clear that 
 = �(�)%
(�) holds. Therefore it is necessary to prove
�(��)%
(��) 8 �(�)%
(�) in a suitable weak sense, e.g. in the sense of
distributions. For � � �1

0 (��) it holds

��(��)%
(��)� 4��� = �%
(��)��(��)4��� � �%
(�)��(�)4���
= ��(�)%
(�)� 4���

if �(��) � �(�) in #1�2��(��). This property must be concluded from the
strong convergence �� � � in�?(��) with the P � 1

2 +� mentioned above
and some continuity property of �. We show that the Hölder continuities

��(���)
 �(���)� � ���
 ��' for every fixed � � ��

with / �
1
2

 �

(3.1.27)

and simultaneously

��(���)
 �(���)� � ���
 ��F for every fixed � � ��
with 0 �

1
 2�
1 + 2�

(3.1.28)

are in fact sufficient. This follows via the decomposition

��(���(�))
 �(���(�))� � ��(���(�))
 �(���(�))�
+ ��(���(�))
 �(���(�))��

the inequality�
��

�
��

��(�)
 �(�)�2F
��
 ����1+(1�2�)

!� !�

�
��

��

�
��

1
��
 ����1�<�(1�F)

!� !�

�1�F

��
��

�
��

��(�)
 �(�)�2
��
 ����1+(1�2�+<)�F

!� !�

�F
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valid for 0 � (0� 1) and a suitable N � 0 and the compact imbedding
theorem. Condition (1
 2�+ N)F0 � 1 + 2� yields the given requirement
for 0.
Using the established convergences we pass to the limit ) � +� in the

penalized variational inequality (3.1.2) with penalty parameter ?�, solution
�� and test function � � � . From the weak lower semicontinuity of positive
definite bilinear forms it follows

lim inf
���

,(�����) 
 ,(���)�

and for the penalty term there holds�
��

1
�

)
(��)
 
 �


*
+

�
4
 
 (��)


�
!1� � 0

due to 4
 � �
 on �� . All the other convergences are trivial. The condition
�
 � �
 follows from the limit in the a priori estimate (3.1.4). Thus it
follows that the limit function � solves the original contact problem (3.1.1).
Moreover, adding the term ,(���� 
 �) to variational inequality (3.1.2)
for ? = ?�, solution �� and test function � = � and passing to the limit
) � 0 again proves that the convergence �� � � is strong in �1(�).
Hence the following theorem is proved:

3.1.5 Theorem. Let the Assumptions 3.1.1 and 3.1.3 be valid. In the case
� � 1

2 let � satsify the continuity conditions (3.1.27) and (3.1.28). Then
there exists a sequence ?� � 0 of penalty parameters and a corresponding
sequence ��� of solutions to (3.1.2) which converges strongly in �1(�) to
a solution of the contact problem with friction (3.1.1).

3.1.6 Remarks. 1. It is hardly possible to obtain any higher regularity than
%
(�) � �2�loc(��) and � � �1

loc(��). This is due to the fact that the
crucial estimate � ��� ���(� ) � �����(� ) is not valid for � � 1.
2. The condition supp�(���) � �� is, at a first glance, restrictive. It

is necessary, since we are able to prove the regularity of the solution in the
interior of �� (with respect to the surface topology) only. If this condi-
tion shall be dropped, it is necessary to prove the regularity at the points
or lines where different boundary conditions meet. This can be perhaps
done by using techniques from [62]. On the other hand, the condition is
not restrictive, if the contact part �� is separated from the other parts.
Moreover, if the contact boundary touches only the part with Neumann
conditions, we may extend the potential contact boundary in such a way
that contact occurs only in the interior part; then the coefficient of friction
can be changed outside in such a way that this requirement on its support
is satisfied.
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3. Theorem 3.1.5 does not treat the case of a difference between the
coefficients of friction of slip and friction of stick. In our static context
let us consider the simplest case when � depends only on the tangential
displacement increment, � = �(�� 
��) and the limit �0(0) 	 lim

���0
�(��)

exists almost everywhere on �� . We assume �(0) 
 �0(0) for almost every
� � �� and extend the definition of �0 by �0(��) = �(��) for �� �= 0. If
the new coefficient �0 satisfies all assumptions of Theorem 3.1.5, then there
exists a solution � of the contact problem with friction (3.1.1) for this new
coefficient �0. However, this solution � also solves the problem (3.1.1) with
coefficient �, because �(��
��)�%
(�)� ���
��� = �0(��
��)�%
(�)� ���

��� and �(�� 
 ��)�%
(�)� ��� 
 ��� 
 �0(�� 
 ��)�%
(�)� ��� 
 ��� for
all test functions �. On the other hand, the uniqueness of the solution is
neither proved nor expected in this case. There could be a solution of the
problem with coefficient � which does not solve the problem with coefficient
�0.

4. The smoothing of the norm in the friction term is necessary for the
case � = 1

2 only, because in this case the shift technique must be applied
to the variational equation. For � � 1

2 the smoothing can be avoided
completely. The solvability of the penalized problem can be established
directly via the corresponding fixed point approach and results from convex
analysis; the non-differentiability of the Euclidean norm does not lead to
any substantial difficulties.

5. The requirement � � #1�2+F(��) with 0 � � for the case � � 1
2 is

rather restrictive. As described in Section 1.5, the function � arises from
the previous time step in a time discretization of a dynamic or quasistatic
problem, and the condition 0 � � leads to a loss of regularity in every
time step. Therefore the result for � = 1

2 with no loss of regularity is more
advantageous.

3.1.2 Calculation of the admissible coefficient of fric-
tion

The admissible coefficient of friction for the existence result of the previous
section is given in dependence of the constants in the special trace estimates
(1.7.14) and (1.7.21) (cf. (3.1.17) and (3.1.21)). While the existence of these
constants is clear, it is particularly important for applications to know their
precise value. Since these trace estimates are required for halfspace domains
only, it is possible to calculate optimal lower bounds for these constants.

We consider first the elasticity equations for homogeneous, isotropic



3.1. Coercive static case 179

material (cf. (1.2.5)) on the halfspace J = ���1 ��+ with boundary �J:

-

2(1 + .)(1
 2.)
������ +

-

2 + 2.
������ = 0 on J (3.1.29)

for 
 = 1� � � � � � with boundary conditions

� = � on �J� (3.1.30)

Written in terms of the Lamé constants, the first coefficient in (3.1.29)
equals /+0, while the second one is equal to 0. The corresponding energy
norm will be denoted by

���2) 	 ,(���) =
�
(

-

1 + .

�
.

1
 2.
����� �2 + &��(�)&��(�)

�
!��

Then the following result is valid:

3.1.7 Theorem. (i) Let � � �1(J) satisfy � = � on �J. Then for the
tangential component �� = (E1� � � � � E��1� 0)� there holds the estimate

�����2�1�2(�() � �(1)
0 ���2) (3.1.31)

with

�
(1)
0 =

$�%�&
51
�

1
2

�2(1
 .2)
-

� � = 2�

5��1

�
1
2

� 2 + 2.
-

� � 
 3�

(ii) Let E � #1�2(�J). Then there exists a function � � �1(J) with
� = (0� � � � � 0� E)� on �J such that the estimate

���2) � �(2)
0 �E��2$1�2(�() (3.1.32)

holds for every � � � with

�
(2)
0 =

1
5��1

�
1
2

� (2
 2.)-
(1 + .)(3
 4.)

�

Proof. Relations (3.1.31) and (3.1.32) will be proved for the solution � of
equations (3.1.29) with boundary condition (3.1.30). This is sufficient, be-
cause this solution is a minimizer of the energy norm for the given boundary
data,

� = Argmin
���1(()
�=� on �(

���2)�
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Hence, if relation (3.1.31) holds for �, then it holds for all � satisfying the
boundary condition. In what follows, we frequently use the partial Fourier
transform with respect to the tangential variables

��(�� �) 	 � (�; �� �) 	 1
(26)(��1)�2

�
���1

�(��� �)&������ !��

with �� = (�1� � � � � ���1)�. The Fourier transforms of functions on the
subspace �J are denoted by hats. Let us first consider the two-dimensional
case. Then system (3.1.29) can be written in the form

����1(+� �) =
2
 2.
1
 2.

+2��1(+� �)
 1
1
 2.


+���2(+� �)�
����2(+� �) =

1
 2.
2
 2.

+2��2(+� �)
 1
2
 2.


+���1(+� �)
with ���� 	 ����

��
. For each fixed + this is a system of ordinary differential

equations in �, which can be solved by standard methods. The general
solution of the system is given by

�(+� �) = 51(+)&8*
$��& 1



����+ 52(+)&�8*

$��&1



����
+ 53(+)&8*

�
2+�

3
 4.

$��& 1



����+

$��&1



�����
+ 54(+)&�8*

�
2+�

3
 4.

$��&1



����+
$��&
1



����� �
The coefficients 5G(+) are determined by the boundary conditions. Here
the condition � � �1(�) can be interpreted as a boundary condition at
� = +�. In the case + � 0 there follows 51(+) = 53(+) = 0 and

52(+) =
�E1(+)
 
 �E2(+)

2
� 54(+) = 
 �E1(+) + 
 �E2(+)

2
�

Hence the solution is given by

��(+� �) =
�$��&�E1(+)�E2(+)

����
 +�

3
 4.
( �E1(+) + 
 �E2(+))

$��&1



����� &�8*�

For + � 0 there holds 52(+) = 54(+) = 0 and

51(+) =
�E1(+) + 
 �E2(+)

2
� 53(+) =

�E1(+)
 
 �E2(+)
2

�
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The corresponding solution is

��(+� �) =
�$��&�E1(+)�E2(+)

����+
+�

3
 4.
( �E1(+)
 
 �E2(+))

$��& 1



����� &8*�

In a compact form this solution can be written for all + � � as

��(+� �) =
�$��&�E1(+)�E2(+)

����
 �

3
 4.

$��&�+� �E1(+) + 
+ �E2(+)

+ �E1(+)
 �+� �E2(+)

����� &��8�*� (3.1.33)
Relations (3.1.31), (3.1.32) are now proved by the calculation of ���2) for
this solution. Using the easy relation

&��(�)&��(�) = 1
2 (�1�2 + �2�1)2 + (����)2 
 2�1�1�2�2

the square of the energy norm can be represented by

���2) =
-

2 + 2.

�
(

�
2
 2.
1
 2.

����� �2 + ��2�1 + �1�2�2


 4�1�1�2�2

�
!� !��

=
-

2 + 2.

�
�

� 1

0

�
2
 2.
1
 2.

����
+��1 +
���2

��

����2
+
�������1

��
+ 
+��2

����2 
 4Re
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���2

��

!�
!� !+�

(3.1.34)

A standard calculation yields


+��1 +
���2

��
=

2
 4.
3
 4.

�

+ �E1(+) 
 �+� �E2(+)

�
&��8�*�

���1

��
+ 
+��2 =

2
3
 4.

)�+� �E1(+)
��+�� 
 (2
 2.)

�
+ 
+ �E2(+)

��+�� + (1
 2.)
�*
&��8�*�

Evaluation of the inner integral in the representation of the bilinear form

with the help of the easy formula

 +�

0 &�2�8�*�
 !� =
$!

2�+�
+1
yields

���2) =
-

(1 + .)(3
 4.)
�

�
�
�

6�
� �E1(+)�2 + � �E2(+)�2

�
�+�(2
 2.)


2Re
�

+ �E1(+) �E2(+)

�
(1
 2.)

7
!+�

(3.1.35)
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In order to obtain relation (3.1.31), the mixed term—whose sign is not
known—is estimated by

2
����+�(1
 2.) �E1 �E2

��� � (1
 2.)2

2
 2.
�+� � �E1�2 + (2
 2.)�+� � �E2�2 �

This yields

���2) 

�
�

-

2(1
 .2)
� �E1(+)�2 �+� !+

which proves (3.1.31). For a function � with vanishing tangential compo-
nent E1 = 0 there holds

���2) =
�
�

(2
 2.)-
(1 + .)(3
 4.)

� �E2(+)�2 �+� !+�

Hence (3.1.32) is also proved.
In the case of dimension � � 2 different methods are employed for the

proof of the trace theorem and of the inverse trace theorem. The trace
theorem will be verified by using the Korn inequality for a half space and
the corresponding trace theorem for the Laplace operator. This method is
much easier to perform, and the result obtained is the same as that proved
in [44] by a direct calculation for the three-dimensional case. Of course, the
result for dimension � � 3 cannot be better.
Neglecting the contribution of div� and employing the Korn inequality

the energy norm can be estimated by

���2) 

-

1 + .

�
(

&��(�)&��(�) !� 
 -

2 + 2.
����2�1(()�

The estimate of the #1-seminorm is done for a function �� satisfying the
Laplace equation (A��)� = 0, 
 = 1� � � � � � , on J and the given bound-
ary data � on �J. This is sufficient, since this solution minimizes the
#1-seminorm among all function satisfying the given boundary condition.
The solution is given in the Fourier transformed representation by

���(�� �) = ��(�)&����*�

Evaluation of the seminorm leads to

�����2�1(() =
�
���1

�
�+

���(�)�22���2&�2���* !� !�

=
�
���1

���(�)�2��� !� =
1

5��1

�
1
2

�����2
�1�2(�()�
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Hence the trace estimate (3.1.31) is proved for the case � � 2.
The inverse trace estimate is verified by a direct calculation, using the

solution of the � -dimensional elasticity equations. For the Fourier trans-
form �� with respect to the tangential variables these equations are given
by

����� =
1

1
 2.

12��1�
�=1

+�+���� 
 
+�����
34+ ���2���� * = 1� � � � � � 
 1�

����� =
1
 2.
2
 2.

���2��� 
 1
2
 2.

��1�
�=1


+����� �
The solution of this system with boundary data � is given by

��(�� �) =
���(�)
 +� �E�(�) + 
��� �E� (�)

(3
 4.)��� �

$��& �


���
����� &����*� (3.1.36)

The inverse trace theorem is proved for functions with vanishing tangential
components only. The corresponding solution is therefore defined by

��(�� �) =
�$��& 0�E� (�)

����+
� �E� (�)
(3
 4.)

$��&

����
����� &����*� (3.1.37)

This solution is inserted into the bilinear form

���2) =
�
(

-

1 + .

�
.

1
 2.
����� �2 + &��(�)&��(�)

�
!�� (3.1.38)

In the Fourier transformed representation we have

� (div�; �� �) = 
2(1
 2.)
3
 4.

��� �E� (�)&����*�

� (&��(�); �� �)� (&��(�); �� �) =
���2
2
����2 +

1
2
�����2

+
1
2

������
��1�
�=1

+����
������
2

+
��1�
�=1


+�������� +
1
2
����� �2

=
4���4�2 + (8
 16.)���3� + 6(1
 2.)2���2

(3
 4.)2
� �E� (�)�2&�2���*�

With the formula

�
0
�
&�2���* !� = $!F(2���)
+1 the inner integral of the

energy norm can be calculated. The result is

���2) =
�
���1

-

1 + .
2
 2.
3
 4.

���� �E� (�)�2 !�� (3.1.39)

From this the inverse trace estimate follows immediately.
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The result of Theorem 3.1.7 can be easily extended to the case of
anisotropic bodies. By the conditions of ellipticity and boundedness, the
energy norm ���) is estimated from above and below in terms of the ex-
pression�

(

&��(�)&��(�) !��

This term represents the energy norm of the isotropic problem with Young
modulus - = 1 and Poisson ratio . = 0. Hence the constants �(1)

0 and

�
(2)
0 for the anisotropic case are given by products of the constants for
these material data with the upper and lower bounds from the conditions
of boundedness and ellipticity.

3.1.8 Corollary. In the case of anisotropic material with constant of el-
lipticity �0 and upper bound ,0 the relations (3.1.31) and (3.1.32) are valid
with constants

�
(1)
0 = 5��1

�
1
2

� 2
�0
and

�
(2)
0 =

1
5��1

�
1
2

� 2
3
,0�

From the just calculated constants it is easy to derive the following
bounds for the coefficient of friction:

� In the case of homogeneous, isotropic material with Young modulus
- and Poisson ration . we have

�� =

$��%��&
�

3
 4.
2
 2.

� � = 2�8
3
 4.
4
 4.

� � 
 3�
(3.1.40)

� For general material with coefficient of ellipticity �0 and upper bound
,0 of the Hooke tensor there holds

�� =
8

3
4
�0
,0
� (3.1.41)

3.1.9 Remarks. 1. In the first existence result for static contact problems by
Nečas, Jarušek and Haslinger [113] for an infinite strip in two dimensions the
admissible coefficient of friction was given as �� =

�
�0F(2,0). The result

was extended by Jarušek [73] to the case of more general sufficiently smooth
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domains and more space dimensions. There the admissible coefficient of
friction for isotropic materal is given as �� = 4

�
(1
 2.)F(2
 2.). The

result presented here is better than both of these values. This amelioration
of the result is due to the usage of the appropriate special trace estimates
(3.1.31) and (3.1.32).
2. The localization technique shows that the constants �0, ,0 in the

formula (3.1.41) need not be valid for the whole domain �. The constant
�0 can be replaced by lim inf

Æ�0
�Æ0 and ,0 by lim sup

Æ�0
,Æ

0, where �
Æ
0, ,

Æ
0 are the

bounds for the bilinear form associated to � � (�� +�(0� Æ)). Here �(0� Æ)
is the ball with radius Æ and midpoint in the origin.
3. The result for the isotropic case can be extended to the case of

non-homogeneous material with a ��-dependence of - and . on the space
variable, where " � 1F2. In fact, the trace theorems are applied to a local-
ized version of the equation only, defined on a neighbourhood of diameter
Æ of some point �0 � ��. The diameter can be chosen arbitrarily small. In
this neighbourhood the values of the constants - and . at �0 can be taken,
and the differences -(�) 
-(�0), .(�) 
 .(�0) are estimated on the right
hand side. Due to the required Hölder-continuity of -, . this perturbation
lead to an additional term bounded by 5Æ� (�) on the right hand side.
Since Æ can be chosen as small as necessary, this term does not change the
upper bound ��.

3.2 Semicoercive contact problem

If neither the conditions mes� �� � 0 nor ! 
 !0 � 0 on some subdomain
of positive measure is satisfied, then the bilinear form , in the variational
inequality is no longer equivalent to the�1(�)-scalar product. In this case
the existence proof of the preceding subsection is not valid. In the present
section we show that the existence of solutions can be still proved, if some
additional pressure condition for the outer forces is valid. The problem is
given by the following variational inequality:
Find a function � � � 	 �� � �1(�); 4
 � �
 on ��� such that for

all � � � there holds

,(��� 
 �) +
�
��

�(�) �%
(�)� (��� 
��� 
 ��� 
���) !1�

 � (� 
 �)�

(3.2.1)

The problem will be solved under the following set of assumptions:

3.2.1 Assumption. Let Assumption 3.1.3 be valid with the exception of
the assumption there concerning the measure of �� and the coefficient !.
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Instead of these, let the pressure condition

� (�) � 0 �� � (� 
 ���) �� � �0� (3.2.2)

with the set of rigid motions � (cf. (1.2.15)) be valid. Here, � ��1(�) is
a suitable extension of �
	 from �� to the whole domain.

The only new assumption here is the pressure condition (3.2.2). Its
physical interpretation is the following: the total outer force composed of
the sum of volume and boundary forces is directed towards the obstacle.
We will see that this condition restores some kind of coercivity of the whole
problem.
In order to prove the solvability of this problem we use two approxima-

tions. The first one is the usual penalty method; it leads to the following
variational inequality:
Find a function �� ��1(�) such that for all � ��1(�) there holds

,(���� 
 ��) +
�
��

1
�

)
(��)
 
 �


*
+

�
4
 
 (��)
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!1�

+
�
��

�(��)1
�

)
(��)
 
 �


*
+� ��� 
��� 
 �(��)� 
���

�
!1� 
 � (� 
 ��)�

(3.2.3)

The second one is a coercive approximation of the non-coercive problem.
Let 6� denote the orthogonal projection of �2(�) onto the set of rigid
motions �. Then the coercive approximation is defined by
Find a function ���? ��1(�) such that for all � ��1(�) there holds

P�6����? � 6�(� 
 ���?)�
 +,(���? �� 
 ���?)

+
�
��

1
�

)
(���?)
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*
+

�
4
 
 (���?)


�
!1�

+
�
��

�(���?)1
�

)
(���?)
 
 �


*
+
�

� � ��� 
��� 
 �(���?)� 
���
�
!1� 
 � (� 
 ���?)�

(3.2.4)

If P � 0 holds, then this problem satisfies Assumption 3.1.1. Therefore,
due to Lemma 3.1.2 there exists a solution. This solution satisfies an a
priori estimate of the type (3.1.4), but the constant there depends on the
approximation parameter P, because the coercivity constant of the bilinear
form (���) �� P�6��� 6���
 + ,(���) is P-dependent. Hence it is neces-
sary to derive a suitable P-independent a priori estimate. This estimate is
essentially based on the next lemma.
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3.2.2 Lemma. Let the pressure condition (3.2.2) be valid and let the co-
efficients ����� of the bilinear form , be symmetric, bounded and elliptic.
Then there holds

lim inf

�


�1(�)�+�

,(���) + �[4
 
 �
]+�2�2(�� ) 
� (�)

����1(
)

� 0� (3.2.5)

Proof. The assertion is proved by contradiction. Let us assume (3.2.5) is
not true. Then there exists a sequence ����+��=1 with �����1(
) � +�
and

lim
��+�

,(�����) + �[(��)
 
 �
]+�2�2(��) 
� (��)

�����1(
)

� 0� (3.2.6)

Let � denote the �2(�)-orthogonal complement to � in �1(�). Using
the decomposition �� = �� +�� with �� = 6��� and �� = 6��� we obtain

lim
��+�

,(�����)
�����1(
)

� �� �
��
�1

(
)
�

The bilinear form , is strongly elliptic on the subspace �; hence from this
inequality and the decomposition

,(�����)
�����1(
)

=
,(�����)
�����1(
)

�����1(
)

�����1(
)

there follows

�����1(
)

�����1(
)

� 0�

possibly after extraction of a subsequence. In fact, if �����1(
) is bounded,
then this assertion is clearly true, and if there is a subsequence such that
�����1(
) tends to +�, then ,(�����)

Æ�����1(
) tends to +� too; con-
sequently �����1(
)

Æ�����1(
) has to tend to 0 in order to compensate
this growth. For

 � 	 ��

�����1(
)

�

the sequence � �� is bounded; hence there exists a subsequence of ����+��=1,
which will be denoted by ����+��=1 again, such that the corresponding se-
quence � �� tends to an element �� weakly in �1(�) and strongly in
��(��) for all indices � � �0 with

�0 = � for � = 2 and �0 = 2 +
4

� 
 2
for � 
 3� (3.2.7)
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Moreover, ��

Æ�����1(
) tends to 0 and ��

Æ�����1(
) tends to �
�; the

second convergence holds because � is finite-dimensional. Therefore  �
converges to �� in �1(�) and the limit �� is an element of � with
�����1(
) = 1. Due to this strong convergence there holds

1
�����1(
)

��[(��)
 
 �
]+
��
�2(��)

=

�����
�

(��)

�����1(
)


 �

�����1(
)

�
+

�����
�2(�� )

� �[(��)
]+��2(��) �

The validity of relation (3.2.6) implies that �[(��)
]+��2(�� ) = 0, because

otherwise the limit of �[(��)
 
 �
]+�2�2(��)

Æ�����1(
) should be +�.
This shows �� � � � (� 
 ���) � �0�. The expression in (3.2.6) can be
estimated by

lim
��+�

,(�����) + �[(��)
 
 �
]+�2�2(��) 
� (��)

�����1(
)


 
 lim
��+�

�

�
��

�����1(
)

�
= 
� (��)�

Due to (3.2.2) there holds � (��) � 0; hence this is a contradiction to the
assumption (3.2.6) and assertion (3.2.5) is verified.

Using the previous lemma it is now easy to derive an a priori estimate
uniform with respect to P and ?. Let us extend the function � onto the
whole domain such that �
 = 0 on �� holds. Inserting the test function
� 	 � into variational inequality (3.2.4) and employing the non-negativity
of the penalty and friction functionals and of �
 we get

1
2,(���? ����?) + �[(���?)
 
 �
]+�2�2(��) 
� (���?)

� 51���2�1(
) + 52����1(
)

for 0 � ? � 1 and 0 � P � 1. This inequality and Lemma 3.2.2—formally
applied to the bilinear form 1

2,—prove that ����?��1(
) is bounded uni-
formly with respect to ? and P.
As a consequence, to every ? � 0 there exists a sequence of approxima-

tion parameters P� � 0 and a corresponding sequence of solutions ���?�

converging to some limit function �� weakly in �1(�) and strongly in
��(��) for all � � �0 with �0 defined in (3.2.7). Passing to the limit
) � +� in problem (3.2.4) with solutions ���?� it is verified that the
limit �� is a solution of the penalized contact problem (3.2.3). Moreover,
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adding ,(������?�
��) to both sides of inequality (3.2.4) for test function
� = �� and passing to the limit ) � +� shows that 6����?� tends to 6���

strongly in �1(�). Since � is finite dimensional, from the weak conver-
gence 6����?� 8 6��� there follows strong convergence; hence the whole
sequence ���?� converges strongly in�

1(�). Of course, the limit �� is also
uniformly bounded in �1(�). Therefore the following Lemma is proved:

3.2.3 Lemma. Let Assumption 3.2.1 be valid. Then there exists a se-
quence ���?� of solutions to problem (3.2.4) with parameters P� � 0 which
converges in �1(�) to a solution �� of variational inequality (3.2.3). This
solution satisfies the a priori estimate

�����1(
) � 5 (3.2.8)

with constant 5 independent of the penalty parameter ?.

In the limit procedure ? � 0 the same problem as in the preceding
section appears: due to the loss of complete continuity of the friction func-
tional the a priori estimate of the previous Theorem is not sufficient. Again
this problem is solved by proving a better regularity result for the solution
on the contact part of the boundary.

3.2.4 Lemma. Let Assumption 3.2.1 be valid. Then the solutions to prob-
lem (3.2.3) satisfy the a priori estimate

�����1�2+�(��) +
���1
�

)
(��)
 
 �


*
+

���
$�(1�2��)(��)

� 5U$1�� (3.2.9)

with � from Assumption 3.1.3 and a constant that depends on the geometry
of the domain and on the given data but not on the penalty parameter ?.

The proof is the same as that given in the previous section for the
coercive case. In fact, only the coercivity of the bilinear form , in the
sense of (1.2.13) is used there. The contribution of the additional �2-norm
of the solution can be estimated using the known a priori estimate (3.2.8).
In the case � = 1

2 it is, of course, necessary to carry out the regularity
proof for the smoothed problem, and to pass to the limit in the smoothing
parameter.
The final limit procedure ? � 0 is the same as that described in the

previous section. Therefore the following existence result is valid:

3.2.5 Theorem. Let the assumption of Lemma 3.2.4 be satisfied. Then
there exists a sequence ��� of solutions to problem (3.2.3) with suitable
penalty parameters ?� � 0 such that ��� converges strongly in �1(�) to
a solution of the contact problem with friction (3.2.1).

3.2.6 Remark. An alternative proof of this theorem via the fixed-point
approach instead of the penalty method is again possible.
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Modification of the pressure condition

The pressure condition (3.2.2) cannot be prescribed if the set ��(� 
���)
contains a non-trivial subspace. This is e.g. the case if the contact boundary
is flat or flat in one direction. Here we show how this limitation can be
overcome. Let us denote

�0 	 �� � (� 
 ���) ��; 
� � (� 
 ���) ����
Obviously, �0 is the maximal subspace of � � (� 
 ���). Let �1 be
its �2(�)-orthogonal complement in �. The given forces are assumed to
vanish on �0,

� (�) = 0 for all � � �0� (3.2.10)

and to satisfy the generalized pressure condition on �1,

� (�) � 0 for all � � (� 
 ���) ��1 � �0�� (3.2.11)

Furthermore, Assumption 3.2.1 shall be valid for index � = 1
2 and boundary

regularity �� � �1+� with " � 1. The pressure condition (3.2.2) there is
replaced by (3.2.10) and (3.2.11). The restriction to � = 1

2 is necessary,
because we use the shift technique for the smoothed problem.
The coercive approximation will be done for the smoothed variational

equation
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(3.2.12)

It consists of two steps representing the two sets �0 and �1. Instead of
P�6��� 6���
 we add the term

P0
9
6�0�� 6�0�

:



+ P1
9
6�1�� 6�1�

:



with two possibly different constants P0 and P1 to the bilinear form. The
resulting approximate variational equation is
Find a function � ��1(�) such that for all � ��1(�) there holds

P0
9
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(3.2.13)
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Due to the validity of the modified pressure condition (3.2.11) the crucial
coercivity relation (3.2.5) is valid for the bilinear form

�, : (���) �� P0
9
6�0�� 6�0�

:
�2(
)

+,(���)

with fixed positive P0:

lim inf

�


�1(�)�+�

�,(���) + �[4
 
 �
]+�2�2(�� ) 
� (�)

����1(
)

� 0�

Due to this relation the solution ���<�?0�?1 of the variational inequality is
bounded in�1(�) uniformly with respect to P1 for any fixed P0. This yields
the existence of a sequence �P1��� of approximation parameters tending to 0
such that a corresponding sequence of solutions ���<�?0�?1�� converges weakly
in �1(�) to a solution ���<�?0 of the variational equation
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(3.2.14)

The next step is the proof of a priori estimates uniform with respect to
the three parameters P0, N and ?. Let us define � = � )�1. Remember
that � is the �2(�)-orthogonal complement of � in �1(�). Inserting
the test function � = ���<�?0 
 � into the variational equation and using
(6�0���<�?0)
 = 0 (this is valid due to the definition of �0), the relation

�><(��) � �� 
 0 for all �

and � (6�0���<�?0) = 0 yields

1
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�
6����<�?0 � 6����<�?0
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�
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� � �6����<�?0

�
+ 51���2�1(
) + 52����1(
)�

This relation is valid for P0� P1 � 1 and an extension of � to the whole
domain � that satisfies E
 = 0 on �� . Employing the modified coercivity
condition gives

�6����<�?0��1(
) � 5 (3.2.15)
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with constant independent of ?, N and P0.
Then the shift technique will be performed in order to get the required

regularity of the solution on the contact part of the boundary. Since the
uniform a priori estimate (3.2.15) is valid for the projections 6����<�?0

only, the shift technique will give only some regularity of this expression.
The remainder 6�0�, denoted by ���<�?0

in the sequel, appears only in the
fricition functional in the terms �

�
���<�?0

�
and �><

�
(���<�?0)�
��

�
. In the

shift technique we only need an upper bound for their product in ��(��),
and this bound is independent of ���<�?0

. Hence, the uniform boundedness

of 6����<�?0 in�
1(��) and of %
(���<�?0) = 
1

�

)
(���<�?0)

�


*
+
in �2(��)

can be proved.
Employing these two estimates it is possible to pass to the limits N � 0

and ? � 0 for a fixed P0. Here ���<�?0 is bounded in �1(�) uniformly
with respect to N and ? (but in dependence of P0). The function ���<�?0

=
6�0���<�?0 is therefore bounded in�

1(�), too. Since �0 is finite-dimensio-
nal and all elements of �0 are smooth, ���<�?0

is also bounded in �1(��).
Hence ���<�?0 is bounded in this space, too. Consequently for every fixed
penalty parameter it is possible to find a sequence ���<��?0 of solutions with
smoothing parameter N� � 0 such that all the convergences mentioned in
(3.1.26) hold and its limit ���?0 satisfies the variational inequality

P0
9
6�0���?0 � 6�0(� 
 ���?0)

:
�2(
)

+ ,(6����?0 �� 
 6����?0)

+
�
��

1
�

)
(���?0)
 
 �


*
+

�
4
 
 (���?0)


�
!1�

+
�
��

�(���?0)
1
�

)
(���?0)
 
 �


*
+
�

� ���� 
��� 

��(���?0)� 
��

��� !1� 
 � �� 
 ���?0

�
(3.2.16)

for all � � �1(�). Then, there exists a sequence of penalty parameters
?� � 0 and a corresponding sequence of solutions ����?0 which converges
to a solution of the problem

P0
9
6�0�?0 � 6�0(� 
 �?0)

:



+,(6��?0 �� 
 6��?0)

+
�
��

�(�?0)
��%
��?0

��� ���� 
��� 

��(�?0)� 
��

��� !1�

 �

�
� 
 �?0

�
�

(3.2.17)

In the final limit procedure P0 � 0 there is no a priori estimate for �?0
=

6�0�?0 available. Therefore it is necessary to distinguish two cases.
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In the first case we assume the existence of a sequence P0�� � 0 such
that the corresponding sequence �� = �?0�� is bounded. Then, after the
possible extraction of a subsequence, �� converges to some limit � � �0.
Consequently, again extracting a subsequence, we may assume that �?0��

converges to a limit � in the sense described in (3.1.26). Hence the conver-
gence P0�� � 0 in inequality (3.2.17) can be performed and the limit � is a
solution of the contact problem (3.2.1).

In the second case there holds ��?0��
��1(
) � +� for a sequence

P0�� � 0 such that 6��?0�� converges to some � in the sense described
in (3.1.26). Taking the test function � = 0 in inequality (3.2.17), multiply-
ing the result by ��?0��

��1
�1(
)

, passing to the limit ) �� and employing
the fact that both the bilinear and the linear forms do not depend on �?0��,
we prove

lim
��+�

�
��

�(�?0�� )
��%
��?0��

��� ����� (�?0��
)�

��?0��
��1(
)

����� !1� � 0�

Due to the a priori estimates there follows �(�?0��)
��%
��?0��

��� 8 �0 in
�2(��) with �0 
 0 and �?0��

Æ��?0��
��1(
) � �0 � �0 (possibly after the

extraction of a subsequence). By contradiction we prove �0 = 0. Let us
assume �0 � 0 in a subset� � �� of positive surface-measure. Then there
holds �0 = 0 in� . Since �0 is an element of � there holds �0(�) = ��+�

with an antisymmetric matrix � = 
�� � ���� and � � �� . Let us
consider sequences of the type ���� with �� � � and �� � �0 � � for
) � +�. Taking the limit ) � +� in the equation 0 = �0(��)
�0(�0) =
�(�� 
 �0) there follows �� = 0 for every � � �� being orthogonal to
	0 	 	(�0). Due to �� = 
� there holds 	�0 �	0 = 0, and for every
vector � orthogonal to 	0 we also have 	�0 �� = 0. Hence � = 0 and
�0 is a constant vector. However, then from �0 = 0 in �0 there follows
�0 = 0 everywhere, and this is a contradiction, because �0 is the limit of
a sequence that consists of functions having �1(�)-norm 1. Hence �0 = 0
is proved. As a consequence, if �(���) 	 �(�� 6��) (in particular if � is
solution independent), then every function �+ � with � � �0 satisfies the
variational inequality (3.2.1) and has �(�)%
(�) = 0.

3.2.7 Theorem. Let the Assumption 3.1.3 be valid with the exception of
the assumptions concerning mes�� and the coefficient ! which are replaced
by condition (3.2.10) and the pressure condition (3.2.11). Then the contact
problem (3.2.1) has at least one solution.
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3.3 Contact problems for two bodies

We consider the contact problem of two elastic bodies occupying the two
disjoint domains �(G), Y = 1� 2. For simplicity of the presentation we assume
a common contact part �� of both bodies. Hence the boundary � (G) of �(G)

shall be composed of the three measurable and mutally disjoint parts � (G)
� ,

�
(G)
� and �� . Both boundaries � (1) and � (2) as well as all parts � (G)

7 , Y =
1� 2, C = � � � are assumed to be Lipschitz; the contact boundary �� shall
be of the class �1+� with " � 1

2 + � for � � (0� 1
2 ]. The displacement field

of body Y will be denoted by �(G). The displacement fields are assumed to
satisfy a suitable time-discretized version of the equations of linear elasticity

!(G)�
(G)
� 
 ��%��

�
�(G)

�
= � (G)

� in �(G) (3.3.1)

with volume force � (G). The constitutive relation in domain �(G) shall be
given by a Hooke law of the type (1.2.5) with Young modulus -(G) and Pois-
son ratio .(G) in the case of isotropic material or of the type (1.2.1) with the

constants �(G)0 , ,
(G)
0 of ellipticity and boundedness in the anisotropic case.

On the parts � (G)
� of the boundary the displacements � (G) are prescribed,

and on the parts � (G)
� tractions � (G) are given. For simplicity of the notation

let us define � = �(1) ��(2), �� = � (1)
� � � (2)

� and �� = � (1)
� � � (2)

� . For

� � �(1) ��(2) � �� let the common displacement field � be defined by

�(�) =

'
�(1)(�)� � � �(1) � � (1)

� � � (1)
� �

�(2)(�)� � � �(2) � � (2)
� � � (2)

� �

Analogous definitions hold for the given data � , � , � , the coefficients �����
of the constitutive relation, the components of the stress and strain tensors
%��(�) and &��(�) and the coefficient !. Of course, � is defined on � (1)

� �� (2)
�

only. Sometimes the function � defined on the whole set � will be given
in the form � =

�
�(1)��(2)

�
with �(1) defined on �(1) and �(2) defined on

�(2).
The contact and friction is modelled in terms of the relative displacement

�rel = �(1) 
 �(2)

on the common contact part �� of the boundary. To be in harmony with
the common contact boundary of both bodies we assume the initial gap
�
 to be zero, but also a non-zero �
 would not lead to any substantial
mathematical difficulties. Let 	(G) be the normal vector on �� directed to
the exterior of �(G) (hence 	(2) = 
	(1)). Due to the equilibrium of forces
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the condition

%��
�
�(1)

�
	

(1)
� = 
%��

�
�(2)

�
	

(2)
� (3.3.2)

must be satisfied. In order to simplify the notation, let us denote 
� (�) =
%��
�
�(1)

�
$

(1)
� and 	 = 	(1). The appropriate Signorini condition for two

bodies is given by

�rel
 � 0� %
(�) � 0� �rel
 %
(�) = 0 (3.3.3)

with %
(�) = 
� (�) � 	. The two-body friction law has the form
�rel� = �rel� � �
�(�)� � ��%
(�)��
�rel� �= �rel� � 
�(�) = 
��%
(�)� �

rel
� 
�rel�

��rel� 
�rel� �
�

(3.3.4)

The weak formulation of the two-body contact problem is again a vari-
ational inequality. The set of admissible functions is the cone

� 	 �� ��1(�) ; � = � on �� and 4rel
 � 0 on ����
The problem is given as follows: find a function � � � such that for all
� � � there holds

,(��� 
 �) +
�
��

��%
(�)�����rel� 
�rel�
��
 ���rel� 
�rel�

��� !1�

 � (� 
 �)

(3.3.5)

with the bilinear form of the whole domain

,(���) =
�



�
! ��4� + %��(�)&��(�)

�
!�

and the linear functional

� (�) =
�



� � � !� +
�
��

� � � !1��

The integrals over � are given as the sums of the two integrals over both
domains �(1) and �(2). With this notation, problem (3.3.5) has almost the
same form as the corresponding formulation (3.1.1) of the contact problem
of a body and a rigid obstacle. The only difference is the appearance of the
relative displacements �rel, �rel in the friction term and in the definition of
the cone � .
The equivalence of the variational formulation (3.3.5) with the corre-

sponding classical formulation of the problem is proved similarly as in the
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introduction. Let us consider an admissible test function � =
�
�(1)��(2)

�
belonging to � . We multiply the differential equations (3.3.1) in �(G) with
�(G) 
 �(G), integrate the divergence of the stress tensor by parts and use
the easy formula

2�
G=1

�
��

%��
�
�(G)

�
$

(G)
� 9

(G)
� !1� =

�
��

%��(�)$�9rel� !1�

which is valid due to the equilibrium of forces (3.3.2). Then we employ the
appropriately modified weak formulations of the contact and friction con-
ditions (3.3.3) and (3.3.4) and obtain the variational inequality (3.3.5). On
the other hand, if � =

�
�(1)��(2)

�
is a twice continuously differentiable so-

lution of (3.3.5), the differential equation (3.3.1) can be proved by inserting
� = � + ! with test functions ! =

�
!(1)�!(2)

�
satisfying !(G) = 0 on � (G)

into (3.3.5) and using the Green formula. Then the boundary conditions on

�
(G)
� follow with the same procedure for test functions satisfying !(G) = 0
on � (G)

� � � (G)
� . Using test functions with !(1) = !(2) on �� yields the

equilibrium of forces (3.3.2). Finally, taking general test functions ! � �
leads to the weak formulations of the contact and friction conditions (3.3.3)
and (3.3.4).

3.3.1 Coercive case

Let us first study the coercive case. Since the set � is not connected,
it is necessary to assume the coercivity for both domains �(G)� Y = 1� 2,
separately. The assumptions are summed up in

3.3.1 Assumption. In addition to the assumptions concerning the geom-
etry of the domain and the coefficients �(G)���� let �

(G)
����, !

(G) � ���1�2(�),

and �� � �1+� with " � 1
2 + � and � � �0� 1

2

*
; let either mes� �

(G)
� � 0

and !(G) 
 0 or � (G)
� = � and !(G) 
 !0 � 0 on a set of positive measure

for Y = 1� 2. The given data fulfil � � �1(�), � � ��
�1

(�) and � �
��
�1+�

(��), where �� � � is a open set such that dist
�
�� � � ���

�
� 0,

� � ��
�1�2

(�� ), � � #1�2+�(��). The compatibility condition � (G) = 0
a.e. on �� shall be valid. The coefficient of friction � 	 �

�
���rel

�
is non-

negative and for every �rel its support shall be contained in a set �� � ��
having a positive distance to � � �� . In the case � � 1

2 the smoothness
requirements (3.1.27) and (3.1.28) are valid; for � = 1

2 the coefficient is
continuous in the sense of Carathéodory. The ��-norm of � is smaller
than the constant �� given below.
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As in the one-body case, the problem will be solved with the penalty
method and, in the case � = 1

2 , a smoothing of the friction functional. The
appropriate penalized problem is:
Find �� � � + �1

0(�) with �1
0(�) 	 	

� ��1(�); � = 0 on ��


,

such that for all � � � + �1
0(�) there holds

,(���� 
 ��) +
�
��

1
�

)�
�rel�

�



*
+

�
4rel
 
 ��rel�

�



�
!1�

+
�
��

1
�

)�
�rel�

�



*
+
�
�
�rel�

��
� ����rel� 
�rel�

��
 ����rel�

�
�

�rel�

��� !1� 
 � (� 
 ��)�

(3.3.6)

The smoothed problem reads
Find ���< � � + �1

0(�) such that for all � ��1
0(�) there holds

,(���< ��) +
�
��

1
�

)�
�rel��<

�



*
+
4rel
 !1�

+
�
��

1
�

)�
�rel��<

�



*
+
�
�
�rel��<

��>�

��
�rel��<

�
�

�rel�

� � �rel� !1�
= � (�)�

(3.3.7)

The solvability of the penalized problem is proved as in the case of the
one body contact problem via an appropriate fixed-point approach with
the help of convex analysis. In fact, the only change in the formulae is the
substitution of �� and �� in the contact- and friction functionals by the
relative displacements �rel� and �rel� . Then the limit procedure N � 0 is
carried out. This modification of the proof of Lemma 3.1.2 leads to the
proof of the following theorem:

3.3.2 Theorem. Let Assumption 3.3.1 be valid. Then problem (3.3.7) has
for each ? � 0 , N � 0 at least one solution. Every solution satisfies the a
priori estimate

����<��1(
) +
���1
�

)�
�rel��<

�



*
+

���
$̊�1�2(�� )

� 51 (3.3.8)

with constant 51 depending on the geometry of the domains and on the given
data but not on the penalty parameter ? and the smoothing parameter N.
For every fixed ? � 0 there exists a sequence N� � 0 and a corresponding
sequence ���� = ���<� of solutions to (3.3.7) that converges strongly in
�1(�) to a solution �� of (3.3.6). This solution also satisfies the a priori
estimate (3.3.8).
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As in the one-body case it is now necessary to prove some better regu-
larity of the solution on the contact part of the boundary. This is done for
the smoothed version (3.3.7) of the problem in the case � = 1

2 and for the
non-smoothed inequality (3.3.6) for � � 1

2 .

3.3.3 Theorem. Let Assumption 3.3.1 be valid. Then every solution ��

of the penalized problem (3.3.6) satisfies the a priori estimate

�����1�2+�(��) +
���1
�

)�
�rel�

�



*
+

���
$��1�2(��)

� 51

with a constant 51 indepenent of ?.

Proof. Here the changes compared to the one-body case are more substan-
tial than in the preceding proof. The changes concern in particular the
localization technique. It is modified to the two-body case as follows: for
a point �0 � �� an affine coordinate transformation ��0 is chosen which
maps this point to the origin, its tangent hyperplane onto the hyperplane
���1 � �0� and the normal vector 
	 at �0, directed into �(1), onto the
� -th basis vector "� . Then the boundary is locally represented as a graph
of a function : : ���1(Æ) � �,

�Æ(�0) 	 ���1
�0

(��� :(��)); �� � ���1(0� Æ)��
and the sets

�
(1)
Æ (�0) 	

	
��1
�0

(��� :(��) + ��); �� � ���1(0� Æ)� �� � (0� Æ)


�

�
(2)
Æ (�0) 	

	
��1
�0

(��� :(��) + ��); �� � ���1(0� Æ)� �� � (
Æ� 0)



are defined. If Æ is sufficiently small, then �(G)
Æ (�0) is the intersection of

�(G) with the set

� Æ(�0) 	
	
��1
�0

(��� :(��) + ��); �� � ���1(0� Æ)� �� � (
Æ� Æ)
�
There exists a finite covering 	Æ 	 �IÆ(��); � = 1� � � � � �Æ� of �� analogous
to that defined in Section 1.6 and a smooth partition of unity �Æ 	 �@� :
�� � [0� 1]� � = 1� � � � � �Æ� on �� subordinate to this covering. Using the
transformation of coordinates

� = �(�) = ��1
�0

(��� :(��) + �� )�
� = (��� ��) � JÆ 	 ���1(0� Æ)� (
Æ� Æ)

the local rectification of the boundary can be done as in the one-body case.
Here �(1)

Æ is parametrized by the “upper half” J(1)
Æ 	 ���1(0� Æ) � (0� Æ)

and �(2)
Æ by the “lower half” J(2)

Æ 	 ���1(0� Æ)� (
Æ� 0).
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The result of the localization technique is a variational inequality on the
domain J = J(1) � J(2) with J(1) = ���1 � �+ and J(2) = ���1 � ��
with common boundary ( = ���1 � �0�,�

(

�
�(��� 
 �) + �(��� 
 �) + �0(��� 
 �)

�
!�

+
�
,

�
�
�rel
� � �4rel
 
 �rel


�
!1�

+
�
,

�
�
�rel
� �
�
�
�rel 
�rel

�
 �
�
�rel 
�rel

��
!1�



�
(

� � (� 
 �) !��

(3.3.9)

Here � and � denote the corresponding localized and straightened versions
of � and � and the forms �, � and �0(�� �) are defined by obvious extensions
of the corresponding formulae in the proof of Theorem 3.1.4 to the two-body
case. In particular we have ,(���) = ,(1)(���) +,(2)(���) with

,(1)(���) =
�
((1)

����� &��(�)&��(�) !� and

,(2)(���) =
�
((2)

����� &��(�)&��(�) !��

The definition of �rel and �rel is obvious. The term � = �
�
�rel
� 	

1
�

)
�rel


*
+
B� is the penalty term multiplied by the density of surface measure

B� . The terms

�(�rel) 	
'
�(�rel)� (�rel) for � � 1

2 �

�(�rel)� (�rel)�><(�rel� 
�rel� ) for � = 1
2

and

�(�rel) 	
'
��rel� � for � � 1

2 �

�rel� for � = 1
2

are introduced in order to have a uniform notation for the shift technique
applied to both the non-smoothed and the smoothed problem.
Starting from (3.3.9), the regularity proof with the shift technique can

be performed as in the case of the one-body contact problem. The first
result corresponding to inequality (3.1.16) in the one-body case is

� 2
1 (�) +� 2

2 (�) � �1 + 51Æ
�� + 52X

������(��
�� )�
� !��1(�)5��1(�)�� �$�(1�2��)(,)

���rel�� ���1�2+�(,)

+ 51(X)�� �$�(1�2��)(,) + 52(X)
���rel�� ���1�2+�(,)

+ 53(X)

(3.3.10)
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with X arbitrarily small, �� denoting the tangential component with respect
to the old domain, �" = min�"� 1�, !��1(�) =

�
5��1

�
1
2 
 �

�
5��1

�
1
2 + �

� and
� 2

G (�) =
�
���1

�����(��1+2�),(G)(A
�� A
�) !���

The estimate of
���rel�� ���1(,)

in the two-body case is

���rel�� ���1�2+�(,)
� ���(1)

��
��
�1�2+�(,)

+
���(2)
��
��
�1�2+�(,)

�
2�

G=1

12�1 + 51Æ
��� ��(1)

0�(( )

!
1�2
��1(��

1
2 )
�G(�) + 52

���(G)
��
�1�2(,)

34 (3.3.11)

with !��1(�� 1
2 ) =

5��1(�) 5��1(1
2 )

5��1(1
2 + �)

. For the estimate of the contact force

�� �$�(1�2��)(,) we have the freedom to choose the Green formula for either
the “upper” domain J(1) or the “lower” domain J(2). This is a consequence
of the equilibrium of forces on the contact boundary. As in the one-body
case we derive

�� �2$�(1�2��)(,) �
�
1 + 51Æ

�� + X
��
!���1

�
�� 1

2

���1
�

(2)

0�(( )�
2
G (�)

+ 52(X)

for Y = 1 and Y = 2. The result for the admissible coefficient of friction is
optimal if we take the minimum of the values for Y = 1� 2. Therefore the
inequality

� 2
1 (�) +� 2

2 (�) � �1 + 5Æ�� + X
������(��
��)�

�
��

�
(1)

0�((1)�1(�) +
�
�

(1)

0�((2)�2(�)
�

�min
;�

�
(2)

0�((1)�1(�)�
�
�

(2)

0�((2)�2(�)
<

+ 52(X)�1(�) + 53(X)�2(�) + 54(X)

(3.3.12)

is obtained. In order to get an estimate for � 2
1 (�) + � 2

2 (�), the value
�����(��
�� ) must be smaller than the upper bound

�� = min
�1��2#0

� (�1��2)
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with � defined as

� 2
1 +� 2

2��
�

(1)

0�((1)�1 +
�
�

(1)

0�((2)�2

�
�min

=�
�

(2)

0�((1)�1�
�
�

(2)

0�((2)�2

> �
Here the argument � is omitted for the sake of simplicity. If �1 �= 0 holds,
then we can insert �2 = P�1 with an unknown non-negative constant P.

With the abbreviations �G =
�
�

(1)

0�(( ) and �G =
�
�

(2)

0�(( ) , Y = 1� 2, the
optimization problem can be reformulated as

�� = min
?#0

�
1 + P2

(�1 + �2P) �min ��1� �2P�
�

= min
?#0

max

'
1

�2�1

1 + P2

�1
�2

+ P
�

1
�2�2

1 + P2

�1
�2
P + P2

5
�

The solution of this problem is obtained after some calculation,

�� =

$���%���&
�2
1 + �2

2

�1�2(�1�2 + �2�1)
� if

�1

�2

 �2

2 
 �2
1

2�1�2
�

2
�1

��
�21 + �22 + �1

� � if �1
�2
�
�2
2 
 �2

1

2�1�2
�

if �1 � �2. In the case �2 � �1 the indices of the bodies must be inter-
changed.
In the isotropic case this yields the formula

�� =

$���%���&
1

2
�
(1(2

�1(1 +�2(2

�1

�
(1 +�2

�
(2

� 4�2
2 


(�1(1 
�2(2)2

(1(2
�8

�2

(1

1�
�1 +�2 +

�
�2

� 4�2
2 �

(�1(1 
�2(2)2

(1(2

(3.3.13)

for �1(1 � �2(2 with

�G =
-(G)

1
 �.(G)
�2 and (G =

�
1
 .(G)

�2
3
 4.(G)

� Y = 1� 2�

in the two-dimensional case and

�G =
-(G)

1 + .(G)
and ((G) =

1
 .(G)

3
 4.(G)
� Y = 1� 2�

for dimension � 
 3. For �2(2 � �1(1 the indices 1 and 2 of the bod-
ies must be exchanged. For anisotropic material the upper bound of the
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admissible coefficient of friction is given by

�� =

$�������%�������&

���� 3�(1)0 �
(2)
0

4,(1)
0 ,

(2)
0

,
(1)
0 +,(2)

0�
�
(1)
0 ,

(1)
0 +

�
�
(2)
0 ,

(2)
0

�
�
(2)
0

�
(1)
0




�
,

(1)
0 
,(2)

0

�2

4,(1)
0 ,

(2)
0

�

����3�(1)0 �
(2)
0

,
(1)
0

1�
�
(1)
0 + �(2)0 +

�
�
(2)
0

�
�
(2)
0

�
(1)
0

�
�
,

(1)
0 
,(2)

0

�2

4,(1)
0 ,

(2)
0

�

(3.3.14)

if ,(2)
0 
 ,(1)

0 . For the case ,
(2)
0 � ,(1)

0 the corresponding formula with
interchanged indices of the two bodies is valid.

From this regularity result, the convergence procedure for the penalty
parameter can be carried out as described for the one body case. The result
is the following Theorem:

3.3.4 Theorem. Let Assumption 3.3.1 with the bound �� given by formula
(3.3.13) for homogeneous isotropic bodies or by (3.3.14) for general bodies
be satisfied. Then there exists at least one solution of the two-body contact
problem (3.3.5).

3.3.5 Remark. After a suitable adaptation to the two-body contact problem
all remarks about Theorem 3.1.5 remain valid. In particular, the problem
with different coefficients of friction of slip and friction of stick can be
treated in a similar way: Let � have a discontinuity at �rel� 
 �rel� = 0
and let �0(0) = lim

�rel
�
�0

�(�rel� ) exist and satisfy �(0) 
 �0(0). Let �0 be

extended by �0(��) = �(��) for �� �= 0. If �0 satisfies Assumption 3.3.1,
then any solution � of problem (3.3.5) with the coefficient of friction �0

solves also the problem with coefficient of friction �.

3.3.2 Semicoercive problems

For two-body contact problems, there are two different cases of semicoer-
civity. In the first case both bodies are free. Then the cone of admissible
functions is defined by

� =
	
� ��1(�); 4rel
 � 0 on ��



and the appropriate set of rigid motions is

� =
	
� ��1(�); &��(�) = 0 on �



�
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If the standard identification of�1(�) with�1
�
�(1)

���1
�
�(2)

�
is used,

then � is equivalent to �(1) ��(2) with the sets of rigid motion �(G) on
�(G). In the second case of semicoercivity one of the bodies is free, but the
other one is “fixed” by either a Dirichlet boundary condition on a part of
boundary �� with positive surface measure or by the condition ! 
 !0 with
a positive !0 on a subset of positive measure. If the “free” body is denoted
by �(1) and the “fixed” one by �(2), then the set of admissible functions
of the problem is given by

� =
=
� ��1(�); � = � on � (2)

� and 4rel
 � 0 on ��
>

and the appropriate set of rigid motions is

� =
=
� ��1(�); &��(�) = 0 on �(1) and � = 0 on �(2)

>
�

Using the above mentioned identification, the latter set is equal to �(1) �
�0�.
The semicoercive problem can be solved under Assumption (3.3.1) sup-

plemented with an additional pressure condition. The pressure condition
has the same form (3.2.2) as in the semicoercive one-body case, if the new
definitions of � , �1(�), � and � for the two-body cases are used there.
The crucial Lemma 3.2.2 is valid in the appropriate modified form, where
the term �
 on �� is replaced by �rel
 ; the proof of the modified lemma is
the same as in the one-body case. From the modified lemma the existence
of solutions to the penalized problem and the a priori estimate of the type
(3.2.9) can be verified as in the semicoercive one-body case. Then the reg-
ularity result of Theorem 3.3.4 is proved as in the coercive two-body case
under the same additional assumptions. In particular, the admissible coeffi-
cient of friction �� is the same. The convergence of a sequence of solutions
of the penalized problem to a solution of the original contact problem is
proved as in the coercive case. The result is the following theorem:

3.3.6 Theorem. In addition to Assumption 3.3.1 let the pressure condition

� (�) � 0 for all � � � �� � �0�
be valid. Then the semicoercive two-body contact problem has at least one
solution. This solution can be represented as a limit of solutions of the
corresponding penalized problem.

3.4 Quasistatic contact problem

In the quasistatic contact problem the body is assumed to be deformed
very slowly and the inertial forces in the dynamic formulation are therefore
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neglected. The classical formulation of the problem is given by the set of
relations


��%��(�) = �� in 	� ��� (3.4.1)

� = � on 	� � �� � (3.4.2)


� (�) = � on 	� � �� � (3.4.3)

�
 � �
� %
 � 0� %
(�
 
 �
) = 0 on 	� � �� � (3.4.4)

�̇� = 0 � �
�� � ��%
��
�̇� �= 0 � 
� = 
��%
� �̇���̇��

on 	� � �� � (3.4.5)

�(0� �) = �0 for � � �� (3.4.6)

In this formulation, the time derivative �̇ appears only in the friction law.
The initial condition is given for the displacements only.
Let us introduce the variational formulation of this problem. The con-

tact condition given here is formulated with the displacements, but the
friction condition is formulated in the displacement velocities. Therefore
the variational formulation of the quasistatic problem is a little more com-
plicated than in the static case. Let us define the cone

� (�) 	 	� ��1(�); � = � (�� �) on �� and 4
 � �
 on ��


�

Then the quasistatic contact problem is given as follows:
Find a function � � � +#1(	� ;�1

0(�)) with �(�� �) � � (�) for almost
every � � 	� such that for almost every � � 	� and every � � � (�) there
holds

,(��� 
 �) +
�
��

��%
(�)����� 
 �� + �̇�� 
 ��̇��
�
!1�


 � (� 
 �)
(3.4.7)

with the bilinear form

,(���) =
�



%��(�)&��(�) !�

and the linear functional

� (�) =
�



� � � !� +
�
��

� � � !1��

As before, the notation�1
0(�) =

	
� ��1(�); � = 0 on ��



is employed.

The weak formulation of the problem is derived from its classical version
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by the usual procedure: the differential equation (3.4.1) is multiplied by
4� 
 ��, the sum over all indices 
 is taken and an integration by parts is
performed. In the boundary integral we use the variational formulations
(1.5.12) of the Signorini contact condition and


� �(��
�̇�)+��%
(�)������
��̇��
� 
 0 for all �� orthogonal to 	 (3.4.8)

of the Coulomb friction law (cf. also (1.5.13)). The latter is employed with
the decomposition

� 
 � = (� 
 � + �̇)
 �̇ 	 � 
 �̇

which leads to the present form of the friction functional.
If the physical units are considered, then the variational formulation

looks a little strange, because a displacement and a velocity appear in the
same sum. In fact, the variational formulation can be modified in such a
way that �̇� is replaced by 5�̇� with an arbitrary parameter 5 � 0 that may
be used to transform the physical units. This follows from the modified
decomposition

� 
 � = (� 
 � + 5�̇)
 5�̇ 	 5� 
 5�̇�

taken in the product of (3.4.8) and 5.
The existence proof to be presented here was published by L.E. Anders-

son in [12]. With the penalty method, the problem is approximated by the
variational inequality
Find a function � � � + #1

�
	� ;�1

0(�)
�
such that for almost every

� � 	� and every � � �̇ (�� �) + �1
0(�) there holds

,(��� 
 �̇) +
�
��

1
�

)
�
 
 �


*
+
(4
 
 �̇
) !1�

+
�
��

�1
�

)
�
 
 �


*
+

����� 
 ��̇��� !1� 
 � (� 
 �̇)�
(3.4.9)

Here also a change of the test function is done. The solvability of this
problem will be proved with a time discretization (Rothe method). We
consider a partition of the time interval 	� with time steps of equal stepsize
A� = 
F�. Let �� 	 *A�, * = 0� � � � � �, let �(�) be an approximation for
�(��) and A�(�) 	 �(�)
�(��1) be the time difference operator. The time-
discretized problem is obtained from (3.4.9) by replacing � with �(�) and
�̇(�) with A�(�)

Æ
A�. If the result is multiplied by the time step A� the

following variational inequality is obtained:
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Find a function �(�) � � (�) + �1
0(�) such that for all � � A� (�) +

�1
0(�) there holds

,
�
�(�)�� 
A�(�)

�
+
�
��

1
�

)
�(�)

 
 �


*
+

�
4
 
A�(�)




�
!1�

+
�
��

�1
�

)
�(�)

 
 �


*
+

����� 
 ��A�(�)
�

��� !1�

 � (�)

�
� 
A�(�)

�
�

(3.4.10)

Then, the smoothing of the norm in the friction functional is employed.
The resulting variational inequality is
Find �(�) � � (�) + �1

0(�) such that for all � ��1
0(�) there holds

,
�
�(�)��

�
+
�
��

1
�

)
�(�)

 
 �


*
+
4
 !1�

+
�
��

�1
�

)
�(�)

 
 �


*
+
�><

�
A�

(�)
�

� � �� !1� = � (�)(�)�

(3.4.11)

Problems (3.4.10) and (3.4.11) have the same forms as the corresponding
versions of the static contact problem with � = �(��1).
For simplicity of the presentation we assume � (�) 	 0 in the following

proofs. This restriction can be relaxed: if a non-zero � (�) can be extended
onto the whole domain � in such a way that � (�) = 0 holds in a neigh-
bourhood of �� , then the transformed function

��(�) = �(�) 
� (�)

solves the problem with Dirichlet data �� (�)
= 0 and the modified linear

functional

�� (�)(�) = � (�)(�)
,�� (�)��
�
�

In the assumptions of the assertions we will state the required assumptions
for � (�); they can be derived easily from the corresponding assumptions on
� (�).
The existence of a solution to (3.4.11) is proved as in the static case via

a fixed point approach. Then an a priori estimate for its solution �(�) is
derived by taking the test function � = �(�). In order to have this estimate
independent of the solution �(��1) from the previous time step, the friction
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functional is treated in a different way than in the static problem. We have�
��

�1
�

)
�(�)

 
 �


*
+
�><

�
A�

(�)
�

� � �(�)
� !1�

� �����(��)

��%
��(�)
���

$̊�1�2(��)

���(�)
�

��
�1�2(�� )

� �����(��)

�
�(1)�(2)

���(�)
��2

)
+ 51

���(�)
��
)

+ �2

with the energy norm ���2) =
�
,(���) and the constants �(1), �(2) from

the generalized trace and inverse trace relations��%
��(�)
���2

$̊�1�2(�� )
� �(1)

���(�)
��2

)
+ 51

��� (�)
��2
��
�1

(
)
� (3.4.12)���(�)

�

��2

�1�2(�� )
� �(2)

���(�)
��2

)
+ 52

��� (�)
��2
��
�1

(
)
� (3.4.13)

The validity of these relations follows from the Green theorem and the usual
trace and inverse trace theorems for Sobolev spaces. If

�����(�� ) �
�
�(1)�(2)

��1�2

holds, then we arrive at an a priori estimate���(�)
��
�1(
)

� 5�

If �� (�)�
��
�1

(
)
is bounded uniformly with respect to *, then the constant

5 there is independent of *.

3.4.1 Remark. The constants �(1) and �(2) have a similar role as the con-
stants �(1)

0 and �(2)
0 needed for the computation of the admissible coefficient

of friction for the static problem. However, here they depend on the domain
�. It is not clear how to calculate these constants for a general domain
from e.g. some smoothness requirements. In the static case the localization
technique enables the use of known constants for the half-space domain.
However, by the localization and straightening of the boundary we obtain
additional perturbation terms depending on lower-order space derivatives
of the solution. In the proof of the space regularity these terms can be
estimated with the help of existing a priori estimates in some lower-order
Sobolev norm. Here, such an approach requires an additional knowledge
about the time regularity of the solution in a lower-order Sobolev norm.
It is not clear how to get such an estimate. This turns out to be a major
drawback for the practical applicability of the obtained result, because the
admissible coefficient of friction can be computed in special situations only.
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After establishing a uniform bound for �(�) in�1(�), a better regularity
of the solution can be proved by the localization and shift techniques as in
the static case. Here, it is again important to have the estimate independent
of �(��1). This can be achieved by applying the shift technique to the
smoothed problem (3.4.11) with regularity gain � = 1

2 . In this case, the
function �(��1) is only present in

�
�
A�

(�)
�

��><

�
A�

(�)
�

�
�

In the shift technique, this term is estimated in ��(�J) (with the boundary
�J of the straightended domain), and this estimate is independent of the
argument A�(�)

� . If the shift technique would be applied to the penalized
but non-smoothed problem, then the estimate of the difference���A�(�)

�

�
�


��
 ��A�(�)
�

��
cannot be done without any dependence of the result on �(��1).
The results of this procedure are given in the next Theorem that is valid

under the following assumptions:

3.4.2 Assumption. Let the domain � be bounded and connected, let its
boundary � be Lipschitz and be composed of the closures of the mutu-
ally disjoint parts �� , �� and �� which are open with respect to the sur-
face topology and let mes� �� � 0. The coefficients ����� are symmetric,
bounded, elliptic in the sense described in (1.2.2)–(1.2.4) and ��-smooth

with " � 2. The given data satisfy � (�) � �1(�), � (�) � ��
�1

(�),

� (�) � ��
�1�2

(�� ), �
 � #1(��), �
 
 0 a.e. in �� . For a set �� � �
satisfying �� � ��� there holds � (�) � #�1�2(��) and � (�) = 0 on
�� . The norms of these functions in the corresponding spaces are inde-
pendent of *. The contact boundary �� fulfils �� � ��. The coefficient of
friction � 	 �(���) shall be non-negative and continuous in the sense of
Carathéodory. For every � � �� its support supp�(���) is contained in
a set �� � �� having a positive distance to � � �� . Moreover, � shall be
globally bounded by

�����(��
��) � ���
with admissible coefficient of friction

��� =
�

max
=�
�

(1)
0 �

(2)
0 �
�
�(1)�(2)

>��1

�

where the constants �(1)
0 , �

(2)
0 are computed from the coefficients of the

bilinear form as in the static case and the constants �(1), �(2) are those
from (3.4.12) and (3.4.13).
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3.4.3 Theorem. Let Assumption 3.4.2 be valid. Then for every * �
�1� � � � � ��, ? � 0, N � 0 problem (3.4.11) has a solution �(�). This so-
lution satisfies���(�)

��
�1(
)

� 51 (3.4.14)

and ���(�)
��
�1(��)

+
��%
��(�)

���
�2(��)

� 52 (3.4.15)

with constants 51, 52 independent of *, ? and N. For every fixed *, ? there
exists a sequence N� � 0 such that a corresponding sequence �(�)

� of so-
lutions to (3.4.11) converges in �1(�) to a solution �(�) of the penalized
problem (3.4.10). This solution also satisfies the a priori estimates (3.4.14)
and (3.4.15).

In order to pass to the limit A� � 0 of the time step it is necessary
to have a certain time regularity for the solutions of the penalized prob-
lem. This time regularity follows from the estimate for the time differences
presented in the next Theorem:

3.4.4 Theorem. In addition to Asumption 3.4.2 let the coefficient of fric-
tion be solution independent and satisfy the condition (3.4.20) given below.
Then the solution of the time-discretized problem (3.4.10) satisfies the es-
timate��A�(�)

��
�1(
)

� 51
��A� (�)

��
�1

0(
)�
+ 52

��A� (�)
��
�1(
)

(3.4.16)

with constants 51, 52 independent of * and ?.

Proof. It is sufficient to consider the case � (�) = 0. Inserting the test
function � = 0 into variational inequality (3.4.10) yields
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Inserting � = A�(�) +A�(��1) = �(�) 
 �(��2) into the equation for *
 1
gives
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Taking the difference of both inequalities and using the estimate
��A�(�)

� +
A�

(��1)
�

��
 ��A�(��1)
�

�� � ��A�(�)
�

�� yields
,
�
A�(�)� A�(�)

�
+
?
1
�
A
�)
�(�)

 
 �


*
+

�
� A�(�)




@
��

+
?
1
�
A
�
�
)
�(�)

 
 �


*
+

�
�
��A�(�)

�

��@
��

� A� (�)
�
A�(�)

�
�
(3.4.17)

The contribution of the penalty term is bounded from below by 0. The
friction term is estimated with the help of the trace theorem by?

1
�
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���$�1�2(��)�$�1�2(��)
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�A�(�)
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$�1�2(��)
�

� ��A�(�)
�

��
$1�2(��)

�

(3.4.18)

Here, the norm of �

���$�1�2(��)�$�1�2(��) 	 sup
.�$�1�2(��)


.

��1�2(!�)

	1

��D�$�1�2(��)

is a Sobolev multiplier norm. The right-hand side of (3.4.18) can be esti-
mated further with the help of the special trace and inverse trace estimates
(3.4.12) and (3.4.13). The result of these estimates is the inequality��A�(�)

��2

)
� ���$�1�2(��)�$�1�2(��)

�
�(1)�(2)

��A�(�)
��2

)

+ 51
��A� (�)

��
�1

0(
)�

��A�(�)
��
)

+ 52
��A� (�)

��2

�1
0(
)�

�
(3.4.19)

If

���$�1�2(��)�$�1�2(��) �
�
�(1)�(2)

��1�2
(3.4.20)

holds, then estimate (3.4.16) follows.

3.4.5 Remark. From the duality

���� 4�� = ��� �4��
it is easily seen that ���$�1�2(�)�$�1�2(�) is equal to ���$1�2(�)�$1�2(�).

The requirement that ���$1�2(��)�$1�2(��) is bounded by
�
�(1)�(2) is



3.4. Quasistatic contact problem 211

rather restrictive. It not only needs some additional smoothness of �, but
also prescribes an upper bound for the corresponding norm. In the static
case we only have an upper bound for �����(��), combined with some
additional (moderate) smoothness of � in the case � � 1

2 but without any
additional conditions on the magnitude of the corresponding norm. From
the estimate

�� 4�$1�2(�) � �����(�)�4�$1�2(�)

+ 51(N� ���)���
	

1�2+"
2� (�)

�4��2��(�)

valid for N � 0, �� �� 
 1 with 1F� + 1F�� = 1 and a certain constant
51(N� ���) and from the Sobolev imbedding

�4���(�) � 52(G)�4�$1�2(�)

valid for G � +� in the case �� = 1 and G � 2 ��
���1

in the case �� 
 2 with

dimension �� of � there follows an estimate of the type
���$1�2(�)�$1�2(�) � �����(�) + 54(N� ���))���

	
1�2+"
2� (�)

�

provided � � �� . If � is solution-dependent, it is not possible to estimate
��(�̇)�

	
1�2+"
2� (��)

in terms of ��̇��1�2(��).

In the two previous theorems all the necessary a priori estimates re-
quired for the limit procedures A� � 0 and ? � 0 are established. We
consider first the limit of the time step in the penalized problem. In or-
der to distinguish different levels of the time discretization let us denote
A�� 	 
F�, �(�)

� = *A��, and let �(���) be the corresponding approxima-

tion of the solution at � = �(�)
� . In order to relate the set of time-discrete

equations (3.4.10) with the time continuous equation (3.4.9), it is necessary
to extend the solutions of the time-discretized problems onto the whole
time domain. This is done by

��(�� �) 	 �(���)(�) for � �
6
�
(�)
��1� �

(�)
�

�
� * = 1� � � � � � (3.4.21)

for the displacement field and

A��

A��
	 �(���) 
 �(����1)

�
(�)
� 
 �(�)

��1

for � �
6
�
(�)
��1� �

(�)
�

�
� * = 1� � � � � �

for the time differences. Analogously for # = � �� and � , # � denote the
corresponding extensions of the time discretizations # (���) = #

�
�
(�)
�

�
and

(A# �)
Æ
(A��) the corresponding extensions of the time differences.
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With this notation, the set of time-discrete problems (3.4.10) is equiv-
alent to�

 �

�
,

�
����� 
 A��

A��

�
+
A
1
�

)
(��)
 
 (��)


*
+
� (4�)
 


�
A��
A��

�



B
��

+
A
�1
�

)
(��)
 
 (��)
]+�

��(��)�
��
 �����A��

A��

�
�

����B
��

�
!�



�
 �

��

�
�� 
 A��

A��

�
!��

(3.4.22)

This problem can be interpreted as a certain Galerkin discretization of the
penalized quasistatic problem (3.4.9), if the given data � , � , � are also
replaced by their time discretizations. For the limit procedure we need the
following regularity assumptions on the given data:

3.4.6 Assumption. Let � � #1
�
	� ;�1

0(�)�
�
, � � #1

�
	� ;�1�2(�� )�

�
,

� � #1
�
	� ;�1(�)

�
.

Due to these regularity properties there holds

��(�� �) � �(�� �) in �1
0(�)��

��(�� �) � � (�� �) in �1�2(�� )��

��(�� �) � � (�� �) in �1(�)

(3.4.23)

for every � � 	� , and
A��

A��
� �̇ in �2

�
	� ;�1

0(�)�
�
�

A��

A��
� �̇ in �2

�
	� ;�1�2(�� )

��
�

A��

A��
� �̇ in �2

�
	� ;�1(�)

�
�

(3.4.24)

The three last convergences follow from the representation

AE�

A��
(�) =

1
A�

� �
(�)
�

�
(�)
��1

Ė(1) !1 for � �
6
�
(�)
��1� �

(�)
�

�
�

applied to E � �� � � ���, and the fact that the mean value 1
H�


 �+H�

�
E(1) !1

of a function � � �2(�) converges to � strongly in �2(�) as A�� 0. More-
over, from the a priori estimates proved for �(�) there follows the existence
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of a sequence A���
� 0 of time steps and a corresponding sequence ���

of solutions of the time discrete equations such that the latter converges in
the sense

���
8 � in �2

�
	� ;�1(�)

�
� (3.4.25)

A���

A���

8 � in �2

�
	� ;�1(�)

�
� (3.4.26)

In order to show� = �̇ we consider a fixed test function � � �̊1
�
	� ;�2(�)

�
and its sequence of time discretizations ���

. Then the following discrete
version of integration by parts is true:�

 �

A���

A���

� ���
!� =

���
�=1

�
�

(�)
��

 �

(��1)
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(�)
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=
���1�
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�
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 �

(�+1)
��

�
+ �
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(0)
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� �(1)
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� ��H���

0

���
(�) � A���

A���

(�+A���
) !�

+ �
(��)
��

� �(��)
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 �
(0)
��
� �(1)

��
�

Using the strong convergences ���
� � and

A���

A���

� �̇ in �2(	� � �)

together with (3.4.25) and (3.4.26) there follows�
 �



� � � !� !� = 

�
 �



� � �̇ !� !�

which proves � = �̇.
In order to verify a strong convergence ���

� � in �2(	� � � ) we first
derive some time regularity of ���

. For a test function � � �̊(	� ;�2(�))
we have (in the distributional sense)�

 �



�̇��
� � !� !� =

�



���1�
�=1

�
�

(�+1)
��


 �
(�)
��

� � ���(�)��
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����A���
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�2( �

)

 
���1�
�=1

A���

�����(�)��

���2

�2(
)

!1�2

� 5����( � ;�2(
))�

Due to the embedding #̊1�2+<(	� ;�2(�)) 7� �̊(	� ;�2(�)) this proves

��̇��
�$�1�2�"( � ;�2(
)) � 5
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for every N � 0 with 5 independent of ). This implies that ���
is bounded

in #1�2�<�1(	� ��) uniformly with respect to ). By compact embedding
we obtain ���

� � strongly in �2(	� ��) and in �2(	� � � ).
These convergences are sufficient to pass to the limit in the time-discre-

tized version of problem (3.4.22). Indeed, all convergences are trivial with
the exception of the following ones

,

�
���

�
A���

A���

�
and

A
�1
�

)
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)
 
 (���
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*
+
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�
�

����B
��

�

The convergence of the first term is proved by a discrete version of the
integration by parts:�
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(3.4.27)

The sum on the right-hand side converges to zero for A���
� 0, because

A���

A���

is bounded in �2

�
	� ;�1(�)

�
, and therefore

���
�=1

,
�
A�
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��
� A�
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(�)
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!� � �A���
�

With the weak lower semicontinuity of positive semi-definite bilinear forms
and the weak convergence �(��)

��
8 �(
 ) in �1(�) we conclude
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For the friction term we haveA
�1
�
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(3.4.28)

with L : � ��
'
�
Æ���� � �= 0�

0� � = 0
. The right-hand side of the previous in-

equality converges to?
�1
�
[�
 
 �
]+L(�̇)� �̇�

@
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=
?
�1
�
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 �
]+� ��̇��

@
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Here, the weak convergence
�
(A���

)
Æ
(A���

)
�
�
� �̇� follows from the weak

convergence (A���
)
Æ
(A���

) � �̇ and the representation �� = �� of the
tangential component with a bounded matrix � = �(�), � � � . Hence
the convergence of ���

to a weak solution of the penalized quasistatic
problem (3.4.9) is proved. This solution satisfies the variational inequality
(3.4.9) for almost every time �. Due to (3.4.14), (3.4.15) and (3.4.16) it is
bounded in #1

�
	� ;�1(�)

�
and in ��

�
	� ;�1(��)

�
, and the penalty term

is bounded in ��
�
	� ;�2(��)

�
. With the Green formula?
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valid for all � � �1
0(�) with �� = 0 on �� we also conclude that 1
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�
]+ is bounded in #1
�
	� ;#1�2

0 (��)�
�
. Here the space #1�2

0 (��) =
	
4 �

#1�2(� ) ; 4 = 0 on �2


is the space of traces of functions from �1

0(�).
Hence the following theorem is verified:

3.4.7 Theorem. Let the Assumptions 3.4.2 and 3.4.6 be valid and let
the coefficient of friction be solution independent and satisfy the condi-
tion (3.4.20). Then there exists a sequence of time steps A���

� 0 and
a corresponding sequence of solutions ���

of the time-discretized problem
(3.4.10) such that their extensions ���

defined by (3.4.21) converge strongly
in �2

�
	� ;�1(�)

�
to a solution of the penalized quasistatic contact problem

(3.4.9). This solution satisfies the a priori estimate

���$1( � ;�1(
)) + �����( � ;�1(��))

+ ���(�)���( � ;�2(��)) + ���(�)�
$1( � ;$

1�2
0 (�� )�)

� 5 (3.4.29)

with a constant 5 independent of the penalty parameter ? and �� : � ��
1
�
[4
 
 �
]+ .
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The existence result for the quasistatic problem is now proved by passing
to the limit ?� 0 in the weak formulation of the penalized problem (3.4.9).
Due to the a priori estimates proved just before, there exist a sequence
?� � 0 of penalty parameters and a corresponding sequence �� of solutions
to (3.4.9) with ? = ?� such that

�� 8 � in #1
�
	� ;�1(�)

�
and in �2

�
	� ;�1(��)

�
�

(3.4.30)

�� � � in �2

�
	� ;�1�<(��)

�
for any N � (0� 1)� (3.4.31)

��� (��)8 
%
(�) in #1
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	� ;#1�2

0 (��)�
� � �2(	� � ��)� (3.4.32)

��� (��) � 
%
(�) in �2

�
	� ;#�<(��)

�
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�
	� ;#�1�2(��)

�
�

(3.4.33)

The last convergence here follows from compact imbedding theorems for
Sobolev spaces. Moreover the convergence

���� (��)� (��)
� �
��
� #0

holds with a number #0 � �. From the limit ) � +� in the estimate
1
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Moreover, due to �
 � �
 there holdsA
1
?�

)
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*
+
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� 0� (3.4.35)

The limit ) � +� in this relation proves


#0 � �%
(�)� �
� �
�� � (3.4.36)

In order to prove 
#0 
 �%
(�)� �
� �
�� we take the test function � =
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�̇� 
 �� + � in (3.4.9) and obtainA
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Here we pass to the limit ) � +�. Due to the weak lower semicontinuity
of positive semi-definite bilinear forms, the relation
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In combination with (3.4.36) this proves
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�
	� ;�1�2

0 (��)
�
with 4
 � �
. Taking here �(�� �) = �(��D� �)

and passing to the limit D� 0 shows
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� �
�� = 0�

After these preparations we are able to pass to the limit ) � +� in
relation (3.4.9). Let us first consider the friction term. For any function
L � ��

�
	� � ��;��

�
with �L� � 1 on 	� � �� we have
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With the weak lower semicontinuity of positive definite quadratic forms
there follows after time integration
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Hence the limit function � satisfies the variational inequality�
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for all test functions � � �̇ +�2(	� ;�1
0(�)). Here the term �%
(�)� �̇
���

has been added. Choosing the new test function � = �� + �̇ 
 � and
employing relation (3.4.37) for the normal stresses proves that � indeed
solves the weak formulation (3.4.7) of the quasistatic contact problem.
Moreover, with the usual procedure of adding ,(����
�) to both sides

of (3.4.9) with solution �� and passing to the limit it is verified that the
convergence �� � 0 is strong in �2

�
	� ;�1(�)

�
. As a consequence, the

convergence ��(�� �)� �(�� �) is also strong for almost every � � 	� . Hence
the following theorem is proved:

3.4.8 Theorem. Let the assumptions of Theorem 3.4.7 be valid. Then
there exists a sequence �� of solutions to the penalized quasistatic problem
(3.4.9) with penalty parameters ?� � 0 such that �� converges strongly in
�2

�
	� ;�1(�)

�
to a solution of the quasistatic contact problem with friction

(3.4.7).



Chapter 4

Dynamic contact
problems

In this chapter we survey relevant available results for dynamic contact
problems with a physically well posed contact condition in displacements.
We confine ourselves to the contact of a body with a rigid undeformable
obstacle. The reason is the lack of a satisfactory model for the contact of
two bodies with dimension higher than one respecting the non-penetrability
of both bodies, in particular the time dependence of the appropriate couples
of boundary points which should describe this condition. In this respect the
dynamic problem differs from the static one, where the non-penetrability
can be modelled on the basis of the original configuration and from the case
of strings, where the geometry is essentially simplified (cf. e.g. [33]).
The main difficulty of the dynamic contact problems with friction arises

from the hyperbolic nature of the equilibrium of inner forces. In variational
inequalities for hyperbolic problems it is much more comfortable to have
the time derivatives of the solution in the test function instead of the so-
lution itself. With the velocity as a test function, the signs at the velocity
and at the space gradient will be the same after integration by parts in
time and space. On the other hand, if the displacement is used as a test
function, the space and time terms have opposite signs with many unpleas-
ant consequences on estimates and convergence procedures. Hence, from
a mathematical point of view the contact condition in velocities is much
easier to handle. Before the first results on the original contact condition
appeared there was a large literature on the solution to the contact condi-
tion in velocities, whose results were mostly mentioned in the monograph
[42]. They included also the problem with a given time-independent friction
force.
The main tool in proofs of the existence of solutions to dynamic con-

tact problems is the penalization of the contact condition. This method
may yield energy preserving solutions which is why we have focused our
approach to results of this type. On the other hand, these results represent
an essential part of the knowledge in that field. There are not many of them
and even fewer of them are applicable to contacts of bodies. The results
for purely elastic and therefore purely hyperbolic situations are limited to
strings, to polyharmonic problems, or to special problems on halfspaces.
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These results are surveyed in the first section.
Including the viscous behaviour of the material, which is physically well

based, we can parabolize the problems. Such a parabolization allows solving
wider classes of problems. There is a remarkable difference between domain
and boundary obstacles. While the first require some direct estimate of
the penalty term which does not give much information, the latter are
much simpler to solve, because dual estimates of the acceleration can be
employed and the penalty term is (up to the sign) the normal boundary
traction, which can be controlled by the volume terms. We have studied
two kinds of viscosity: the long and the short memory. The long time-
singular memory yields slightly weaker results which do not enable us to
consider the friction. For the short memory materials, satisfactory results
for problems with given friction are derived. However, the original problem
with Coulomb friction for the contact condition in displacements remains
unsolved.

4.1 A short survey about results for elastic
materials

A number of publications followed the result of Amerio and Prouse [5],
where piecewise smooth solutions to the problem of a homogeneous string
were constructed. Most results in this field were obtained in the second half
of the seventies and in the eighties. The main drawback of the mathemat-
ical modelling of dynamic contact problems is the lack of any satisfactory
description of what will happen after a collision.
Let us first consider the simplest case of a string parallel to a plane

obstacle moving perpendicularly towards it with constant velocity �̇ 	 
40,
40 � 0. Before the collision the equilibrium of forces with zero volume force
�̈ 
 �2

%� = 0 shall be satisfied. At the instant of collision �0 the equality

�(�0� �) = 0 holds, the left derivative �̇�(�0� �) = 
40, but lim inf
���0

�(�� �)
�
 �0 
 0.

Hence �̈(�0� �) � 0 in some sense and the equilibrium of forces must be
supplemented by an unknown contact force acting towards the string. The
problem is therefore given by the system

� 
 0� �̈
 �2
%� 
 0 and �(�̈
 �2

%�) = 0 on �+ � 	̃ � (4.1.1)

where 	̃ is the interval describing the position of the string in an appropriate
reference configuration. Any extension of � beyond the collision such that
� : [�� �] �� 5(� 
 �0)� � 
 �0� � � 	 with 0 � 5 � 40 satisfies this system.
The condition 5 � 40 ensures that the energy cannot grow during the
process. If 5 = � the contact force (�2

%� 
 �̈)(�0� �) is completely employed
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for the backward motion; if 5 � [0� 40) it is partially or fully exhausted by
a dissipation of the energy at contact. Such dissipation may occur e.g. due
to some kind of adhesion.
The results mentioned below show how close the penalty approach is

to the concept of energy preserving solutions. Further results or references
for problems with purely elastic material can be found e.g. in [30] and [32].
The more recent research is mostly concentrated on some space discretiza-
tion, leading to systems of ordinary differential equations, which allows
formulating efficiently the energy balance at the contact.

4.1.1 A domain constraint for strings

The contact problem of a string with a concave obstacle under the assump-
tion of energy conservation is given by

�̈
 �2
%� 
 0� � 
 9

supp
�
�̈
 �2

%�
� � �(�� �) � �+ � 	 ; �(�� �) = 9(�)�� (4.1.2)

�(0� �) = �0� �̇(0� �) = �1 a.e. in 	� (4.1.3)

�%(
2�̇ �%�) + ��
���%��2 + ��̇�2� = 0

in the sense of distributions on �+ � 	�
(4.1.4)

Here 	 is the domain occupied by the string and the expression �̈
 �2
%� is

understood in the sense of distributions. Observe that the last condition in
(4.1.2) is a weak formulation of the corresponding verison of the orthogo-
nality in (4.1.1). We consider two cases: a bounded interval 	 = (0� �) or
	 = �. In the first case the Dirichlet boundary condition

�(�� 0) = �(�� �) = 0 on �+ (4.1.5)

is added.
Condition (4.1.4) is a local conservation of the energy. It is equivalent

to the condition that the divergence (�%� ��) applied to the vector field

(> 	
�
 2�%��̇� (�%�)2 + �̇2

��
vanishes. The first component of this vector field is an energy flux density,
similar to the Poynting vector known in electromagnetism; the second com-
ponent is the total energy density given by the sum of kinetic and potential
energy.
The main result was obtained by Schatzman in [127]:

4.1.1 Theorem. Let �2
%9 
 0 on 	 in the sense of distributions, let �0

belong to #1
loc

�
	̄
�
such that �0 
 9 on 	 and let �1 � �2�loc(	). Let
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9(0) � 0, 9(�) � 0 be satisfied if 	 is bounded. Then there exists a unique
solution � to problem (4.1.2)–(4.1.4) for 	 = � or to problem (4.1.2)–(4.1.5)
for bounded 	 such that �%� and �̇ � ���loc(�+ ;�2�loc(	)).

The proof of this result is very technical and is essentially based on
a certain direct calculation. We avoid reproducing it here in detail and
confine ourselves to outline its main steps. The concavity of the obstacle
ensures that �
 9 satisfies the first condition in (4.1.2).
Let us first consider the case 	 = �. Let E be a solution of the equation

Ë 
 �2
%E = 0 on �+ � 	 (4.1.6)

satisfying the initial condition (4.1.3). We define the sets

� := �[�� �] � �+ � �; � 
 �����
� := �[�� �] � �+ � �; E � 9��

The boundary of the set �+� is called line of influence of the obstacle. It
is the graph of a Lipschitz function � : � � �+ with Lipschitz constant 1.
Moreover, it holds ���(�)� � 1 � [�(�)� �] � �. A calculation shows that
the contact force acting along the line of influence can be represented as a
measure 0(E) defined by

�0(E)� :� = 2
�
�(%)#0

�
1
 (��(�))2

�
:(���(�)) Ė(���(�)) !�� (4.1.7)

As a consequence, the unique solution of problem (4.1.2)–(4.1.4) is

� = E 
 � � 0(E) (4.1.8)

with the elementary solution of the wave equation

� (�� �) =

'
1
2 � � 
 ���
0� elsewhere

and E solving (4.1.3), (4.1.6). This is the way how the theorem is proved
for 	 = �. In addition the following identity holds:

��̇�(�(�)� �)� = ��̇+(�(�)� �)� a.e. in �� � �; ���(�)� � 1��

For the analogous problem on a finite interval 	 , the data and the obsta-
cle are extended by periodicity and symmetry to the whole real line. Then
the above construction can be performed and yields the first contact line.
This process can be repeated, but it has to be shown that the contact lines
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do not accumulate: this comes from the form of the Dirichlet conditions
preventing the extremities of the string to touch the obstacle and therefore
the distance between the contact lines is bounded away from zero by a
number dependent on the energy of the initial data, 9(0) and 9(�) only.
For an affine obstacle and the initial data �� such that �1 and �%�0

have locally bounded variation, it can be proved that the energy-preserving
solution is the strong limit of the solutions to the penalized problem

�̈� 
 �2
%�� + 1

�
[��]2� = 0

with initial condition (4.1.3) and the Dirichlet boundary value condition
for a bounded 	 . For details of the proofs see [15], [127] and mainly [128].

4.1.2 Obstacle at a finite number of points

We again consider the contact problem of a string, but now the obstacle
is the union of a finite number of points moving in time. These points are
given by functions �� : �+ � �, 
 = 1� � � � � ) such that �1 � � � � � �� ,
inf
�+

��+1 
 �� � 0, 
 = 1� � � � � ) 
 1, and for all 
 � �1� � � � � )� the velocity
satisfies ��̇�� � 1 on �+ . The latter condition ensures that the functions
� �� �� ��(�), 
 = 1� � � � � ), are strictly increasing or, physically interpreted,
the velocity of the obstacles is subsonic. The obstacle 9 is defined by

9(�� �) =

'
D�(�) if � = ��(�)� 
 � �1� � � � � )��

� elsewhere.

The problem to be solved is

�̈
 �2
%� 
 �� � 
 9�

(�̈
 �2
%�
 �)(�
 9) = 0

5
on �+ � �� (4.1.9)

�(0� �) = �0� �̇(0� �) = �1 a.e. in �� (4.1.10)

Schatzman has proved in [129]:

4.1.2 Theorem. Let D� belong to �0
�
�+

�
, let �0 � � 1

1�loc(�) such that
�0(��) 
 D�(0), �1 � �1�loc(�) and � � �1�loc(�+ � �). Then problem
(4.1.9)–(4.1.10) has a unique solution �. The solutions of the corresponding
penalized problems

�̈� 
 �2
%�� = � + 1

�

��
�=1

[��(�� ��(�))
 D�]�

with initial condition (4.1.10) tend to the solution � uniformly on compact
sets in �+ � �.
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In special cases it is possible to prove some regularity of the solutions.
In the case of a one-point obstacle with � = 5U$1�� , D = 0 on �+ � � �
�2�loc(� ��+ )� �0 � #1

loc(�) and �1 � �2�loc(�), the solution � belongs to
�0(�+ ;#1

loc) � �1(�+ ;�2�loc) and satisfies the pointwise condition of the
conservation of energy

�%(
2�̇ �%�) + ��
�
(�%�)2 + �̇2

�
= 2��̇� (4.1.11)

The interpretation of this condition is as in the previous case. There are
also explicit expressions available for �̇� at the times of collision.
The generalization of the result to the finite string is here straightfor-

ward (for both Dirichlet and Signorini boundary value condition).
As in the previous case the proof of the existence result is not based on

the variational approach employed extensively throughout this book. Its
idea becomes transparent if the simplest situation for ) = 1, D 	 D1 	 0,
�1 	 � 	 0 is considered. Let us denote by �̄ the unique solution of the
equation ¨̄� 
 �2

%�̄ = � with the same initial data as in (4.1.10). Then
4 = �
 �̄ must solve the problem

4̈ 
 �2
%4 = 0(�) Æ0(�) on �+ � ��

4(0� �) = 4̇(0� �) = 0� � � �� (4.1.12)

0 
 0� 4(�� 0) + �̄(�� 0) 
 0

�0� 4(�� 0) + �̄(�� 0)� = 0

5
on �+ � (4.1.13)

Here, a priori, 0 is a measure and Æ0 is the Dirac measure concentrated at
0. Thanks to d’Alembert, the solution of (4.1.12) has the following explicit
form

4(�� �) =

'
0 if ��� � ��
1
2 �L[0����%�]� 0� if ��� 
 ��

In particular,

E(�) 	 4(�+ 0� 0) = 1
2

�
[0��]

!0+�

which means that (4.1.12)–(4.1.13) can be reduced to

E 
 
�̄(�� 0)� Ė 
 0� �Ė� E + �̄(�� 0)� = 0� (4.1.14)

which is a classical problem of the type Ė+P(E+�̄(�� 0)) = 0 with a maximal
monotone operator P defined on �+ by P 	 0 on �+ and P(0) = �� .
The regularity assumptions on �� �0� �1 guarantee that �̄(�� 0) is absolutely
continuous, which is sufficient for the solvability of (4.1.14).
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In contrast to the case of a domain obstacle the solution is unique here
without an assumption on an energy conservation. The result can be ob-
tained also with a variational method, if the input data �� �0 and �1 are
sufficiently regular. A counterexample shows that the problem with a do-
main obstacle cannot be approximated by some limiting procedure, where
the approximating problems are posed by a growing number of point ob-
stacles. For details see [129].

4.1.3 Boundary contact of a halfspace

The result published in [100] is the only one in the literature giving the
existence, uniqueness and conservation of energy of solutions of a dynamic
contact problem formulated in displacements for a space dimension bigger
than one. We consider the halfspace � = ���1 � �+ , the time interval
	� = (0� �), the time-space domain �� 	 	� � �, � � 	� , and its lateral
boundary (� 	 	� �� with � = ���1 ��0�. The problem to be solved is

�̈
A� = � on �� � (4.1.15)

�(0� �) = �0� �̇(0� �) = �1 on �� (4.1.16)

� 
 0� ��� 
 0� � ��� = 0 on (� � (4.1.17)

The physical motivation of this formulation is both the problem for a mem-
brane covering the halfspace and for an infinite homogeneous isotropic body
occupying the halfspace whose displacement depends only on the normal
variable. In the latter case, the Lamé system is composed of � 
 1 equa-
tions and of the unilateral problem of the given type. The main result of
[100] is the following

4.1.3 Theorem. Let 0 � 
 , �0 � #̊1(�), �1 � �2(�) and � � �2(�� ).
Then problem (4.1.15)–(4.1.17) possesses a unique solution � belonging to
��
�
	� ;#1(�)

� �� 1
�(	� ;�2(�)). If, moreover, �0 � #̊1(�) � #3�2(�),

�1 � #1�2(�) and � � #3�2(�� ), then � belongs to ��
�
	� ; #3�2(�)

� �
� 1
�

�
	� ;#1�2(�)

�
and the global conservation of energy�




1
2

���̇�2 + ����2�(�� �) !�
 �



1
2

���1�2 + ���0�2
�
!�

=
�
�#

��̇ !1 !�

(4.1.18)

holds for all � � 	� .
The main idea of the proof of this result is similar to the one used for

the proof of Theorem 4.1.2, but considerably more technical. As above, we
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employ the solution �̄ of the wave equation ¨̄�
A�̄ = � with initial data �0

and �1 and homogeneous Dirichlet boundary condition. Then the function
4 = �
 �̄ solves the problem

4̈ 
A4 = 0 on �� � 4(0� �) = 4̇(0� �) = 0 on ��
4 + �̄ 
 0� �� (4 + �̄) 
 0� ��� (4 + �̄)� 4 + �̄� = 0 on (� �

(4.1.19)

If we extend 4 by 0 for � � 0, the solution of (4.1.19) can be found by a
partial Fourier transform in time and the tangential space variables via����2 
 O2

�
�4 
 �2

� (�4) = 0� (4.1.20)

where �4 	 � (4; �). This ordinary differential equation with respect to
the normal variable is parametrized by � and O. Let / be the causal de-
termination of

����2 + O2, that is, the boundary value of the holomorphic
extension to ImO � 0, given by

/(�� O) =

$�%�&
�
O2 
 ���2 if ��� � O



�
O2 
 ���2 if O 
 ����



�O2 
 ���2 if O � 
����
(4.1.21)

Then the general solution of (4.1.20) is of the form

� (4;O� �� �� ) = ,(O� �)&�%�'(4��) +�(O� �)&%�'(4��)

and the second term must vanish thanks to the energy and causality con-
siderations. Therefore the Dirichlet to Neumann operator for the wave
equation in a halfspace defined by

Ë 
AE = 0 in �� � �+ � E(�� �� 0) = ��
,@ : � �� ��E(�� �� 0)

(4.1.22)

can be explicitly calculated in Fourier variables,

� (,@E;O� �) = /(O� �)� (E;O� �� 0)�

and it is a monotone operator as we can see from (4.1.21). This essential
observation requires many technicalities to be performed correctly and it is
a heart of the result of Lebeau and Schatzman. Now (4.1.19) is reduced to
the standard variatonal inequality related with the problem

,@4 + �� �̄+ P(4) � 0 (4.1.23)

which can be solved easily by a penalty method.
The extension of the result to the case � = ���1 � 	 for a bounded

interval 	 is possible despite the fact that for the crucial monotonicity of the
operator ,@ the problem must be reduced to a small time interval. How-
ever, the extension to more general domains as well as to non-homogeneous
materials remains open.
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4.1.4 A result based on compensated compactness

We study now the boundary contact problem

�̈
A� = � in �� 	 (0� 
 )��� (4.1.24)

�(0� �) = �0� �̇(0� �) = �1 in �� (4.1.25)

� = 0 on (2 	 (0� 
 )� �2 � (4.1.26)

� 
 �� �
� 
 0 and (�
 �)�
� = 0 on (� 	 (0� 
 )� �� � (4.1.27)

The weak solvability of this problem is proved in [91] for a bounded domain
� with a �2-smooth boundary � decomposed into two mutually disjoint
open parts �2 and �� whose common relative boundary is sufficiently
regular. A weak solution of problem (4.1.24)–(4.1.27) is a function � �
��(0� 
 ;� ) that satisfies �̇ � ��(0� 
 ;�2(�)) � �(0� 
 ;#�1�2(�)), the
initial condition (4.1.25) and the inequality�

��

��� � �(4 
 �)
 �̇(4̇ 
 �̇)� !� !�
+
�



�
�̇(
� �)(4 
 �)(
� �)
 �1(4(0� �)
 �0)

�
!�



�
��

�(4 
 �) !� !�

(4.1.28)

holds for every 4 � � :=
	
E � #1(�); E = 0 on �2 and E 
 � on ��



.

The assumptions about the data are �0 � #̊1(�), �1 � �2(�), � � �2(�� );
the gap function � belongs to �1

�
�
�
and is non-positive on �� .

The problem is solved via the penalization of the contact condition. The
penalized contact condition introduced by Kim [91] has the form

�
�� = 
1
�
[�� 
 �]� 
 ?�̇� on �� for almost every � � (0� 
 )�

As usual we denote #1
0 (�) = �E � #1(�); E = 0 on �2�. The variational

formulation of the penalized problem reads

Find �� such that �̇� � ��(0� 
 ;#1
0 (�)), �̈� � ��(0� 
 ;�2(�)), the initial

conditions (4.1.25) holds and the variational equation�



(�̈�E +��� � �E 
 �E) !� !�

+
�
,�

�
1
�
[�� 
 �]� + ?�̇�

�
!1� !� = 0

(4.1.29)

is satisfied for almost all � � (0� 
 ) and all E � #1
0 (�).
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The penalized problem is solved via the appropriate Galerkin approx-
imations under special regularity assumptions to � , �0 and �1. For these
technicalities which are almost standard due to the compact character of
the penalty term for a given ? � 0 we refer to the original paper [91]. The
following a priori estimates are derived:

sup
��(0�� )

�
��̇�(�� �)�2�2(
) + ����(�� �)�2�2(
) + 1

�
���(�� �)�2�2(
)

�
+ ?��̇��2�2(�� ) � 5U$1��

(4.1.30)

with the constant independent of the parameter ?.
The convergence procedure for a sequence ?� tending to 0 is based on

the following lemma

4.1.4 Lemma. Let ���� be a weakly convergent sequence in �2(�� ) and
let ���� be a sequence of functions such that

�����2(0�� ;$1(
)) + ��̇��2(�� ) � 5U$1��
and �� 8 � in �2(0� 
 ;#1(�))

with the constant independent of ). Let each �� satisfy the equation

�̈� 
A�� = ���

Then as ) � +�
�̇2
� 
 �����2 � �̇2 
 ����2� (4.1.31)

The proof of this lemma is based on Corollary 4.3 of the monograph [38].

With some technicalities this leads to the existence of a weak solution
to problem (4.1.24)–(4.1.27).
Lemma 4.1.4 belongs to the compensated compactness theory which

allows to conclude the convergence of a product of two weakly convergent
sequences in some particular situations. This theory was founded by Luc
Tartar [145] and developed mostly in France. The hope that it could be
the main tool for solving a wider class of contact problems has not yet been
approved; in particular, possible extensions of the presented result, e.g. to
non-homogenous materials, are still open.

4.1.5 A result applicable to polyharmonic problems

We present now a general existence result for a certain class of variational
inequalities. This result is applicable to a variety of contact problems. It
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is due to Maruo [108]; we present it in a modified version with the proof
and applications adapted for this book by Schatzman. It is formulated for
a more general situation than what we previously described, but the reader
should not be misled: there are many conditions to be satisfied. For the
case of a vibrating string with an arbitrary obstacle this theorem implies
only the existence of a solution satisfying a basic energy inequality without
information about the possible conservation of energy. It does not give
more information for general elastodynamics in higher space dimension. It
allows solving the problem of a two-dimensional plate with an obstacle and
the problem of a beam with an obstacle, yet in both cases with an energy
inequality.

4.1.5.1 Existence of solutions

Assume that # is a Hilbert space and that , is a monotone selfadjoint
linear operator in # with a domain  (,) that is dense in # . Let < be a
convex lower semicontinuous function from # to � � �+�� and let � be a
continuous function from 	��# to # . Moreover the existence of a function
D � �1(	� ) is assumed such that for all [�� �� �] � 	� �#2 the inequalities

��(�� �)
 �(�� �)�$ � D(�)��
 ��$ and
����(�� �)�$ � D(�) (1 + ���$)

are valid. We consider the problem

�̈+,�+ �̃< � �(�� �) on 	� 	 (0� 
 )� (4.1.32)

�(0) = �0� �̇(0) = �1� (4.1.33)

Here, �̃ denotes the standard subdifferential of a convex function. We
restrict ourselves to the case, where < is an indicatrix of a closed convex
set M in # , i.e.

< 	 Æ" : � ��
'

0 if � � M�
+� elsewhere.

(4.1.34)

The functional conditions given by Maruo are as follows: denote by 2 the
domain of ,1�2 equipped with the graph norm ���� =

����2 + �,�� ��$
and assume the existence of two separable Banach spaces C1 and C2 such
that the continuous injections

2 7� C1 7� C�
2 7� # 7� C2 (4.1.35)

are valid and, moreover, the injection 2 7� C1 is compact, 2 is dense in
# and # is dense in C2. Let us denote by 6" the projection of # onto
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M, i.e. �� 
 6"(�)�$ 	 min
*�"

�� 
 ��$ (it is well known that the mapping
6" is well defined on # and is Lipschitz with the constant 1 in the norm
of #). The hypotheses for M are:

(i) For all � � 0 there exists � � 2 and constants 51 � 0 and 52 
 0 such
that for all x satisfying ���� � � we have the estimate

��
 6"��72 � 51��
 6"�� �
 ��$ + 52� (4.1.36)

(ii) The closure of M � 2 in # is equal to the closure of M in # .
Let us observe that condition (i) is ensured in applications e.g. if � belongs
to the interior of M taken in the norm topology of C�

2 . It yields the crucial
estimate of the penalty term.
It remains to give an accurate definition of the notion of solution:

a weak solution of problem (4.1.32)–(4.1.33) is a Lipschitz function � : 	� �
# possessing the following properties:

1. For all � � 	� , �(�) belongs to M � 2 .
2. There exist weak left and right derivatives �̇� on 	� with the appro-
priate modifications at the end points.

3. Let � be the set of continuous functions from 	� to C1 which take
their values in M. The following variational inequality holds for all
4 � � � �1(	� ;2 ) �� 1

�(	� ;#) with 4(�� �) � M for almost every
� � 	� :�

 �

�,�
 �(�)� 4 
 ��$ 
 ��̇� 4̇ 
 �̇�$ !�

+ ��̇�(
 )� 4(
 )
 �(
 )�$ 
 ��1� 4(0)
 �0�$ 
 0�
(4.1.37)

4. The initial condition is satisfied in the sense

�(0) = �0� ��̇+(0)
 �1� 4 
 �0�$ 
 0 �4 � M�

4.1.5 Theorem. Let �0 � 2 �M, �1 � # and let all above listed assump-
tions hold. Then there is at least one solution of problem (4.1.32)–(4.1.33)
such that the estimate

sup
�� �

�
��̇�(�)�2$ + ��(�)�2�

�
� const.

�
��1�2$ + ��0�2� + 2

�
 �

�(1� �(1)) !1
�

holds with a constant depending only on the data of the problem.
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Proof. It is a classical fact that the operator defined in � = 2 �# by

� :
$��&�
4

���� �� $��&
4
,�

���� � (�� 4) � (2 �#)

generates a strongly continuous group of operators � in � . The penalty
approximation

�̈� +,�� +
�� 
 6"��

?
= �(�� ��) on 	� (4.1.38)

can be solved by a fixed point argument if it is rewritten as

�̇� 
 4� = 0

4̇� +,�� = �(�� ��)
 �� 
 6"��
?

5
on 	� �

We apply Picard’s iterations to$��&��(�)
4�(�)

���� =� (�)
$��&�0

�1

����
+
� �

0

� (�
 1)
$��& 0
�(1� ��(1))


�
�� 
 6"��

�
F?

���� !1
and therefore the fixed point approximation converges. By construction,
�� belongs to 2 and �̇� belongs to # . We multiply scalarly (4.1.38) by
(	 + �,)�1�̇� for � � 0 which is permissible since this is a continuous
function which takes its values in  (,). Moreover, we infer from (4.1.38)
that �̈� is continuous with values in 2 �; hence (	 + �,)�1�̈� is continuous
into 2 and we have the identities

9
�̈�� (	 + �,)�1�̇�

:
$

=
1
2
!

!�

9
�̇�� (	 + �,)�1�̇�

:
$
and9

,��� (	 + �,)�1�̇�
:
$

=
1
2
!

!�

9
,��� (	 + �,)�1��

:
$
�

In both cases we have heavily used the fact that , is selfadjoint and mono-
tone. Therefore, by integration we find that

1
2

9
,��� (	 + �,)�1��

:
$

+ 1
2

9
�̇�� (	 + �,)�1�̇�

:
$

=
� �

0

9
�(1� ��(1)) 
 ?�1(��(1)
 6"��(1))� (	 + �,)�1�̇�

:
$
!1�
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By the convergence �* 0 we obtain the energy identity

1
2��̇�(�� �)�2$ + 1

2���(�� �)�2� + 1
2����(�)
 6"��(�)�2$

= 1
2��1�2$ + ��0�2� +

� �

0

��(1� ��(1))� �̇�(1)�$ !1

+
1
2?

� �

0

A
6�(��(1))
 ��(1)� !

!�
(6"�(1))

B
$

!1�

Observe that on any Hilbert space # the function � �� ��
 6"(�)�2$ is
continuously Fréchet differentiable on # with the differential � �� 2(� 

6"�) if M is a closed convex subset of # . Hence for any function 4 �
#1(	 ;#) with a bounded derivative it holds

!

!�

1
2
�4(�)
 6"4(�)�2$ = �4(�) 
 6"4(�)� 4̇(�)�$ �

A straightforward application of the Gronwall lemma yields the estimate

max
��(0�� )

��̇�(�� �)�$ + ���(�� �)�� + ?�1�2���(�)
 6"��(�)�$
� � 	 �(�0� �1� �)�

(4.1.39)

We infer from the compactness of the injection 2 7� C1 and from the
Arzelà-Ascoli theorem that it is possible to extract a subsequence ?� * 0
such that for �� 	 ��� the following convergences hold

�� � � in �0(0� 
 ;C1)�
�̇� 8

� �̇ in ��(0� 
 ;#)�
��(�)8 �(�) in 2 for any � � [0� 
 ]�

(4.1.40)

In particular, �(�) belongs to M for all � � 	� .
We employ now assumption (4.1.36) with � = � (� from (4.1.39)). It

implies together with (4.1.38) and (4.1.39) that�
 �

?�1���(�)
 6"��(�)�72!� � � � (4.1.41)

independently of ?. We define

0� =
��(�)
 6"��(�)

?
(4.1.42)

and for a Banach space Q we denote by (Q�E) the space Q equipped with its
weak topology and by (Q �� E�) its dual equipped with its weak* topology.
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We know that C2 7� C�
2 and we infer from the continuous injection 2 7�

C�
2 thatC

��
2 7� 2 �; therefore the estimate of 0� in C2 implies an analogous

estimate of 0� independent of ? � 0,�
 �

�0��� �!1 � � ��� (4.1.43)

By the weak* convergence in ��(	� ;2 )� we see that the limit ?� � 0
yields the equation

�̈+,�+ 0 = �(�� �) (4.1.44)

in the sense of distributions with values in 2 �, since ,� � �0(0� 
 ; (2�E))
and thus ,� � �0(0� 
 ;2 �) and �̇ � ��(0� 
 ;#). The terms �(�� �) and
,� are measures with values in 2 �; hence �̇ has limits from the right and
from the left at each point of (0� 
 ) with the necessary modifications at
endpoints and all these limits are, a priori, limits in 2 �. However, by
compatibility of topologies and by virtue of (4.1.39) after passing to the
limit, we can find that �̇ has a limit in 2 from the right and from the left
at each point of (0� 
 ) with appropriate modification at the boundary. The
validity of (4.1.37) is straightforward.

4.1.5.2 Applications

The easiest physically reasonable applications are the following:

1. Contact problems for strings: here we have , = 
�2
%, # = �2(0� 1),

2 = #̊1(0� 1), C2 = �1(0� 1), C1 = C�
2 = ��(0� 1), M = �� �

# ;� 
 9� for a given 9 � #1(0� 1) and � = 9 + 1. There follows
6"� = max��� 9�, � 
 6"� = 
[9 
 �]+ and �� 
 6"�� � 
 ��$ =
 1

0 [9
�]+(1+9
�)!1 
 �[9
 �]+��1(0�1)
, hence (4.1.36) is satisfied.

2. Domain contact problems for membranes. For a bounded domain
� � �� , � = 1� 2, we have # = �2(�), , = (
A)2, 2 = #̊2(�),
C2 = �1(�). The rest is similar to the previous case.

3. Contact problems for viscoelastic materials. The problem is given by

�̈
,�
��̇+ ��Æ"(�) � �(�� �)� (4.1.45)

The semi-group � is defined by 2 =  (,) =  (�), � = 2 � # ,
 (� ) =  (,)� (,),

�

$��&�
4

���� =
$��& 
4
,�+�4

����
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and the Hille-Yosida theorem applies. It is advantageous to consider
the equation �̈+,�+��̇ = 0 as an integral equation,

�(�) = �0 +��1
�
	 
 &��0

�
�1 


� �

0

� +

0

&�(+��)0,�(�) !� !1

= �0 +��1
�
	 
 &��0

�
�1



� �

0

��1
�
	 
 &�(���)0

�
,�(�) !��

(4.1.46)

where we have changed the order of integration. Even if the kernel of
� is not reduced to 0, we can define

��1
�
	 
 &��0

�
� =

�
�

1
 &��'

/
!� (/)��

where !� (/) is the spectral measure associated to �. As the spectrum
of � is included into �+ , this definition plainly makes sense. Then
the main assumption needed to have a solution is that (	 +�)�1, is
bounded. In this case

��1
�
	 
 &��0

�
, = ��1(	 +�)

�
	 
 &��0

�
(	 +�)�1,

and

��1(	 +�)
�
	 
 &��0

�
=
�
�

1
 &��'

/
(1 + /)!� (/)

are clearly bounded operators. This shows that (4.1.46) can be solved
by Picard’s iterations. To meet the assumption (4.1.36) we need � =
1 for harmonic operators and � = 2 or 3 for biharmonic operators.
The remainder of the proof is completely straightforward.

4.1.6 Remark. The unilateral conditions at the boundary do not enter this
frame. For example, if we take 2 = #1(�)� M := �� � 2 ;�(0) 
 0� then
M is not closed in # = �2(0� 1).

4.2 Results for materials with singular mem-
ory

Viscous material with singular (long time) memory is one of the possible
models which could enable us to overcome the limits of pure elasticity
outlined in the previous section. The models employed here are physically
correctly justified from the physical point of view; hence the upcoming
results are fully applicable.
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4.2.1 Domain contact

The main application of the following problem is the contact of membranes.
However, we shall formulate it slightly more generally. Let � be a domain
in �� having a �1�1-smooth boundary � . The problem has the classical
formulation

�̈ = div
(�) + � + �
� 
 0� � 
 0� �� = 0

<
on �� = 	� ��� (4.2.1)

where � is a given force. The contact force � denotes some kind of “slack
variable”. Here the constitutive law


(�) = 
 (�) + 
� (�) with % � (�) = �4
� (����) and

%�� (�)(�� �) =
� �

0

�(�
 1)�4
2
�����(�� �)
��(1� �)� !1 (4.2.2)

is used, where �� denotes the derivatives with respect to the second variable
(the gradient). Here 
 is the inviscid part of the stress tensor while 
�

represents its memory part.
We assume the stored energy function � : �2� � � to be of class �2

and to have a strongly elliptic and bounded partial Hessian with respect to
the “dependent variables”, i.e. there are "	0 � "

	
1 � 0 such that

"	0 +�+� � �4
�4�� (��$) +�+� and

�4
�4�� (��$)+�Z� � "	1 ��� �%�
(4.2.3)

hold for all �� %�$ � �� and all � � �. We assume that the function 2
appearing in the memory term satisfies conditions analogous to (4.2.3) with
constants denoted by "�0 � "

�
1 , and, moreover, we impose

2 (�� 0) =� (�� 0) = 0 and �4
2 (�� 0) = �4
� (�� 0) = 0 on ��

 = 1� � � � � ��

(4.2.4)

The kernel � of the singular memory is integrable over �+ ; it has the form

�(�) = ��2��(�) + �(�)� � � �+ 	 [0�+�) with � � �0� 1
2

�
�

�(�) = 0� � � 0�
(4.2.5)

Both � and � belong to �1
�
�+

�
; they are non-negative and non-increasing

functions. Moreover, �(�) � 0 for � in a right neighbourhood of the origin
and � �� ��2���(�) is integrable over �+ . The assumptions about � yield

� (���E) =
� 1

0

(1
 K)�4
�4�� (���(KE)) ��E ��E !K

� � 1
2"

	
0 ��E�2� 1

2"
	
1 ��E�2

�
�

(4.2.6)
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and

(�4
� (���4)
 �O�� (���E)) ��(4 
 E)

=
� 1

0

�4
�4�� (���(E + K(4 
 E)))��(4 
 E) ��(4 
 E) !K


 "	0 ��(4 
 E)�2�
(�4
� (���4)
 �4
� (���E)) �� �E

=
� 1

0

�4
�4�� (���(E + K(4 
 E)))�� �E ��(4 
 E) !K

� "	1 ��(4 
 E)� ��Ẽ��

(4.2.7)

for arbitrary displacements 4� E and �E on�� . The formula (4.2.6) is proved
with the help of relation �(1) =


 1

0 (1
 K)� ��(K) !K; it is valid for functions
satisfying �(0) = � �(0) = 0 and we apply it to � : K �� � (�� K�E). The
formulae (4.2.7) are derived by the standard integration for the function
K ��� (���(E+ K(4
E))). Analogous relations hold for 2 , too. For � we
assume

� 	 2"�1

�
�+

�(1) !1 � "	0 � (4.2.8)

This assumption means that the memory is “small enough” and it ensures
the strong monotonicity of the operator �� �� 
(�), i.e.

�
(4)
 
(E)��(4 
 E)��� 
 ("	0 
 �)��(4 
 E)�2�2(�� ) (4.2.9)

for all 4� E such that these expressions are defined. This relation is proved
estimating the memory term; the following inequality holds:�����

��

� �

0

�(� 
 1)��4
2 (���4(�� �) 
�4(1� �))


 �4
2 (���E(�� �) 
�E(1� �))����4(�� �)
 E(�� �)� !1 !� !�����
� "�1

�
��

� �

0

�(� 
 1)���(4 
 E)(�� �)� + ��(4 
 E)(1� �)��
� ��(4 
 E)(�� �)� !1 !� !��

Writing � = 4 
 E the right hand side of the above inequality can be
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estimated further by

�

2
����2�2(�� ) + "�1

��
��

� �

0

�(�
 1) ���(�� �)�2 !1 !� !�
�1�2

�
��

��

� �

0

�(�
 1) ���(1� �)�2 !1 !� !�
�1�2

� �����2�2(�� )�

Problem (4.2.1) is completed by the initial condition

�(0� �) = �0� �̇(0� �)
 �1 
 0� (�̇(0� �)
 �1)�0 = 0 on �� (4.2.10)

and the boundary condition


(�) � $ 
 0� � 
 0� � (
(�) � $) = 0 on (� = 	� � �� (4.2.11)

Instead of this condition the Dirichlet boundary condition can be used,

� = I on (� � (4.2.12)

Let us introduce the cone

� :=
	
4 � �2

�
	� ;#1(�)

�
; 4 
 0 a.e. in ��



� (4.2.13)

A function � � � � �0(	� ;�2(�)) with �̇ � ��(	� ;�2(�)) and �̇(
� �) �
�2(�) is called a weak solution to problem [(4.2.1), (4.2.10), (4.2.11)] if for
every 4 � � �#1(�� ),�

��

�

(�) � �(4 
 �)
 �̇(4̇ 
 �̇)
 �(4 
 �)� !� !�

+
�



(�̇(4 
 �))(
� �)
 �1(4(0� �)
 �0) !� 
 0�
(4.2.14)

This variational inequality will be solved under the assumptions

� � �2(�� ) �#1��
�
	� ; #̊�1(�)

�
�

�0 � #1(�)� �0 
 0 a.e. in � and �1 � �2(�)�
(4.2.15)

The assumption on � is motivated by the necessity to put a velocity as a
test function.
For the problem with the Dirichlet boundary value condition we assume

I � �2

�
	� ;#1�2(� )

�
with 0 
 İ � �2(	� ;#1�2(� ))�

I(0� �) = �0�� � ess inf
,�

I 
 I0 and Ï � �2((� )�
(4.2.16)
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where I0 is a positive constant. It is not difficult to extend I to a function
on #1(�� ) such that İ � #1(�� ) and all assumptions about their bounds
in (4.2.16) are preserved. Throughout this section we shall consider I to be
such an extension of the original boundary value. In the appropriate version
of (4.2.14) we require, moreover, that �� 4 belong to I +�2

�
	� ; #̊1(�)

�
for

both the solution � and the test functions 4.
Problem (4.2.14) is solved by penalizing the contact condition:

We look for �� in #1(�� ) such that �̇� belongs to �0(	� ;�2(�)), ��� �
�� (	� ;�2(�))�#� (	� ;�2(�)), �̇�(
� �) belongs to �2(�), the initial con-
ditions ��(0� �) = �0, �̇�(0� �) = �1 are satisfied (both in the sense of Green’s
theorem and weak �2(�)-limit from the right side), and the equation�

��

�

(��) � �4 + �̈�4 
 �4 + 1

�
[��]�4

�
!� !� = 0 (4.2.17)

holds for every 4 � #1(�).
This variational equation corresponds to problem (4.2.1) with � = 1

�
[��]� .

We define the characteristic function

L� : � � � such that L�(1) 	 1� 1 � [0� �] 	 	�
and L� 	 0 on � � 	��

(4.2.18)

Let us insert 4 = L��̇� into (4.2.17). Since

��2
����(��(1� �)
 ��(�� �))

� � ��̇(1� �) = �+2
����(��(1� �)
 ��(�� �))

�
�

and ���
������(1� �)� � ��̇(1� �) = �+�

������(1� �)��
we obtain after integrating by parts in time�




�
1
2 ��̇��2 +� (�����)

�
(�� �) !� +

�



(2?)�1[��]2�(�� �) !�



�
�#

� +

0

��(1
 �)2 ������(1� �)
���(�� �)� !� !1 !�
+
� �

0

�



�(�
 �)2 ������(�� �)
���(�� �)� !� !�
=
�



�
1
2 ��1�2 +� (����0)

�
!� +

�
�#

��̇� !� !1�

(4.2.19)

Observe that ��(1) = 
2�1�1�2��(1)+P(1), where P : 1 �� 1�2���(1)+��(1)
is a negative function. We invoke the relations (4.2.6) and we use the
formal integration by parts of the volume force term in (4.2.19) for the
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second possible space for � in (4.2.15). Then it is not diifficult to show that
(4.2.19) implies the a priori estimate

��̇��2��( � ;�2(
)) + �����2��( � ;�2(
)) + ����2�2(�� )

+ 1
�
�[��]��2��( � ;�2(
)) + �����2$�( � ;�2(
))

� 50 	 50(� ) with � 	 ���0�$1(
)� ��1��2(
)� ���7
�
�

(4.2.20)

where the space C is one of the spaces appearing in (4.2.15) and the con-
stant 50 is independent of the penalty parameter ?.
In order to prove the solvability of (4.2.17) we use the standard Galerkin

procedure. Let � 	 ���; � � �� be an �2-orthogonal basis of #1(�). We

search for a solution ���� =
��
�=1

5���, 5� � #2(	� ;�2(�)) of the approximate

Galerkin problems�



�

(����) � ��� + �̈����� +

�
1
�
[����]� 
 �

�
��

�
!� = 0

for 
 = 1� � � � ��� � � 	� �
(4.2.21)

satisfying the approximate initial conditions

����(0� �) = 6I��0 and �̇���(0� �) = 6I��1�

The existence of this solution is ensured by the theory of Carathéodory
solutions of systems of ordinary differential equations, see e.g. [36]. Hence,
integrating (4.2.21) in time over 	� , the validity of the following equation

is verified for any function E � S� 	
;

��
�=1

5���; 5� � �2(	� )� 
 = 1� � � � ��
<
:

�
��

�

(����) � �E + �̈���E +

�1
�
[����]�E 
 �

�
E
�
!� !�

= 0�
(4.2.22)

In the same way as for the variational equation corresponding to the orig-
inal penalized problem we prove the a priori estimate (4.2.20) for the so-
lutions ����. Then for fixed ? � 0, the uniform boundedness of �̈��� in
�2

�
	� ; #̊�1(�)

�
is derived as follows: for test functions � from S� the uni-

form boundedness of


��

(�̈����)(�� �) !� !� is easily derived from (4.2.22).
The orthogonality of the basis yields�




(�̈����)(�� �) !� =
�



(�̈���6I��)(�� �) !� (4.2.23)
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for any test function � and any time � � 	� . The uniform boundedness
of the projections 6I� with respect to � completes the proof of the dual
estimate. The interpolation of this result with ���� � #�

�
	� ;#1(�)

�
gives

the uniform boundedness of ���� in #1+��2(	� ;�2(�)). Hence, there is an
element E� and a suitable sequence �� � +� such that

�����
8 E� in #1+��2�1(�� )�

�̇����
� Ė� in �2(�� )�

[�����
]� � [E�]� in �2(�� )�

�̇����
(
� �)8 Ė�(
� �) in �2(�)�

�̈����
8 Ë� in �2

�
	� ; #̊�1(�)

�
�


(�����
)8 &� in �2(�)�

(4.2.24)

The derivatives in 
 are understood as the left ones. From these conver-
gences it is easy to see that E� satisfies (4.2.17) if 
(E�) is replaced by
&�. We insert 4 = �����


 6I��
E� into (4.2.22) and add



��


(6I��
E�) �

�(6I��
E�
�����

) !� !� to both sides of the equation. Since 6I��
E� � E�

in �2(	� ;#1(�)) and (4.2.7) holds, 
(6I��
E�) tends to 
(E�) strongly in

�2(�� ). From this and all just proved convergences we derive�
��

�

(6I��

E�)
 
(�����
)
� � �(6I��

E� 
 �����
) !� !�

� 0 as ) � +��
(4.2.25)

Now, (4.2.7) yields 6I��
E� 
 �����

� 0 in �2

�
	� ;#1(�)

�
, hence �����

�
E� there. Again from (4.2.7) there follows 
(�����

) � 
(E�) in �2(�� ),
consequently &� = 
(E�) and E� satisfying (4.2.17) can be denoted by
��. Since �����

converges strongly to �� in �0(	� ;�2(�)), the identity
��(0� �) = �0 holds. In order to prove the weak convergence �̇����

(�� �) 8
�̇�(�� �) �2(�) for a.e. � � 	� we take the test function E = L�4 for L� from
(4.2.18), any fixed 4 � S��

for any ) and � � 	� . We formally integrate the
acceleration term in (4.2.22) by parts in the time variable; we use the bound-
edness of ��̇���(�� �); � � 	� � � � �� ? � 0� in �2(�), the weak convergence
of the accelerations and the convergence of the initial values and determine
their right values. Similarly we determine their left values with the help of
the characteristic function of [�� 
 ]. Moreover, for any 4 � #1(�) and any
sequence of intervals (�
� �
) � 	� with �
 � � � 	� and �
 � � we have
��̈�� L[-��/�]4�� = ��̇�([�
]�)� 4�
 
��̇�([�
]�)� 4�
 � 0, where L[-��/�], the
characteristic function of the interval, is 1 on it and vanishes outside and
the subscripts denote the appropriate left and right derivatives. However,
for a.e. � � 	� the left and right derivatives are identical. Hence they must
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be identical everywhere on 	� and �̇� � �0(	� ; #̊�1(�)) � �0(	� ;�2(�)),
where the continuity is understood in the weak sense. This and standard
density arguments imply the weak continuity of �̇ from 	� to �2(�). Then
�̇�(0� �) = �1 (as the right derivative) in the sense both of Green’s theorem
and of the weak right limit of �̇(�� �) at 0. Hence �� is a solution of (4.2.17).
The uniqueness of the solution can be proved only under some additional

assumption. Let us consider two different solutions �(1)
� , �

(2)
� of (4.2.17),

use �̇(1)
� 
 �̇(2)

� as a test function and take the difference of both equations.
In general it is not clear that�



�
�(1)
�

�
 

�
�(2)
�

�� � ���̇(1)
� 
 �̇(2)

�

� 
 0�

However, e.g. for the linear constitutive law, where

� (����) = 1
2�

(0)
�� (�) ��� ��� and

2 (����) = 1
2�

(1)
�� (�) ��� ���

with symmetric matrices
�
�
(G)
��

�
, Y = 0� 1 on � such that the relations (4.2.3)

for � and 2 are preserved, it is possible to use the standard integration
by parts and the Gronwall lemma to prove the uniqueness. With the ab-
breviation � = �(1)

� 
 �(2)
� , the memory term is treated as follows:�

��

� �

0

�(� 
 1)�(1)�� ��(�(�� �)
 �(1� �))����(�(�� �)
 �(1� �)) !1 !� !�

=
�
��

1
2�(
 
 1)�(1)�� ��(�(
� �)
 �(1� �))��(�(
� �)
 �(1� �)) !1 !�



�
��

1
2

� �

0

��(�
 1)�(1)�� ��(�(�� �)
 �(1� �))

� ��(�(�� �)
 �(1� �)) !1 !� !�
and both terms on the right hand side of this equality are positive.
Hence we have proved

4.2.1 Lemma. Problem (4.2.17) has a solution �� for every ? � 0. If the
operator � �� %(�) is linear, then the solution is unique.

4.2.2 Remark. An analogous lemma holds also for the problem with Dirich-
let boundary condition (4.2.12) for which we define the cone

�2 := �4 � #1(�� ); 4 	 I on (� � 4 
 0 on �� ��
For the proof, we employ the variational formulation (4.2.14) with arbi-
trary 4 � �2 , and the variational formulation of the appropriate penal-
ized problem (4.2.17) holds for each 4 � �2

�
	� ; #̊1(�)

�
. The estimate
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(4.2.20) is an easy consequence of putting 4 = İ 
 �̇� into (4.2.17) and
of the non-positivity of İ . To derive it, the integration by parts in the
term containing �̈�2̇ (requiring at least Ï � �2(	� ; #̊�1(�))) should be

performed. Of course, in this case 50 	 50

�
� � �İ�$1(�� )

�
and 51 	

51

�
� � �İ�$1(�� )� �I�$1(�� )� I0

�
.

For the limit ? � 0 we need a new dual estimate of the acceleration.
As only the equation (4.2.17) is at our disposal, we must first obtain some
?-independent estimate of the penalty term. We get it by taking the con-
stant 4 = 1 as a test function. Via an integration by parts of the acceleration
term this leads to

1
�

�
��

[��]� !� !� � [0� 5) with 5 	 5(� ) (4.2.26)

and � from (4.2.20). For the problem with a Dirichlet boundary value
condition, an ?-independent estimate can be analogously proved by means
of the test function 4 = I 
 �� exploiting assumption (4.2.16). Thus we
get an estimate I0

1
�



��

[��]� !� !� � 1�


��

[��]�I !� !� from above by the
remaining terms which can be estimated easily by the terms in (4.2.20). Of
course, in this case 5 	 50

�
� � �İ�$1(�� )� I0

�
.

This uniform �1(�� )-estimate of the penalty term and the “dual” imbed-
ding theorem

��(�)� 7� #��2+<(�)�

valid for any N � 0 yields��� 1
�
[��]�

���
�1( � ;$��2+"(
)�)

� 5(� ); (4.2.27)

in particular the constant is ?-independent. Using this in combination with
(4.2.20) in the equation (4.2.17), we can see that the estimate

��̈���1( � ;($��2+"(
))�) � 5(� ) (4.2.28)

holds with 5 independent of ? � 0. The interpolation of this estimate with
�� ���

1

�
	� ;#1(�)

�
shows that �� is bounded in� C

1 (	� ;�2(�)) for every

% �
4

� + 2
+ �

�

� + 2
. Here the condition

� � 1
 2
�

(4.2.29)

is imposed to obtain % � 1. By means of Hölder’s inequality we get

��̇��$$( � ;�2(
)) � 5��̇��1�2��( � ;�2(
))��̇��
1�2

	 2$
1 ( � ;�2(
))
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if / � (0� 1F2). From the requirement 2/ � % 
 1 we obtain

��̇�; ? 
 0� is bounded in #'(	� ;�2(�)) with
/ � (0� �F4) for � = 2�

/ � �0� 3
10

�
�
 1

3

��
for � = 3�

(4.2.30)

Interpolating this result with the uniform estimate of �� in #�(	� ;#1(�))
we obtain that

��̇�; ? 
 0� is bounded in �2

�
	� ;#'�(1+'��)(�)

�
� (4.2.31)

Now, Theorem 2.8.14 yields that ��̇�; ? � 0� is relatively compact in
�2(�� ). From the proved a priori estimates we infer the existence of a
sequence ?� tending to 0 such that

�̇�� � �̇ in �2(�� )� hence ��� � � in �0(	� ;�2(�))�

��� 8 � in �2(	� ;#1(�))�
�̇��(0� �)8 �̇(0� �) and �̇�� (
� �)8 �̇(
� �) in �2(�)

(4.2.32)

with

� � #1(�� ) � ��
�
	� ;#1(�)

�
and

�̇ � #'�'�(1+')(�� ) � ��(	� ;�2(�))�

The limit � is non-negative a.e. in �� and �(0� �) = �0. Due to (4.2.3)
the set �
(��); ? � 0� is bounded e.g. in �2(�� ); hence we can assume
that there is a & � �2(�� ) such that 
(���) 8 & in �2(�� ). Let us take
�
 ��� as a test function in (4.2.17). After performing the integration by
parts in time, we obtain�

��

�

(��� ) � �(�
 ���)
 �̇��(�̇
 �̇�� )
 �(�
 ��� )

�
!� !�

+
�



�
�̇��(
� �)(�
 ��� )(
� �)
 �1(�(0� �)
 �0)

�
!� 
 0�

(4.2.33)

because [��� ]�(� 
 ��� ) � 0. Adding


��


(�) � �(��� 
 �) !� !� to both
sides of (4.2.33) and using all just mentioned convergences we obtain�

��

(
(�)
 
(��� )) � �(�
 ���) !� !�� 0 as ) � +�� (4.2.34)

Then the strong monotonicity of the constitutive relation (4.2.9) together
with (4.2.32) yields ��� � � in �2(	� ;�1(�)). This and the last relation
in (4.2.7) yields 
(��� )� 
(�) in �2(�� ) and & = 
(�). We can perform
the limit procedure in (4.2.17) for any fixed 4 � � and show that � solves
(4.2.14). We have proved
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4.2.3 Theorem. Let the assumptions on � and conditions (4.2.2), (4.2.3)
for both 2 and � , (4.2.4), (4.2.5), (4.2.8) and (4.2.15) be valid. If a
Dirichlet boundary condition is considered, let (4.2.16) be true. Then there
exists a weak solution to problem (4.2.14) if � = 2 and � � �0� 1

2

�
or � = 3

and � � � 1
3 �

1
2

�
.

4.2.4 Remark. If � , � , �0, �1 and possibly I are sufficiently regular, certain
regularity results of � can be proved. There holds e.g.

� � #1+'�1+'�(1+'��)(�� )

for all / � (0� Æ) with Æ = �F4 for � = 2 and Æ = 3
10

�
�
 1

3

�
for � = 3.

The result for the time variable was mentioned in (4.2.30). The space
regularity will be obtained from (4.2.31) if we employ the localization and
the translation (shift) method in arguments in the same way as in the
previous chapter and consider the velocity as a part of the right hand side.

4.2.2 Boundary contact

We consider a similar viscoelastic material law as in the previous section,

%��(�) = % ��(�) + %��� (�) with

% ��(�) = �@
�� (�� �(�)) and

%��� (�)(�� �) =
� �

0

�(�
 1)�@
�2
��� �(�(�� �)
 �(1� �))� !1� (4.2.35)

The viscoelastic body under consideration is in contact with a rigid obstacle.
The linearized strain tensor � has the components &��(�) = 1

2 (���� + ����)
in terms of the displacement � and the stored energy functions 2�� :
��+�2 � � are of the class �2 and have strongly elliptic and bounded
partial Hessians, i.e. there are "90 � "

9
1 � 0 such that

"90 +��+�� �
�2Q

�&���&��
(��$) +��+�� and

�2Q

�&���&��
(��$)+��Z�� � "91

�
+��+��

�
Z��Z��� Q = 2��

(4.2.36)

for all symmetric � � � matrices �� %�$ and all � � �. Moreover, we
assume that

2 (�� 0) =� (�� 0) = 0 and �@
�2 (�� 0) = �@
�� (�� 0) = 0� (4.2.37)
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Similarly to the previous subsection there holds for Q = 2� � :

Q (�� �(E)) =
� 1

0

(1
 K)�@
��@��Q (�� �(K�)) &��(�) &��(�) !K

� � 1
2"

9
0 &��(�) &��(�)� 1

2"
9
1 &��(�) &��(�)

�
�

(4.2.38)

and �
�@
�Q (�� �(�))
 �@
�Q (�� �(�))

�
&��(� 
�)

=
� 1

0

�@
��@��Q
��� �(� + K(� 
�))

�
&��(� 
�) &��(� 
�) !K


 "90 &��(� 
�) &��(� 
�)��
�@
�Q (�� �(�))
 �@
�Q (�� �(�))

�
&��( ��)

(4.2.39)

=
� 1

0

�@
��@��Q (�� �(� + K(� 
�)))&��( ��) &��(� 
�) !K

� "91
�
&��(� 
�) &��(� 
�)

�
&��( ��) &��( ��)

for arbitrary displacements �, � and �� on �� . The kernel � is assumed to
have the form (4.2.5), where the employed functions satisfy all conditions
required there. Moreover, the smallness of the memory (4.2.8) is assumed
to ensure the strong monotonicity of the operator �� 
 formulated in the
tensor coordinates (cf. (4.2.9)). We solve the problem

�̈� 
 ��%��(�) = ��� 
 = 1� � � � � � on �� 	 	� ��� (4.2.40)

�
 � 0� %
(�) � 0� %
(�)�
 = 0�


�(�) = 0

5
on (�� 	 	� � �� � (4.2.41)


� (�) = � on (�� 	 	� � �� � (4.2.42)

�(0� �) = �0� �̇(0� �) = �1 on �� (4.2.43)

Here, � � �� is a bounded domain occupied by the body with a �1�1-
smooth boundary � divided into two measurable and disjoint parts: a
contact part �� , where no friction occurs, and the remaining part �� where
the stress is prescribed as described above.
Let us denote

� := �� ��1(�); 4
 � 0 a.e. in ���� (4.2.44)

We introduce the variational formulation of the problem:
A weak solution of (4.2.40)–(4.2.43) is a function � � �0

�
	� ;�1(�)

�
such

that �(�� �) � � for a.e. � � 	� , �̇ � ��(	� ;�2(�)), �̇(
� �) � �2(�), and



246 Chapter 4. Dynamic contact problems

such that for all � � �1(�� ) with �(�� �) � � a.e. in 	� the following
inequality holds:�

��

�
%��(�)&��(� 
 �)
 �̇ � (�̇ 
 �̇)

�
!� !�

+
�



(�̇ � (� 
 �)) (
� �) !�



�



�1 � (�(0� �)
 �0) !� +� (� 
 �)

(4.2.45)

with

� : � ��
�
��

� � � !� !�+
�
,��

� � � !1� !��

Problem (4.2.45) is solved with the help of the penalty method:
A function �� is a weak solution of the penalized problem, if �� belongs to

�0

�
	� ;�1(�)

�
, �̇� � �0(	� ;�2(�)), and �̈� � �2

�
	� ; ��

�1
(�)
�
, the ini-

tial conditions in (4.2.43) are satisfied (in the sense both of Green’s theorem
and the limit from the right side), and the equation�

��

�
�̈� � � + %��(��)&��(�)

�
!� !�

+
�
,��

1
�

[(��)
]+ 4
 !1� !� = � (�)
(4.2.46)

holds for all � � �2

�
	� ;�1(�)

�
.

The penalized problem is derived by replacing the Signorini boundary value
condition on (�� in (4.2.41) by the condition

%
(��) = 
1
�
[(��)
]+ � (4.2.47)

We solve our problems under the assumption

�0 � � � �1 � �2(�)� � � �2(�� ) �#1��
�
	� ; ��

�1
(�)
�

and � � #1��
�
	� ; ��

1�2
(�� )�

�
�

(4.2.48)

Our aim is the proof of

4.2.5 Lemma. Let the assumptions on � and its boundary, the assump-
tions (4.2.35), (4.2.36), (4.2.37), (4.2.5), (4.2.8), and (4.2.48), hold. Then
there exists a solution to the penalized problem (4.2.46).
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Proof. The existence of a solution of problem (4.2.46) can be proved again
by the Galerkin method. Denoting (� = (0� �) � � , (9 � = (0� �) � �9 for
Q = �� 
 and putting 4 = L��̇� with L� from (4.2.18), we obtain�




�
1
2 ��̇��2 +� (�� �(��))

�
(�� �) !� +

�
��

1
�
�[(��)
]+�2(�� �) !1�



�
�#

� +

0

��(1
 �)2 (�� �(��(1� �))
 �(��(�� �))) !� !1 !�

+
� �

0

�



�(�
 1)2 (�� �(��(�� �))
 �(��(1� �))) !1 !�

=
�



�
1
2 ��1�2 +� (�� �(�0)

�
!�


�
�#

�� � �� !� !�

(4.2.49)

+
�



�
�(�� �) � ��(�� �)
 �(0� �) � �0

�
!1�



�
,�#

�̇ � �� !1� !1+
�
��

�
� (�� �) � ��(�� �)
 � (0� �) � �0

�
!1��

Here, we have used an integration by parts in the time variable for the
“memory term” and for the terms with boundary and volume forces. The
last one is redundant for � � �2(�� ). Using the expression �(�� �) =
�0 +


 �

0
�̇(1� �) !1 we infer from (4.2.38), (4.2.48), and (4.2.49)�
����2��( � ;�2(
)) + ��̇��2��( � ;�2(
))

+
�� ��(��)�2

��
��( � ;�1(
))

+ 1
�
�[(��)
]+�2��( � ;�2(
))

�
+
�
��

� �

0

��
 1��1�2�
������(�� �)
 ��(1� �)

���2 !� !1 !�
� 5 �"	1 � "	0 � "�1 � "�0 ��0 with ���2 = &��&�� and

(4.2.50)

�0 = ��0��1(
) + ��1��2(
) + ���
$1��( � ;��

�1
(
))

+ ���$1��( � ;�1�2(�� )�)�

because the second “memory term” in (4.2.49) is non-negative. For the last
terms in (4.2.49) the estimate by

5��̇�$�( � ;�1�2(�� ))�����$�( � ;�1(
)) and

5����0( � ;�1(
))����00( � ;�1�2(�� )�)

is used; it is based on the trace theorem and on the imbedding

#�
�
	� ;�1�2(�� )�

�
7� �0

�
	� ;�1�2(�� )�

�
�
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Via the coercivity of the strains (Theorem 1.2.3) and the obvious imbedding
#1 7� #� for � � 1 we get from (4.2.50) the a priori estimate

��̇��2��( � ;�2(
)) + �����2��( � ;�2(
;��2))

+ 1
�
�[(��)
]+�2��( � ;�2(�� )) + �����2$�( � ;�2(
;��2))

� 50 	 50(� ) with

� 	
�
"	0 � "

	
1 � "

�
0 � "

�
1 � ��0��1(
)� ��1��2(
)� ���7 �

���$1��( � ;�1�2(�� )�)

�
�

(4.2.51)

where the appropriate C �
=
�2(�� )� #1��

�
	� ; ��

�1
(�)
�>
is taken. The

estimate of the fractional time derivative of the gradients follows easily from
the last term on the left hand side in (4.2.50) which corresponds to the first
“memory term” on the left hand side of (4.2.49). Moreover, in dynamic
problems the semicoercive situation is prevented by the acceleration term
via (1.2.12).
We employ the Galerkin method with an �2(�)-orthogonal basis � 	

��(�); 
 � �� of �1(�). By ���� we denote a solution of the appropriate
approximate problem to (4.2.46) for test functions from the space C� 	;

��
�=1

��(�) � �(�); �� � �2(	� )
<
. The existence of such a solution follows

easily from the theory of ordinary differential equations as in the previous
subsection. The solutions ���� satisfy for any ? � 0 and � � � again the
a priori estimate (4.2.51). As in the previous subsection, the ?-dependent

dual estimate for �̈��� in �2

�
	� ; ��

�1
(�)

�
is derived and the estimate does

not depend on � � ��
The appropriate variant of the convergences properties (4.2.24) for the

sequence ������
; ) � �� can be proved in the same manner as in the previ-

ous subsection. Moreover, analogous considerations to those made for the
domain contact lead to an analogue to (4.2.25), to the strong convergence
of gradients and to the closedness of the graph of � �� 
 on the sets of
solutions. The validity of the initial condition is proved also in the same
manner as for the domain constraint.

As in the previous subsection the solution of (4.2.46) is unique provided
the constitutive relation is linear.
The limit procedure ? � 0 is easier here. Taking a test function � �

�2

�
	� ; ��

1
(�)
�
in (4.2.46) and using the ellipticity condition (4.2.36) and

the uniform a priori estimate (4.2.51), we immediately get the dual estimate

��̈���2( � ;��1(
)) � 51 	 51(� )� (4.2.52)
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which is remarkably stronger than (4.2.28). This is exactly the point where
the boundary constraint is easier to handle than the domain constraint be-
cause no additional estimate of the penalty term is needed. Theorem 2.6.10
from Chapter 2 yields for any ? � 0,

��̇��$��2( � ;�2(
))

� 5U$1�� �����$�( � ;�1(
)) + ��̈���2( � ;��1(
))

�
�

��̇���2( � ;���(2��)(
))

� 5U$1�� �����$�( � ;�1(
)) + ��̈���2( � ;��1(
))

�
�

(4.2.53)

This result and the compact imbedding theorem (Theorem 2.8.14) yield
that there is a sequence ?� � 0 and an element � such that

��� 8 � in �1+��2� 1(�� )�

�̈�� 8 �̈ in �2(	� ;��1(�))�

�̇�� � �̇ in �Æ�2� Æ�(2�Æ)(�� ) for every Æ � ��
�̇��(�� �)8 �̇(�� �) in �2(�) for � = 0� 
�

(4.2.54)

These convergences lead to a relation similar to (4.2.34), which together
with an appropriate version of (4.2.9) yields the strong convergence of the
strain tensors. This, the just proved strong convergence in (4.2.54) and
Theorem 1.2.3 from Chapter 1 prove the strong �2 convergence of the
space gradients. The strong convergence of the stress tensors is then a
consequence of (4.2.39). Thus we have proved

4.2.6 Theorem. Under the assumptions of Lemma 4.2.5 there exists a
weak solution � ��1+��2�1(�� ) to the contact problem (4.2.40) such that
�̇ belongs to ���2� ��(2��)(�� ).

4.2.7 Remarks. 1. From the space regularity of the velocity it is possible to
derive � ��1+��2� 1+��(2��)(	� � ��) for any domain �� having its closure
inside �. Such a result can be proved with help of the shift method, if
the acceleration is considered like a right hand side of the problem. If the
boundary � is sufficiently regular, then in the interiors of the separate parts
of the boundary this technique yields the regularity of � in the tangential
directions.
2. We have not considered a possible measurable part of the boundary

�� with a prescribed Dirichlet data � for the sake of simplicity only. If
e.g. � � �2(�� ) with � = 0 on �� such that the usual compatibility
conditions with the initial data are satisfied (cf. (4.4.15) below), the gen-
eralization of Theorem 4.2.6 to this case is an easy exercise. Unlike in the
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case of the static problem, the existence or non-existence of the part of
boundary with a Dirichlet boundary value condition is not relevant for the
existence of solutions.
3. The ��(	� ;�2(�))-estimate for �̇ in (4.2.51) together with (4.2.52)

leads to the weak continuity of the solution proved in Theorem 4.2.6 from
	� to �2(�). The proof is almost identical to that performed for the con-
vergence of Galerkin solution to the solution of the penalized problem. The
only remarkable difference which is in its first step, where we prove the
weak convergence into ��1(�), does not make any difficulty because of
the density of ��

1
(�) in �2(�). In particular, for this and all further

treated boundary contact problems the velocity is defined for every � � 	�
as a function in �2(�). This is an essential difference from the cases of
domain contacts, where at some time the left and right derivatives may
pretty much differ on a subdomain of � with a non-zero measure.
4. The assumption about � required in (4.2.48) can be weakened. The

result (4.2.53) shows that e.g. � � �2

�
	� ; ��

���(2��)
(�)
�
is sufficient.

5. In order to include friction e.g. as in Section 4.4, the traces of the
velocities should be at least in �2((� ) to justify the sense of ��̇�� in the
friction term. However, then we should prove �̇ � �2

�
	� ;�?(�)

�
for some

P � 1
2 and by (4.2.53) this requires � �

2
3 . Unfortunately, assumption

(4.2.8) restricts � to
�
0� 1

2

�
. Therefore we are not able to solve the frictional

contact problem in the framework of the presented model.

4.3 Viscoelastic membranes

In this section we study the domain contact of a membrane consisting of
material with short memory. We have again a bounded domain � � ��
with a Lipschitz boundary � and a bounded time interval 	� . For the sake
of simplicity we assume the linear constitutive relation

%�(�) = �(1)�� �� �̇+ �(0)�� ���� 
 = 1� � � � � �� (4.3.1)

although some non-linear relation like that in the previous section is also
admissible to obtain the existence theorem below. The coefficients �(G)�� are
assumed to be symmetric (with respect to the lower indices) and to satisfy
the usual ellipticity and boundedness conditions

���2�(G)0 � �(G)�� +�+� �

�
(G)
�� +�Z� � �(G)1 ��� �%�

5
for all �� % � �� � Y = 0� 1� (4.3.2)
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almost everywhere on � with some given positive, real constants �(G)� � Y� ) =
0� 1. Our problem is

�̈ = div
(�) + � + �
� 
 0� � 
 0� �� = 0

<
on �� � (4.3.3)

�(0� �) = �0� �̇(0� �)
 �1 
 0� (�̇(0� �)
 �1)�0 = 0 on �� (4.3.4)


(�) � 	 
 0� � 
 0� �(
(�) � 	) = 0 on (� � (4.3.5)

where�� and (� have the same meaning as in the previous section. Here, �
plays again the role of a slack variable. The alternative Dirichlet boundary
condition to (4.3.5) is

� = I on (� � (4.3.6)

For the data we assume

� � �2

�
	� ; #̊�1(�)

�
� �0 � #1(�)� �0 
 0 a.e. in ��

�1 � �2(�)�
(4.3.7)

A weak solution of problem (4.3.3)–(4.3.5) is a function

� � �0

�
	� ;#1(�)

� � � with �̇ � ��(	� ;�2(�)) � �2

�
	� ;#1(�)

�
and �̇(
� �) � �2(�) that satisfies for every 4 � � �#1(�� ) the following
inequality:�

��

�

(�) � �(4 
 �)
 �̇(4̇ 
 �̇)
 �(4 
 �)� !� !�

+
�



�
�̇(4 
 �)(
� �)
 �1(4(0� �)
 �0)

�
!� 
 0�

(4.3.8)

The cone � is defined in (4.2.13).
As earlier we solve problem (4.3.8) by the penalization of the contact

condition. The penalized problem has the form:
Find �� � #1(�� ) ��0

�
	� ;#1(�)

�
such that

�̇� � �0(	� ;�2(�)) � �2(	� ;#1(�))� �̈ � �2(	� ; #̊�1(�))�

the initial conditions ��(0� �) = �0, �̇�(0� �) = �1 are satisfied and the equa-
tion �

��

�

(��) � �4 + �̈�4 
 �4 + 1

�
[��]�4

�
!� !� = 0 (4.3.9)

holds for every 4 � �2

�
	� ;#1(�)

�
.
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We again choose the velocity �̇� as a test function in (4.3.9). Recalling
Theorem 1.2.3 we obtain the a priori estimate

sup
�� �

�
��̇�(�� �)�2�2(
) + ���(�� �)�2$1(
) + 1

�
�[��]�(�� �)�2�2(
)

�
+ ���̇��2�2( � ;�2(
)) � 50 	 50(� ) with

� 	
6
��0�$1(
)� ��1��2(
)� ����2( � ;$̊�1(
))

7 (4.3.10)

in the same manner as in Subsection 4.2.1. The only difference here is the
viscous term ���̇��2�2( � ;�2(
)), which provides more regularity than the
corresponding fractional time derivative in (4.2.20).
The penalized problem is solved again via the Galerkin approximation

with the approximate spaces S�. Here, however, we have a complete
parabolic situation for the velocities; the inviscid term is of a lower or-
der. As �2-orthogonal basis in #1(�) e.g. a suitable set of eigenvectors
of the problem ��

�
�
(1)
�� ���

�
= 0 can be taken. The proof of the existence

of Galerkin solutions ����, ? � 0, � � �, is based on the same results
for systems of ordinary differential equations as in Subsection 4.2.1. The
solutions ���� satisfy the estimate (4.3.10) again; its verification does not
make any difference, and for a fixed ? � 0 the penalty terms are bounded in
�2(�). Therefore, from the approximate Galerkin equation we can derive
the dual estimate

��̈�����2( � ;$̊�1(
)) � 5 	 5(?)� (4.3.11)

where the constant on the right-hand side is independent of �. As earlier
in the analogous situations, we have exploited here the orthogonality of
the basis. From both estimates we can prove the validity of the following
convergences for a fixed ? � 0 and a suitable sequence �� � +�,

�̇����
8 �̇� in #1�2�1(�� )�

�̇����
� �̇� in �2(�� )�

�̇����
(
� �)� �̇�(
� �) in �2(�)�

�̈����
8 �̈� in �2(	� ; #̊�1(�))�

[�����
]� � [��]� in �2(�� )�


(�����
)� 
(��) in �2(�� )�

(4.3.12)

and we can show that the limit �� is the unique solution to (4.3.9). In
fact, the first convergence follows from the interpolation of (4.3.11) with
the estimate of the viscous term in (4.3.10); the second one is then an easy
consequence of a compact imbedding theorem (Theorem 2.8.14). The third
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and the fifth ones follow immediately from (4.3.10) while the fourth one
from (4.3.11). The last one is obtained putting 4 = 6I��

�̇� 
 �̇����
into

the Galerkin approximation of (4.3.9), adding�
��


(��)(�̇����

 �̇�) + 
(�����

)(6I��
�̇� 
 �̇����

) !� !�

to both sides and using (4.3.2), the strong convergence of the projections
and all the before proved convergences. This yields the strong convergence
of the stresses. The validity of the initial condition is proved in the same
way as in the case of the singular memory. Hence, �� solves (4.3.9). The
linearity of the model makes the proof of its uniqueness quite standard and
obvious.
For the limit procedure ? � 0, we need again the estimate (4.2.26)

of the penalty term, which can be proved here as in the previous section
without any changes. This �1-estimate and the appropriate dual version of
Theorem 2.8.14 yield the dual estimate

��̈��$̊�1�2�"( � ;$̊���2�"(
)�) � 5 (� � N) for every N � 0 (4.3.13)

which is similar to (4.2.28) in the appropriate problem for material with
long memory. Here we employ the dual imbedding theorem also for the
time variable,

�1

�
	� ; #̊���2�<(�)

�
7� #̊�1�2�<

�
	� ; #̊���2�<(�)

�
�

Interpolating (4.3.13) with the a priori estimate (4.3.10) for the viscous
term, we arrive at the uniform estimate of ��̇��$Æ( � ;�2(
)) for any Æ ��
0� 1

�+2

�
. This result allows proving the crucial strong convergence of the

velocities for any dimension � � �, while for the long memory material
only � = 1� 2� 3 was admissible. Of course, the case � = 2 is of physical
importance. With this result we can find a sequence ?� � 0 such that

�̇�� � �̇ in #Æ�1�<(�� )�

��� 8 � in #1(�� )�

�̇�� 8 �̇ in �2(	� ;#1(�))�

���(
� �)8 �(
� �) in #1(�)�

(4.3.14)

where N � 0 can be arbitrarily small. Considering �
��� as a test function
in (4.3.9) and adding�

��

�
(0)
�� ��� ��(��� 
 �) !� !�+

�
��

�
(1)
�� ���̇ ��(��� 
 �) !� !�
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to both sides of the resulting equation, we prove that the convergences
���� � �� and ����(
� �) � ��(
� �) are in fact strong in the corre-
sponding �2-spaces. As the time interval 	� in the above mentioned con-
siderations can be replaced by 	�, � � 	� , we can also prove ���(�� �) � �(�� �)
in #1(�) for any � � 	� .
On the other hand, there is no idea how to prove any strong

�2-convergence��̇�� � ��̇ in general (unlike the boundary contact, where
in the case � = 1 it is a byproduct of the result in [121], cf. Subsec-
tion 4.4.1.2). Such a relation together with the strong �2 convergence
�̇��(�� �) � �̇(�� �) for any � � 	� is necessary and sufficient to prove that
the limit �, which is a solution of (4.3.8), satisfies the global conservation
of energy:�




1
2

�
�
(0)
�� ���(�� �) ���(�� �) + �̇2(�� �)

�
!�

+
�
�#

�
(1)
�� ���̇ �� �̇ !� !1

=
�



1
2

�
�
(0)
�� ���0 ���0 + �2

1

�
!� +

�
�#

��̇ !� !1

(4.3.15)

for any � � 	� . However, we have proved
4.3.1 Theorem. Under the assumptions on � and the assumptions (4.3.1),
(4.3.2), (4.3.7) there is at least one solution to problem (4.3.8).

4.3.2 Remarks. 1. The corresponding version of Theorem 4.3.1 for the
problem with Dirichlet boundary value condition (4.3.6) is valid like in
the previous section. The requirements for I from (4.2.16) are preserved,
but we may assume here that I0 = 0. Contrary to material with singular
memory, for the presented viscoelastic constitutive law we need not assume
that the membrane is clamped in a distance from the obstacle. Indeed,
the advantageous sign of İ makes it possible to derive (in the same way
as in Subsection 4.2.1) a modified version of (4.3.10) which includes the
term ���̇��2�2(�� ) on the left hand side. This estimate yields that for the
sets �� and ��, ) � �, defined as �� 	 �� � �; dist(��� � �) 
 1F)�
and �� 	 � � �� the �2(	 ���) norms of the velocities tend to 0 as
) � +� uniformly with respect to both ? and �. Hence, to derive the
necessary additional estimate of the penalty term we can use a set of non-
negative �1-smooth functions �@�; ) � �� defined on �� , supported in the
closure of � and being equal to 1 on ��. With them as test functions
we can prove the boundedness of 1

�
@�[����]� uniformly with respect to

� and of 1
�
@��� uniformly with respect to ?, although such a uniformity
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with respect to ) does not hold. We show the appropriate a priori and
dual estimates for @����� and @���. Then we can prove the strong �2(�� )
convergence of @��̇���� to @��̇� for a suitable subsequence �� � +� for
any fixed ), possibly after extracting such a subsequence with the help of
the usual diagonal method. An appropriate combination of this with the
above mentioned uniform limit property on�� concludes the crucial strong
convergence �̇���� � �̇� in �2(�� ). This procedure can be employed in
the next limit procedure for ?� 0, too.
2. For � with boundary of the class �1�1, for � � �2(�� ), �(0)�� � �1(�),

��� 	 �(0)�� = �(1)�� � 
� ' = 1� � � � � � on �� (4.3.16)

and �0 � #2(�) a certain space regularity of the solution can be proved.
In fact, taking the test function 4 = ��������� in (4.3.9) it can be proved
after some calculation employing Green’s theorem, (4.3.2), and (4.3.10)�

�#

�
�0���̇��2 + ������� �̇� ��������� + ��������� ���������

+?�1�0��[��]��2
�
!1 !� � 5

with 5 independent of ? and �0 	 �(0)0 = �(1)0 introduced in (4.3.2). Hence

�������� � ��(	� ;�2(�))� (4.3.17)

The standard localization and the translation (shift) method proves that

�� � ��
�
	� ; �1�<( ��)

�
for any �� � �� � � and any N � (0� 1) without

the assumption (4.3.16). Along the boundary such a result is proved only
for the tangential directions. With (4.3.16) this regularity can be proved
also for the normal direction using (4.3.17).
3. A non-linearity in the inviscid part of the constitutive relation as

in Subsection 4.2.1 is possible. On the other hand, due to the mentioned
difficulties with the strong convergence of the gradients of velocities in the
limit procedure ?� 0, the existence of solutions to the problem with non-
linearities in the viscous part is still an open problem.

4.4 Problems with given friction

Comparing the just presented contact problems with domain obstacles for
material with long and short memory, we see that the latter model leads
to remarkably stronger results. For boundary contact this model allows
including also a given friction into the formulation of the problem. The
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resulting problem is investigated here. At the end of this section, we also
mention the appropriate analogous problem for the contact condition for-
mulated in velocities.

4.4.1 Contact condition in displacements

We assume again a bounded domain � � �� having a boundary � of the
class �1�1 which is composed of three measurable pairwise disjoint parts
�� (the contact part), �� , and �� . The investigated model is

�̈� 
 ��%��(�) = �� on �� � 
 = 1� � � � � �� (4.4.1)

� = � on (�� = 	� � �� � (4.4.2)


� (�) = � on (�� = 	� � �� � (4.4.3)

�
 � 0� %
 � 0� %
�
 = 0 on (�� = 	� � ��� � (4.4.4)

�̇� = 0 � �
�� � =

�̇� �= 0 � 
� = 
= �̇�
��̇��

5
on (�� � (4.4.5)

�(0��) = �0(�)� �̇(0��) = �1(�) on �� (4.4.6)

The stress tensor 
 	 �%�� ; 
� ' = 1� � � � � �� is given by

%��(�) = % ��(�) + %��� (�̇)� 
� ' = 1� � � � � �� where

% ��(�) = �@
�� (�� �(�))� 
� ' = 1� � � � � �� and


� 	 	%��� (�̇)
 = ,�(�̇)�

(4.4.7)

We consider the linear operator , : �(�) �� �����&��(�) with coefficients
satisfying

����2�����(�)+��+�� � (�0� �1) for all � � �
and all symmetric � � ��2 (4.4.8)

with some positive constants ��� 
 = 0� 1, independent of � and �. The
viscous Hooke tensor satisfies the usual symmetries ����� = ����� = �����
for 
� '� )� * = 1� � � � � � on �. The space-dependent stored energy function
� : ��+�2 � � is assumed to satisfy conditions (4.2.36) and (4.2.37).
The function = is non-negative; 
= plays the role of a given friction force.
For � ��1�2(� ) let us define the sets

�� :=
	
� ��1(�); � = � on �� � 4
 � 0 a.e. in ��



and �1

0(�) =
	
� ��1(�); � = 0 a.e. on ��



.
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We introduce the variational formulation of the problem:
A weak solution of (4.4.1)–(4.4.6) is a function � � �0

�
	� ;�1(�)

�
with

�(�� �) � ��(���) for a.e. � � 	� , �̇ � ��(	� ;�2(�)) � �2

�
	� ;�1(�)

�
,

�̇(
� �) � �2(�) such that for all � � �1(�� ) with �(�� �) � ��(���) a.e. in
	� the following inequality holds:�

��

(%��(�)&��(� 
 �)
 �̇ � (�̇ 
 �̇)) !� !�

+
�
,��

= (��� + �̇� 
 ��� 
 ��̇��) !1� !�

+
�



(�̇ � (� 
 �)) (
� �) !�


 � (� 
 �) +
�



�1 � (�(0� �)
 �0) !��

(4.4.9)

Here

� : � ��
�
��

� � � !� !�+
�
,��

� � � !1� !� (4.4.10)

denotes the linear functional of the given forces. Inequality (4.4.9) follows
from (4.4.1) by multiplying the equilibrium of forces by �
�, by integrating
the result over �� , using Green’s theorem both in the time and space
variables and employing the boundary value conditions (4.4.2)–(4.4.5) and
the initial conditions (4.4.6). For the treatment of the friction term cf. the
previous chapter.

4.4.1.1 Existence of solutions

Due to the non-smooth friction term we need to both penalize the contact
condition and smooth the friction term in order to obtain a variational
equation. The penalization consists in replacing the Signorini boundary
value condition (4.4.4) by the condition

%
(��) = 
1
�

[(��)
]+ � (4.4.11)

The variational formulation of the penalized problem is:
Find �� � � +�0

�
	� ;�1

0(�)
�
with �̇� � ��(	� ;�2(�))��2

�
	� ;�1(�)

�
and �̈� � �2

�
	� ;�1

0(�)
��
such that for all � � �̇ + �2

�
	� ;�1(�)

�
the
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following inequality holds:�
��

(�̈� � (� 
 �̇�) + %��(��)&��(� 
 �̇�)) !� !�

+
�
,��

�
= (���� 
 ��̇��) + 1

�
[(��)
]+(4
 
 (�̇�)
)

�
!1� !�


 � (� 
 �̇�)�

(4.4.12)

We remark that the test function � here corresponds with the test function
� + �̇
 � in (4.4.9).
The smoothing of the friction functional is done by replacing in (4.4.12)

the non-differentiable norms � � � 	 >0 in the friction term by a smooth and
convex approximation >< introduced in Subsection 3.1.1. The resulting
inequality will be referred to as (4.4.12�). It is equivalent to the following
variational equation:
Find a function ���< � � + �0

�
	� ;�1

0(�)
�
with �̇��< � �0(	� ;�2(�)) �

�2

�
	� ;�1(�)

�
and �̈��< � �2

�
	� ;�1

0(�)�
�
such that the initial condition

(4.4.6) is satisfied and the equation�
��

(�̈��< � � + %��(���<)&��(�)) !� !�

+
�
,��

�
= (�><)((�̇��<)�) � �� + 1

�
[(���<)
]+ 4


�
!1� !�

= � (�)

(4.4.13)

holds for any � � �2

�
	� ;�1

0(�)
�
.

Indeed, the mentioned equivalence can be proved inserting � = � 
 �̇��<

with an arbitrary � � �̇ + �2

�
	� ;�1

0(�)
�
into (4.4.13) and on applying

the inequality�
,��

= (�><)
�
(�̇��<)�

� � (�� 
 (�̇��<)�) !1� !�

�
�
,��

= (><(��)
 ><((�̇��<)�)) !1� !��
(4.4.14)

This inequality holds due to the convexity of >< and the non-negativity of =
for any N� ? � 0, � � �2

�
	� ;�1�2(� )

�
, provided = � �2

�
	� ;#1�2(��)�

�
.

The transition from the inequality (4.4.12�) (the smooothed version of
(4.4.12)) to the equation (4.4.13) is easily proved by putting � = �̇� � /�
with an arbitrary � � �2

�
	� ;�1

0(�)
�
and / � �+ , by dividing the whole

inequality by / and passing to the limit /� 0.
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The introduced problem is solved under the following set of assumptions:

�0 � ��(0��)� �1 ��1(�)� � ��2(�� ) such that

� (0� �)�!� = �0�!�
� �̇(0� �)�!� = �1�!�

and

� = 0 a.e. in (�� � � � �2

�
	� ;�1�2(�� )�

�
�

� � �2

�
	� ; ��

�1
(�)

�
� and 0 � = � �2

�
	� ;�1�2(��)�

�
�

(4.4.15)

The sign of = is understood in the usual dual sense. The assumptions can
be a little weakened like it is done in the next chapter for problems with
Coulomb friction.
To solve problem (4.4.13) we use the standard Galerkin approximation.

We employ the usual notation �� 	 	� � � and (9 � 	 	� � �9 for � � 	�
and Q � ��� � ���. Taking � = L�(�̇��< 
 �̇ ) for L� from (4.2.18) and any
� � 	� and exploiting (4.4.14) we obtain�




�
1
2 ��̇��<�2 +� (�� �(���<))

�
(�� �) !�

+
�
�#

,(�(�̇��<))�(�̇��<) !� !1

+
�
��

1
�
�[(���<)
]+�2 (�� �) !1�

�
�



�
1
2 ��1�2 +� (�� �(�0))
 �1�̇ (0� �) + (�̇��<�̇ )(�� �)

�
!�

+
�
�#

�
,(�(�̇��<))�(�̇ ) + % ��(�)&��(�̇ )


 �̇��<�̈ + � � (�̇��< 
 �̇ )
�
!� !1

+
�
,��#

=><(�̇ �) !1� !1+
�
,� �#

� � (�̇��< 
 �̇ ) !1� !1�

(4.4.16)

Here the relations (4.4.14) with � = �̇ ,


,��#

=><((�̇��<)�) !1� !1 
 0, and
�
��� (�� �(���<)) = �@
�� (�� �(���<))�(�̇��<) have been used. With the help
of relations (4.2.39), (4.4.8), and Theorem 1.2.3 it is not difficult to derive
from (4.4.16) the a priori estimate

sup
�� �

�
��̇��<(�� �)�2�2(
) + 1

�
�[(���<)
]+(�� �)�2�2(�� )

�
+ ��̇��<�2�2(�� ;�1(
)) � 50 	 50(� ) with

� 	 �"	0 � "	1 � �0� �1� ��0��1(
)� ��1��2(
)� ����2(�� )�

�=��2( � ;$1�2(�� )�)� ����2( � ;��
�1

(
))
� ����2( � ;�1�2(� )�)

�
�

(4.4.17)
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In order to derive a suitable dual estimate consider an arbitrary function

� � �2

�
	� ; ��

1
(�)
�
in (4.4.13). After standard estimates this yields

��̈��<�2�2( � ;��1(
)) � 51�����<�2�2(�� ;��2)

+ 52���̇��<�2�2(�� ;��2)
+ 53���2�2( � ;��

�1
(
))

(4.4.18)

with 51� 52� 53 independent of both ?� N and any boundary data. Now, we
apply the interpolation theorem (Theorem 2.6.10) to estimates (4.4.17) and
(4.4.18). This leads to

��̇��<�2$1�2( � ;�2(
)) � 54�����<�2�2(�� ;��2)

+ 55���̇��<�2�2(�� ;��2)
+ 56���2�2( � ;��

�1
(
))
�

(4.4.19)

where 54� 55� 56 satisfy the same assertion as 51� 52� 53 above. Then Theo-
rem 2.8.3 yields

��̇��<��1�4�1�2(,� ) � 55��̇��<��1�2�1(�� )� (4.4.20)

Let � 	 ��(�); 
 � �� be a �2(�)-orthogonal basis of the space �1
0(�),

�� be the subspace generated by the first � elements of � and

'� 	
'

��
�=1

�� � �(�); � � �2(	� )

5
�

An element ���<�� � � +S� is a Galerkin solution to (4.4.13) if it satisfies
the approximate version of the initial conditions




(���<��
�0) � � !� = 0

and





(�̇��<��
�1) � � !� = 0 for any � � �� and if for every � � S� the
variational equation�

��

�
�̈��<�� � � + %��(���<��)&��(�)

�
!� !�

+
�
,��

�
1
�
[(���<��)
]+4
 +=�><((�̇��<��)�) � ��

�
!1� !�

= � (�)

(4.4.21)

holds. The existence and uniqueness of such a ���<�� for N� ? � 0 and
� � � is obvious as seen earlier from the theory of ordinary differential
equations. The estimate (4.4.17) can be verified again for ���<�� uniformly
with respect to ?� N � 0 and � � �.
Since � is a �2-orthogonal basis we have

��̈��<������� = ��̈��<��� 6I����� + ��̈ �� 
 6I�����
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for any � � �2

�
	� ;�1

0(�)
�
. From (4.4.21), (4.4.15), (4.4.17), and the

uniform boundedness of the projections 6I� in �1
0(�) there follows the

boundedness of ��̈��<��; ?� N � 0� � � �� in �2

�
	� ;�1

0(�)�
�
.

Now we prove the convergence of the Galerkin approximate solutions
for fixed ? and N. The validity of (4.4.17), (4.4.18) (4.4.19), and (4.4.20)
is verified for ����<��; ?� N � 0� � � �� by the same arguments as for
����<; ?� N � 0�. Consequently, for every fixed ? � 0, N � 0 there is a
subsequence �� � +� such that the following convergences are valid:

��̇��<���
8 ��̇��< in �2

�
�� ;����

�
�

�̈��<���
8 �̈��< in �2

�
	� ;�1

0(�)�
�
�

�̇��<���
(�� �)8 �̇��<(�� �) in �2(�) for � � �0� 
��

�̇��<���
� �̇��< in �2(�� )�

�̇��<���
8 �̇��< in �1�4�1�2((�� )�

�̇��<���
� �̇��< in �1�4���1�2��((�� )

for any � � �0� 1
4

�
�

����<���
8 ����< �


(���<���
) 8 
(���<)

5
in �2

�
�� ;����

�
�

(4.4.22)

The first three convergences here are consequences of (4.4.17) and (4.4.18);
the other convergences follow by appropriate imbedding and trace theorems.
In order to obtain a strong convergence of ����<���

in �2(�� ), we take
the test function � = 6��

���<
���<���
with the projection 6��

	 6�+I��

in (4.4.21) and add�
��

%��(���<)&��(���<���

 ���<) + %��(���<)&��(���<���


 ���<) !� !�

to both sides of the obtained equation. The convergence of�
��

(%��(���<)
 %��(���<���
)) &��(���< 
 ���<���

) !� !�

then follows from the convergences of all other terms. These convergences
can be established with the help of relation (4.4.14), an estimate of the
friction term by�

,��

=
�
><((6��

���<)� 
 (���<���
)� + (�̇��<���

)�)
 ><((�̇��<���
)�)
�
�

the weak convergence of ><((6��
���<)� 
 (���<���

)� + (�̇��<���
)�), and the

convergence ><((�̇��<���
)�) 8 ><((�̇��<)�) in #1�4�1�2((�� ). The strong
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convergence ����<���
� ����< in �2(�� ) follows then from the strong

monotonicity of the operator , and from (4.2.39).
Using the mentioned convergences it is possible to pass to the limit

) � +� in (4.4.21) and to prove that ���< is a solution of (4.4.13). In fact,
to avoid possible problems with the convergence of (�><)

�
(�̇��<���

)�
�
, this

convergence is proved for the equivalent formulation of the Galerkin equa-
tions as the variational inequality corresponding to (4.4.13). The fulfilment
of the initial conditions is verified in the same sense as in the previous cases,
because �1

0(�) is again dense in �2(�). We have proved

4.4.1 Proposition. Let the above mentioned assumptions on �, its bound-
ary, the constitutive law, the operator ,, the function � hold true and let
assumptions (4.4.15) be fulfilled. Then there exists a solution of problem
(4.4.13) for every ? � 0 and N � 0.

4.4.2 Remark. The assumption �1 ��1(�) in (4.4.15) is imposed to enable
the consideration of a more general friction force= (see the theorem below).
If we restrict ourselves to = from (4.4.15), the usual assumption �1 � �2(�)
is sufficient for both Proposition 4.4.1 and the theorem below.

Now the aim is to prove

4.4.3 Theorem. Let the assumptions of Proposition 4.4.1 be valid with the
exception of the assumption for = that is replaced by = � #1�4�1�2((�� )�.
Then there exists a weak solution of the contact problem (4.4.1)–(4.4.6).

Proof. The proof is done by passing to the two limits N � 0 and ? � 0.
Let us first tackle the limit procedure for N � 0. Due to the a priori
estimates (4.4.17), (4.4.19) and (4.4.20) there is a sequence N� � 0 for
) � +� such that the weak convergences ���<� 8 �� and �̇��<� 8 �̇� in
�2

�
	� ;�1(�)

�
as well as �̈��<� 8 �̈� in �2

�
	� ;�1

0(�)�
�
are valid. Due

to compact imbedding theorems the sequence N� can be chosen such that
the strong convergences �̇��<� � �̇� in �2(�� ) and in �1�4���1�2��((� )
hold with a sufficiently small � � 0. Via the approximation properties of
>< we obtain ><� ((�̇��<� )�) � >0((�̇�)�) in �2((�� ). On the other hand,
><� ((�̇��<� )�) is bounded in #1�4�1�2((�� ) because of the uniform Lips-
chitz continuity of ><. Hence there is a subsequence that converges weakly
in this space. Due to the mentioned convergence in �2((�� ) this limit
coincides with >0((�̇�)�) and the whole sequence converges. Analogously,
><� ((��)�
 (���<�)� + (�̇��<�)�)8 >0((�̇�)�) in #1�4�1�2((�� ). From these
convergences we can prove the strong convergence ����<� � ��� by the
usual procedure; that is, by adding



��
%��(��)&��(���<�
��) !� !� to both

sides of the inequality (4.4.12�) with test function � = �� + �̇��<� 
 ���<� ,
integrating by parts in time for the viscous part of the constitutive relation
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and passing to the limit ) � +�. This also yields the strong conver-
gence of the elastic stresses. Then, by passing to the limit ) � +� in
this variational inequality with test function � = � + �̇��<� 
 ���<� for
� � � +�2

�
	� ;�1

0(�)
�
we prove that �� is the solution of the variational

inequality�
��

�
�̈� � (� 
 ��) + %��(��)&��(� 
 ��)

�
!� !�

+
�
,��

�
1
�
[(��)
]+(E 
 ��)


+ = (��� + (�̇�)� 
 (��)�� 
 ��̇��)
�
!1� !�


 � (� 
 ��)�

(4.4.23)

This inequality is identical to (4.4.12) with � = � + �̇� 
 ��.
The last step of the proof is the limit procedure ? � 0. For a suitable

sequence ?� � 0 the convergences ��� 8 � and �̇�� 8 �̇ in �2

�
	� ;�1(�)

�
hold as before, and the convergence �̈�� 8 �̈ now holds in �2

�
	� ;��1(�)

�
.

The proofs of the required strong convergences are based on the same ideas
as in the previous limit procedures and then the weak convergence of the
stresses in �2(�� ) is obvious; in fact the elastic parts of the stresses con-
verge strongly. Restricting the set of test functions to that defined for
problem (4.4.9), we prove after the usual integration by parts in the ac-
celeration term that the limit � satisfies (4.4.9). Thus the existence of a
solution for each = � #1�4�1�2((�� )� is established.

4.4.4 Corollary. In addition to the assumptions of Theorem 4.4.3, let
�� � �2+� with ? � 0, let the coefficients of , be Hölder continuous
with exponent 1

2 + ? on �, � � �2
�
� � ��2 �

, � � �2(�� ), and = �
#1�4�0((�� )�. Then the solution � of (4.4.9) is in �0

�
	� ;�3�2�1

� ����,
where �� � � is a domain along the contact part of the boundary. Here
the first index in �3�2�1

� ��� denotes the tangential and the second one the
normal regularity of �. Moreover, the solution belongs to �3�2�3�2�1

� ���

�
for ��� 	 	� � ��.
The proof of the time regularity can be done without any additional

assumption. Due to the strong monotonicity of , and of �	
�� , the time

regularity and the space regularity in the tangential direction is proved by
the translation (shift) method after local rectification of the boundary. In
the estimates of the fractional tangential space derivative, the velocity is
treated as a part of the right hand side of the problem and its already
established space regularity (cf. (4.4.17)) is exploited. For the use of the
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method, the smoothness of all given elements in the constitutive law as well
as of the boundary is needed.

4.4.5 Remark. The regularity of the solution along the contact part of
the boundary that follows from Corollary 4.4.4 is not sufficient to solve
the contact problem with Coulomb friction e.g. by means of the fixed point
approach as it was seen in Chapter 1. Since it is not possibe to use velocities
in the shift technique, the possible gain of regularity is limited. For the
contact condition in displacements, the translation (shift) technique seems
to be inadequate to prove the existence of a solution to the original contact
problem with Coulomb friction, and this problem has not yet been solved.

4.4.1.2 Conservation of energy in viscoelastic contact problems

For several models in Section 4.1 the local conservation of energy could be
proved for a suitable class of solutions, and the solution turned out to be
unique. For another model the solutions satisfy a global conservation of
energy. For the viscoelastic materials just studied there is only one result
concerning the conservation of energy: Schatzman and Petrov proved in
[121] the existence of solutions satisfying a global conservation of energy
as in (4.3.15), i.e. the condition that the total final energy plus the energy
lost by viscosity equals the total original energy plus the energy lost to
or gained from the outer force. The result is restricted to a semi-infinite
string in one space dimension (� = 1, � = �� , � = �� = �0�) with
� (�� �) 	 	 , �11 = 5U$1�� on � and = = 0. The proof is rather technical
and complex. It is based on a transformation of the problem to a problem on
the lateral boundary and on the obvious fact that the energy conservation
is equivalent to the orthogonality of the boundary stress and the trace of
the displacement velocity. The proof of the orthogonality relies on the facts
that the trace of the velocity vanishes on the support of the boundary stress
except on a countable set and the stress itself is a non-atomic measure. Both
these facts are highly non-trivial and require sophisticated approximation
ideas. The uniqueness of these solutions is not proved.

4.4.2 Contact condition in velocities

We again consider the contact problem with given friction force, but now
the contact condition is formulated in velocities. This problem can be
understood again as an auxiliary problem to the contact problem with
Coulomb friction, useful e.g. in a fixed point approach. However, in the
next Chapter we solve the contact problem with Coulomb friction directly
with the help of a penalization of the contact condition and the smoothing
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of the friction term. Hence the introduction of the problem with given
friction is not necessary, and we report the results only briefly.
The studied problem is given again by (4.4.1)–(4.4.3) for a domain �

and a time interval 	� , but the condition (4.4.4) is replaced by

�̇
 � 0� %
 � 0� %
�̇
 = 0 on (�� = 	� � ��� � (4.4.24)

while the friction law (4.4.5) and the initial condition (4.4.6) remain un-
changed. We assume the constitutive relation in the form 
 + 
� , where

 has the form (4.4.7) with the stored energy function � satisfying all
assumptions as in the previous case. The operator � �� 
� is in general
non-linear and symmetric and satisfies the conditions�

%��� (�� �(�̇))
 %��� (�� �(�̇))
�
&��(�̇ 
 �̇)


 "�0 &��(�̇ 
 �̇)&��(�̇ 
 �̇)��
%��� (�� �(�̇))
 %��� (�� �(�̇))

�
&��(��)

� "�1 &��(�̇ 
 �̇)&��(��)

(4.4.25)

for any ���� �� � �1(�) a.e. in �. Moreover, we assume 
(�� 0) = 0 and
�@
�
(�� 0) 	 0 for 
� ' = 1� � � � � � . We also impose assumptions (4.4.15) for
� ��0��1�� ; the assumption on = is weakened to = � #1�4�1�2((�� )�.
The simultaneous formulation of the contact condition and the friction

law in velocities simplifies the variational formulation of the problem as
follows:
Find a function � � �0

�
	� ;�1(�)

�
with

�̇ � �0

�
	� ;�2(�)

� �#1�2
�
	� ;�2(�)

�
�

�̇(�� �) � ��̇(���) for all � � 	� and �̈ � �2

�
	� ;��1

0 (�)
��#1�2

�
	� ;�2(�)

��
such that (4.4.6) holds and for each � � #1�2(	� ;�2(�)) satisfying �(�� �) �
��̇(���) for all � � 	� the following inequality is valid:�

��

�
%��(�)&��(� 
 �̇) + �̈ � (� 
 �̇)

�
!� !�

+
�
,��

= (���� 
 ��̇��) !1� !� 
 � (� 
 �̇�)�
(4.4.26)

As earlier we have � : � �� 

��

� �� !� !�+ 
,�� � �� !1� !�.
We start again to solve the problem for = � �2

�
	� ;#1�2(��)�

�
under

the assumptions (4.4.15) for the remaining data. After the penalization
of the contact condition and the smoothing of the friction law, the prob-
lem is again solved by the Galerkin method. In the a priori estimate the
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term


,��

1
�
[�̇��<]2+ !1� !� replaces the earlier penalty term and the rest of

(4.4.17) remains unchanged. Hence all the convergences in (4.4.22) are
valid for both an appropriate sequence ���<���

of solutions of a suitable
Galerkin approximation and a sequence ���<� of solutions of the smoothed
and penalized problem. They obviously hold also if the time interval 	� is
reduced to 	� for � � 	� . The proof of the strong �2 convergence of the
space gradients and their time derivatives is a bit more complicated. It is
necessary to take velocities instead of displacements as test functions in the
corresponding variational inequalities. For the Galerkin approximation we
first restrict ourselves to some smaller time interval 	�. Adding�

�#

%��(���<)&��(�̇��<���

 6��

�̇��<) !� !1

to both sides of the appropriate variational equation, invoking (4.2.39),
(4.4.25), using all the available convergence properties and the expression
�(1) =


 +

0 �̇(�) !� + �(0) we derive

�
�#

�
% ��(���<���

)
 % ��(���<)
�
&��(�̇��<���
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 �0
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(4.4.27)

for an arbitrarily small / � 0. Then it is easy to prove

��(�̇��<���

 �̇��<)��2(�#;����) � 0�

if � �
�
"�0
Æ
"	1
�2
due to the convergence of the other terms in the variational

inequality. Starting from the new time �, we can successively repeat the
procedure and prove the strong convergence on the whole of �� . The
corresponding result for the procedure N � 0 is proved analogously. From
this the strong convergence of the elastic stresses is a direct consequence
of the assumption (4.4.25) and of (4.2.7). In such a way we can prove the
solvability of the penalized problem:
Find a function �� � �0

�
	� ;�1(�)

�
such that �̇� � ��(	� ;�2(�)) �

�2

�
	� ;�1(�)

�
, �̈� � �2

�
	� ;�1

0(�)�
�
, and for all � � �2

�
	� ;�1(�)

�
the
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following inequality holds:�
��

�
%��(��)&��(� 
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+ 1
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(4.4.28)

The uniqueness of the solution can be also established. Take � = �̇(1) +
L�
�
�̇(2)
 �̇(1)

�
for L� from (4.2.18) and any � � 	� in (4.4.28) with solution

�(1) and repeat this procedure with exchanged roles of �(1) and �(2). This
yields after the addition of both obtained inequalities and after the use
of(4.4.25) and (4.2.39)�
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A Gronwall-lemma type argument similar to that used for (4.4.27) yields
�(1) = �(2). The convergence of a suitable sequence of solutions ��� of
the penalized problem with ?� � 0 is obtained as in the previous limit
procedures. Thus we have proved

4.4.6 Theorem. Let the assumptions of the previous theorem hold with the
exception of the assumption concerning the viscous stress which is replaced
by assumption (4.4.25). Then there exists a unique solution of problem
(4.4.26).

4.4.7 Remark. In contrast to the contact problem with contact condition
in the displacements it is here possible to obtain a regularity of the solution
along (�� that is sufficient to solve the contact problem with Coulomb
friction using the fixed point approach. Since we solve this problem directly
via the penalty method in the next chapter, we omit details here.





Chapter 5

Dynamic contact
problems with Coulomb
friction

This chapter is devoted to the solvability of dynamic contact problems
with friction modeled by the Coulomb law. As pointed out in the previous
chapter, even for the frictionless dynamic contact problem a certain viscous
damping of the material is necessary in order to obtain existence results for
a general multi-dimensional domain. Throughout this chapter we consider
viscosity with short memory; this leads to a system of parabolic differen-
tial equations of second order formulated in the displacement velocities.
The approach for the existence proof is similar to that in the static and
quasistatic cases: the original problem is approximated by a sequence of
auxiliary problems, the solvability and some limited regularity of the solu-
tions of the auxiliary problems is proved, and a transition to the original
problem is done. Again the contact problem with given friction in combi-
nation with a suitable fixed-point approach and the penalty method are the
only up to now known efficient variants of the auxiliary problem. The regu-
larity of the solutions is derived again by the shift technique combined with
the local rectification of the boundary. However, the Coulomb friction law
is formulated in the displacement velocities; therefore the regularity result
has to yield some compactness in the traces of the displacement velocities
and the boundary tractions. If the contact condition is formulated in the
displacements, then the regularity would be proved for the displacements
only; and the possible gain of regularity is not sufficient in order to get the
required regularity of the velocities. In order to overcome this situation, we
use here the contact condition in velocities

�̇
 � 0� %
 � 0� %
�̇
 = 0�

This relation can be interpreted as a first-order approximation with respect
to the time variable, realistic for a short time interval and for a vanishing
initial gap between the body’s boundary and the obstacle. This obviously
limits the applicability of results presented below, but the model remains
realistic e.g. for the first—and usually strongest—wave of an earthquake.

269
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The regularity result necessary for the limit of the penalty parameter is
proved for a coefficient of friction bounded by a definite constant aris-
ing from special trace and inverse trace theorems for the corresponding
parabolic problem on a halfspace. These constants are calculated in a dif-
ferent manner for the homogeneous isotropic viscous part of the constitutive
material law and for general viscoelastic materials. The results are much
poorer than those in the static case: for isotropic material the admissible
coefficient of friction is at most close to 1/2; for anisotropic material we
have around 1/4 in the optimal cases.
The first section contains a description of the general scheme of the

existence proof. We derive the existence result for the penalized problem,
show the regularity of its solution under the validity of definite trace and
inverse trace theorems and perform the limit procedure for the penalty
parameter. In the next sections the required trace and inverse trace es-
timates are proved separately for the different cases described above. In
the last section the contact problem is coupled with a heat equation in or-
der to study the thermal aspects of friction. Two different models of heat
conduction are employed: a linearized one which requires a certain linear
limitation of the friction as a thermal source and a non-linear one, where
the quadratic growth of this source is compensated by a suitable growth of
the heat conductivity.

5.1 Solvability of frictional contact problems

We consider a viscoelastic body that occupies at time � = 0 the domain
� � �� and is in contact with a rigid obstacle. The boundary � of
the body consists of three measurable parts, the part �� with prescribed
displacements, the part �� with prescribed boundary tractions and the part
�� which is in contact with the rigid obstacle. The displacement field is a
solution of the linear viscoelastic system

�̈� 
 ��%��(�) = �� (5.1.1)

on �� = 	� � � with the considered time interval 	� = (0� 
 ). As usual,
the summation convention is employed. The constitutive material law is
that for linear viscoelastic material with short memory,

%��(�) = �(0)����&��(�) + �(1)����&��(�̇)� 
� ' = 1� � � � � �� (5.1.2)

with the components &��(�) 	 1
2 (���� +����) of the linearized strain tensor

and the analogously defined components &��(�̇) 	 1
2 (���̇� + �� �̇�) of the
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strain-velocity tensor. The material coefficients are assumed to be sym-
metric,

�
(G)
���� = �(G)���� = �(G)���� � 
� '� )� * = 1� � � � � �� Y = 0� 1� (5.1.3)

bounded and elliptic,

�
(G)
0 +��+�� � �(G)����+��+�� � ,(G)

0 +��+�� (5.1.4)

for all symmetric tensors �+�������=1 with constants 0 � �(G)0 � ,(G)
0 � +�.

As in the previous chapter we denote (7� = 	� � �7 for C � ��� � ���.
Then the boundary conditions including the contact condition of Signorini
type and the Coulomb friction law are given by

� = � on (�� � (5.1.5)


� (�) = � on (�� � (5.1.6)

�̇
 � 0� %
(�) � 0� %
(�)�̇
 = 0 on (�� � (5.1.7)

�̇� = 0 � �
�(�)� � ��%
(�)�
�̇� �= 0 � 
�(�) = 
��%
(�)� �̇���̇��

��� on (�� � (5.1.8)

The initial conditions are

�(0� �) = �0(�) and �̇(0� �) = �1(�) in �� (5.1.9)

The cone of admissible functions for this problem is

� :=
	
� ��1�2� 1(�� ) ; � = �̇ on (�� and 4
 � 0 on (��



�

Then the weak formulation of the problem is given by the following varia-
tional inequality:
Find a function � belonging to �0

�
	� ;�1(�)

�
with �̇ � � and �̈ �

�2

�
	� ;�1(�)�

�
such that the initial condition (5.1.9) is satisfied and for

each � � � there holds
��̈�� 
 �̇��� +,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)

+ �� �%
(�)� � ���� 
 ��̇���,��

 � (� 
 �̇)�

(5.1.10)

Here

,(G)(���) =
�
��

�(G)(���) !� !� (5.1.11)

with

�(G)(���) 	 �(G)����&��(�)&��(�)
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for Y = 1� 2 describe the bilinear forms of elastic energy and of viscous
energy dissipation and

� (�) 	
�
��

� � � !� !�+
�
,��

� � � !1� !� (5.1.12)

is the linear functional of the given forces. The equivalence of this weak
formulation with (5.1.1), (5.1.5)–(5.1.9) is valid in the usual sense.
In the first step of the existence proof we employ the penalty method and

the smoothing of the friction in order to obtain an approximate problem of
simpler mathematical structure. The penalization of the Signorini contact
condition leads to the variational inequality
Find a function � � �0

�
	� ;�1(�)

�
with �̇ � �

1�2� 1

�̇
(�� ) and �̈ �

�2

�
	� ;�1(�)�

�
such that the initial condition (5.1.9) is satisfied and for

each � ��
1�2� 1

�̇
(�� ) there holds

��̈�� 
 �̇��� +,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)

+
?
1
�
[�̇
]+� 4
 
 �̇


@
,��

+
?
�1
�
[�̇
]+� ���� 
 ��̇��

@
,��


 � (� 
 �̇)�

(5.1.13)

Here for any function � ��1�2� 1(�� )

�1�2� 1
� (�� ) :=

	
� ��1�2� 1(�� );� = � on (��



� (5.1.14)

In the next step we replace the norms in the friction term of the previous
inequality by differentiable, convex approximations ><(�) satisfying��><(�)
 � � �

�� � N and �><(0) = 0

as already described in Section 3.1. The resulting variational inequality is
Find a function � � �0

�
	� ;�1(�)

�
with �̇ � �

1�2� 1

�̇
(�� ) and �̈ �

�2

�
	� ;�1(�)�

�
such that the initial condition (5.1.9) is satisfied and for

each � ��
1�2� 1

�̇
(�� ) there holds

��̈�� 
 �̇��� +,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)

+
?
1
�
[�̇
]+� 4
 
 �̇


@
,��

+
?
�1
�
[�̇
]+ � ><(��)
 ><(�̇�)

@
,��


 � (� 
 �̇)�

(5.1.15)
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As in the static case it is equivalent to the following variational equation
(see page 161):

Find a function � � �0

�
	� ;�1(�)

�
with �̇ � �

1�2� 1

�̇
(�� ) and �̈ �

�2

�
	� ;�1(�)�

�
such that the initial condition (5.1.9) is valid and for each

� ��
1�2� 1
0 (�� ) there holds

��̈����� +,(0)(���) +,(1)(�̇��) +
?
1
�
[�̇
]+ � 4


@
,��

+
?
�1
�
[�̇
]+�><(�̇�)���

@
,��

= � (�)�
(5.1.16)

The existence of a solution to the penalized and smoothed problem is
proved under the following assumptions:

5.1.1 Assumption. Let � be a bounded Lipschitz domain with a bound-
ary � consisting of the measurable, mutually disjoint parts �� , �� and

�� . The Hooke tensors
	
�
(G)
����


�
�������=1

, Y = 0� 1, are assumed to be mea-
surable, symmetric, bounded and elliptic in the sense of (5.1.3), (5.1.4).

Let the given data satisfy � � ��
�1�2+����1

(�� ), � � ��
�1�4+����1�2

((�� ),
�̇ � �1�2+���1(�� ) with ?� � 0 and �0 � �1(�), �1 � �1�2(�). The
compatibility conditions � (0� �) = �0(�), �̇ (0� �) = �1(�) for � � � and
İ
 = 0 on (�� shall be valid. The coefficient of friction �(�� �̇) shall be
continuous in the sense of Carathéodory, non-negative and bounded.

5.1.2 Theorem. Let Assumption 5.1.1 be valid. Then variational equation
(5.1.16) has for all approximation parameters ?� N � 0 at least one solution.
The solution satisfies the a priori estimate

��̇���( � ;�2(
)) + ��̇��1�2� 1(�� ) � 5 (5.1.17)

with a constant 5 independent of ? and N. If the coefficient of friction is
independent of the solution, � = �(�), then the solution is unique.

Proof. In order to verify the existence of solutions the Galerkin method
is employed. Let us recall the definition �1

0(�) :=
	
� � �1(�);� =

0 on ��


. If no displacement boundary condition is prescribed, mes�� =

0, then �1
0(�) = �1(�). Let � :=

	
�� ; ' � �



be an orthonormal basis

of �1
0(�) whose elements are orthogonal with respect to the �2(�) scalar

product; this is e.g. satisfied for eigenfunctions of the Laplacian. Finally,
let �� := span

	
�1� � � � ���



be the Galerkin space of order �.

For simplicity of the presentation we first consider the case of vanishing
boundary and initial displacements, � 	 0 (which also implies �0 = �1 =
0) and a little bit more regular functional� � �2

�
	� � ��

�1
(�)

�
. A solution
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of the Galerkin approximation of the order � is a function ��(�� �) =��
�=1 G�(�)4�(�), �� � ��

�
	� ;��

�
, which satisfies the initial condition

(5.1.9) in the sense that ���(0� �)���
 = ��̇�(0� �)���
 = 0 for any � ���

and the system of equations�



�
�̈� � � + �(0)(����) + �(1)(�̇���)

�
!�

+
�
��

1
�

)
(�̇�)


*
+
4
 !1�

+
�
��

�1
�

)
(�̇�)


*
+
�><

�
(�̇�)�

� � �� !1�
=
�



� � � !� +
�
��

� � � !1�

(5.1.18)

for all functions � � �� and all � � 	� . This problem is equivalent to
a system of � ordinary differential equations for the unknown coefficient
functions G�(�) whose solvability follows from the usual theory of ordinary
differential equations.
Let us take the test function � = �̇� in equation (5.1.18) and integrate

with respect to � � (0� �0). Employing the ellipticity and boundedness of the
material tensors

=
�
(G)
����

>
, the relations

)
(�̇�)


*
+
(�̇�)
 
 0, �><

�
(�̇�)�

� �
(�̇�)� 
 0 which is valid because >< is convex and has a minimum in 0,
Theorem 1.2.3 and� �0

�=0

�



�(0)(��� �̇�) !� !� 
 
5��0�2�1(
)

with some non-negative 5, the following estimate can be derived

��̇�(�0)�2�2(
) + ��̇��2�2( #0 ;�1(
))

� 51��̇���2( #0 ;�1(
)) + 52��̇��2�2(�#0 ) + 53�
(5.1.19)

Here and in the remaining part of this proof the constants 5� depend on the
geometry of the domain, on the coefficient functions �(G)����, on the given data
� , � 0 and on the length 
 of the time interval, but not on the approxima-
tion parameters ?, N and � unless this dependence is explicitly indicated.
Application of the Gronwall lemma to relation (5.1.19) yields

��̇��2��( � ;�2(
)) + ��̇��2�2( � ;�1(
)) � 51� (5.1.20)

In order to derive a dual estimate, we consider a test function � � �2

�
	� ;

��
1
(�)

�
with vanishing boundary data. We use the test function 6��4(�� �)
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in the Galerkin equations (5.1.18) and integrate with respect to � over 	� .
Due to the �2(�)-orthogonality of the basis functions �� there holds

��̈������ = ��̈�� 6��4��� �

Using also the boundedness of the operator 6�� : �1(�) � �� and of
the tensors ��(G)�����, and the just proved estimate (5.1.20) yields

��̈���2( � ;��1(
)) � 5(?)�

The interpolation #1
�
	� ;��1(�)

� � �2

�
	� ;�1(�)

�
7� #1�2

�
	� ;�2(�)

�
yields

��̇��$1�2( � ;�2(
)) � 5�

Combining this with (5.1.20) gives

��̇��2��( � ;�2(
)) + ��̇��2�1�2� 1(�� )
� 5(?)� (5.1.21)

This estimate is sufficient in order to pass to the limit � � +�. Due
to compact imbedding theorems and trace theorems for Sobolev spaces
there exists a sequence �� � 0 of Galerkin parameters and a correspond-
ing sequence �� = ���

of solutions with limit � such that the following
convergence properties are valid:

�� 8 � in �1(�� )�

�̇� 8 �̇ in �1�2� 1(�� ) and strongly in �2(�� )
and in ��((� ) for all � � �0�

�̈� 8 �̈ in �2

�
	� ;�1

0(�)�
�
�

�̇�(
� �)8 �̇(
� �) in �2(�)�

�(�̇�) � �(�̇) and �><

�
(�̇�)�

�� ><(�̇�)
strongly in ��((� ) for all G � +��

(5.1.22)

Here the value �0 is chosen such that the imbedding �1�4� 1�2((�� ) 7�
��0((�� ) is valid, that is �0 = 2 + 2F� . Remember that �1�4�1�2((� )
is the space of traces of �1�2�1(�� ); see also Lemma 5.2.1 below. The
convergence of �(�̇�) and �><

�
(�̇�)�

�
follows by the Lebesgue dominated

convergence theorem from the combination of the strong convergence of �̇�

in �2((� ) with the boundedness of � and �>< . Let us integrate equation
(5.1.18) for Galerkin parameter �� with solution �� and test function � �
#1
�
	� ;���

) with respect to � � 	� . Passing to the limit ) � � in the
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resulting equation shows that the limit function � satisfies equation (5.1.16)
for all test functions from

"+�
�=1#

1(	� ;��). Here in the acceleration
term ��̈������ an integration by parts with respect to the time variable

is employed. Since the space
"+�

�=1#
1(	� ;��) is dense in �

1�2� 1
0 (�� ),

the limit function � solves the variational equation for all admissible test
functions. The constant in the a priori estimate (5.1.21) is independent of
�; hence this estimate is also valid for the limit function �.
The convergences �̇� � �̇ in �1�2� 1(�� ) and �̇�(
� �) � �̇(
� �) in

�2(�) are in fact strong. Let us consider the Galerkin equation (5.1.18) at
time � with � = ��, solution �� and test function � = �̇� 
 6��̇, where
6� = 6���

. We integrate with respect to � and add the term�
��

)
�(0)(6��� 6��̇
 �̇�) + �(1)(6��̇� 6��̇
 �̇�)

*
!� !�

+
�
��

6��̈ �
�
6��̇
 �̇�

�
!� !�

to both sides of the obtained equation. After an integration of the type�
 �

Ė(�)E(�) !� =
1
2
��E(
 )�2 
 �E(0)�2�

we obtain�
��

�(1)
�
6��̇
 �̇�� 6��̇
 �̇�

�
!� !�

+
1
2

�



�(0)(6��(
� �)
 ��(
� �)� 6��(
� �)
 ��(
� �)
�
!�

+
1
2

�



�6��̇(
� �)
 �̇�(
� �)�2 !�

=
1
2

�



�(0)
�
6��0 
 ��(0� �)� 6��0 
 ��(0� �)

�
!�

+
1
2

�



��6��1 
 �̇�(0� �)
��2 !� +��

�
6��̇
 �̇�

�
with �� defined by

��(�) =
�
,��

6
1
�

)
(�̇�)


*
+
4
 + �

�
�̇�

�1
�

)
(�̇�)


*
+
�

� �><

�
(�̇�)�

� � ��7 !1�!�
� (�)�

From the convergence properties for �� we conclude �� � � strongly in
the space �2

�
	� ;�1

0(�)�
�
. Passing to the limit ) � +� in the previ-

ous relation shows, in combination with the strong convergence �̇� � �̇
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in �2(�� ) and the coercivity property of Theorem 1.2.3, that �̇� � �̇

in �2

�
	� ;�1(�)

�
, �̇�(
� �) � �̇(
� �) in �2(�) and ��(
� �) � �(
� �) in

�1(�). Interpolating this result with the weak convergence of the acceler-
ations we obtain the desired assertion.
For volume force � � ��

�1�2+����1
(�� ) we use a sequence �� � �2

�
	� ;

��
�1

(�)
�
that converges to � in ��

�1�2+����1
(�� ). The estimate

sup
�� �

��̇�(�� �)�2�2(
) + ��̇��2�2( � ;�1(
))

� 51����
��
�1�2+
���1

(�� )
��̇���1�2� 1(�� )

+ 52��̇��2�2(�� ) + 53

(5.1.23)

holds. Then the dual estimate

��̈����1�2+
���1(�� ) � 51��̇���2( � ;�1(
))

+ 52����
��
�1�2+
���1

(�� )

(5.1.24)

is obtained with the help of test functions from �1�2����1(�� ) that vanish
on (� . Employing the extension technique described in Chapters 1 and 2
we extend the functions and their derivatives to ��+1 and use the Fourier
transform for these extensions. We use the estimate

��̇���2�1�2�0(��+1) =
�
��+1

�� (�̇�)�2 51
�

1
2

� �X� !+ !X
�
��

��+1
�� (�̇�)�2

521(
1
2 )�X�2

1 + 51
�

1
2 
 ?�

� �X�1�2��+ �+�2 !+ !X

�
��

��+1
�� (�̇�)�2

�
1 + 51

�
1
2 
 ?�

� �X�1�2��+ �+�2� !+ !X
= 51

�
1
2

� ��̈����1�2+
���1(��+1) ��̇���1�2�
��1(��+1) �

(5.1.25)

Combined with (5.1.24), an interpolation with respect to the time variable
and Hölder’s inequality this leads to the estimate

��̇���2�1�2�0(�� ) �
�
�
51��̇���2( � ;�1(
)) + 52����

��
�1�2+
���1

(�� )

�
�
�
?0��̇���1�2� 0(�� ) + 53(?0� ?�)��̇���2( � ;�1(
))

� (5.1.26)

for ?0 � 0 arbitrarily small. Summing up the estimates (5.1.23)–(5.1.26),
we arrive with the help of the Gronwall lemma to the a priori estimate
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(5.1.17) independent of ) � �. As a consequence, for a subsequence )�
tending to infinity the same weak and strong convergences as in the limit
procedure for the Galerkin parameter are valid and the limit � is a weak

solution of the problem (5.1.16) with the original � � ��
�1�2+���1

(�� ).
The parameter ?� � 0 in the index of the space is required in order to
obtain the estimate of sup

�� �

��̇�(�� �)�2�2(
) in (5.1.23).

In the case � �	 0 we rewrite variational equation (5.1.16) for the new
function �� 	 �
� . This yields the same problem with the new functional

�� (�) 	 � (�)
 ��̈ ����� 
,(0)(� ��)
,(1)(�̇ ��)�

If � � �1(�� ) and �̇ � �1�2+���1(�� ) holds, then the new functional is

still an element of ��
�1�2+����1

(�� ) and the existence of the solution �� is
proved as above.
The uniqueness of the solution for solution-independent coefficient of

friction is verified as follows: let us consider two solutions �(1) and �(2).
In the difference of the variational equations with these two solutions the
volume force cancels. Then the difference of the accelerations is equal to
a functional from �2

�
	� ;�1

0(�)�
�
. Hence we are allowed to use there the

test function
�
�(1)
�(2)

�
L� with the characteristic function L� of the time

interval (0� �). For the friction term there holds�)
�̇(1)
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51

���̇(1) 
 �̇(2)
��2�

Here the last inequality is true, because >< is convex and therefore �>< is
monotone, and �>< is bounded. This yields the estimate����̇(1) 
 �̇(2)

�
(�)
��2

�2(
)
+
���̇(1) 
 �̇(2)

��2

�2( #;�1(
))

� 51(?)
���̇(1) 
 �̇(2)

��2

�2( #;�2(�� ))
+ 52(?)

���̇(1) 
 �̇(2)
��2

�2(�#)

with constants 51 and 52 depending on the penalty parameter. The �2(��)
norm is estimated with the help of the trace theorem and interpolation
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theorems by

����2(�� ) � 51(/)����1�2+$(
) � 52(/)�4�1�2�'
�2(
)���

1�2+'

�1(
)

� /����1(
) + 53(/)����2(
)

with / arbitrarily small. Consequently the inequality����̇(1) 
 �̇(2))(�)
��2

�2(
)
� 52

���̇(1) 
 �̇(2)
��2

�2(�#)
for � � 	�

follows. Since both functions satisfy the same initial condition, application
of the Gronwall lemma proves �̇(1) = �̇(2).

With the a priori estimate (5.1.17) there is no problem to perform
the limit procedure for the smoothing parameter N � 0 employing the
compact character of the penalty- and the friction term. However, this
compact character is lost if the penalty parameter ? tends to 0. Then the
estimate (5.1.17) is no longer sufficient to pass to the limit ?� 0 in the non-
monotone friction term. For its convergence we need strong convergences of
all but one factors, and from (5.1.17) we obtain only weak convergence. The
situation is similar as in the static and quasistatic problem. The remedy of
this situation is similar, too: we prove a better regularity of the solution on
the contact part of the boundary, then we use compact imbedding theorems
for Sobolev spaces and get the required strong convergences. Our aim is
to prove this important regularity for a solution-dependent coefficient of
friction � as stated in Assumption 5.1.1. Therefore it is necessary to prove
%
(�) � �2((�� ) (cf. Lemma 1.5.4). A comparison of the analogous situ-
ation in Section 3.1 for the regularization parameter � = 1F2 outlines the
necessity to prove the regularity of the solution for the smoothed problem
(5.1.16).
In the proof of the regularity of the solutions certain special trace es-

timates will be required. They are valid for solutions of the parabolic
differential equation with Dirichlet boundary conditions

4̇� 
 ��%��(�) = � on �� (5.1.27)

� = � on ( (5.1.28)

defined on the halfspace� 	 �����1��+ with boundary ( 	 �����1�
�0� and spatial domainJ = ���1��+ . Here, %��(�) 	 �����&��(�) denotes
a stress tensor with bounded, symmetric and elliptic coefficients �����. The
corresponding bilinear form is

,(���) =
�
�

�(���) !� !� with �(���) = �����&��(�)&��(�)�
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and

���) =
�
,(���)

denotes the energy norm. Since we work on halfspaces, the correct space
of weak solutions is no longer �1�2� 1(�), because we cannot expect � �
�2(�) in general. The right space is

� 1�2� 1(�) :=
	
� ��

1�2� 1
loc (�� ) ; ����

�1�2� 1(�) � +��
��, ��1�4� 1�2(()



�

This space is supplied with the norm � � ��
�1�2� 1(�)

. Due to the condition

��, ��1�4� 1�2(() this is indeed a norm, because the boundary data of any
non-trivial rigid motion � � � � �0� are not in �2((). The dual space of

� 1�2� 1(�) is denoted by ��
�1�2��1

(�). For the dual space to ��
1�2� 1

(�) :=	
� � � 1�2� 1(�) ; � = 0 on (



the symbol � �1�2��1(�) is used. Due to

�1�2� 1(�) � � 1�2� 1(�) there holds ��
�1�2��1

(�) � ��
�1�2��1

(�), and
analogously � �1�2��1(�) � ��1�2��1(�). In our applications, the func-
tions � and � always arise from a localization technique. Hence they origi-
nally have compact support contained in a given domain; and in this case,
the difference between the 2 -spaces and the #-spaces disappears. Let
us denote the set of (weak) solutions of the equation (5.1.27) for given

� � ��
�1�2��1

(�) by

�(� ) 	 	� � � 1�2� 1(�) ; � solves (5.1.27)


�

As in the static case we use the Fourier transforms

� (�;X� �) 	 (26)�(�+1)�2

�
�

�
��

�(���)&��(�J+���) !� !� (5.1.29)

with respect to all variables and

� (�;X� ��� �� ) 	
= (26)���2

�
�

�
���1

�(����� �� )&��(�J+�����) !�� !�
(5.1.30)

with respect to the time variable and the tangential space variables only.
From the inverse Fourier transform there follows

� (�;X� ��� 0) =
1�
26

�
�

� (�;X� �)!+� �

Let us first prove the inverse trace estimate for the solutions of this
equation:
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5.1.3 Lemma. Let � � � �1�2��1(�) and � � �1�4� 1�2((). Then the
solution � of problem (5.1.27), (5.1.28) satisfies

���� 1�2� 1(�) � 51����1�4� 1�2(,) + 52���� �1�2��1(�)�

Proof. We split the solution into a solution � of the inhomogeneous differ-
ential equations with homogeneous boundary conditions and a solution �$

of the homogeneous differential equations with inhomogeneous boundary
data. Observe that �$ and � need not belong to �2(�), even if � does.
Due to this reason it is necessary to consider the modified spaces � 1�2�1(�)
and � �1�2��1(�) introduced above. Of course, the Fourier transforms of
elements from these spaces exist in the sense of Fourier transforms of dis-
tributions, but they need not be square-integrable, either.
The function � is a solution of the variational formulation

��̇ ���� +,(� ��) = �� ���� (5.1.31)

valid for all � � ��
1�2� 1

(�). Hence we obtain the a priori estimate

��(� )�2�2(�;����) � 5���� �1�2��1(�) �� �� 1�2� 1(�) (5.1.32)

and the dual estimate

��̇ �� �1�2��1(�) � 51���� �1�2��1(�) + 52 ��(� )��2(�;����) � (5.1.33)

The solution � is extended from the halfspace � onto the whole space
� � �� by

� (�����
�� ) =
 � (����� �� ) for �� � 0

with �� = (�1� � � � � ���1)��

Since � is in � 1�2� 1(�) with homogeneous Dirichlet boundary condi-
tions, the extended function is in � 1�2� 1

�
� � �� � :=

	
� � �

1�2� 1
loc

�
� �

��
�
; ����

�1�2� 1(�
��)
� +�
. For any � � � 1�2� 1(� � �� ) there holds

��̇ ����
�� = ��̇ ����
���1
�+ + ��̇ ����
���1
��

= ��̇ ��+ 
 ����
with �+(����� �� ) = �(����� �� ) and ��(����� �� ) = �(�����
�� ) for
�� � 0. The difference �+ 
 �� has vanishing boundary data on � �
���1 � �0� and is therefore an admissible test function for variational
equation (5.1.31). Moreover, ��+ 
 ���� 1�2� 1(�) � 5���� 1�2�1(�
��) is
valid. Consequently there holds

��̇ �� �1�2��1(�
��) � 51���� �1�2��1(�) + 52 ��(� )��2(�) � (5.1.34)
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Via the Fourier transform with respect to all variables the following esti-
mate is derived:

�� ��2�1�2�0(�
��) =
�
�
��

51
�

1
2

� �� (� ;X� �)�2 �X� !� !X

� 51
�

1
2

���
�
��

�� (� ;X� �)�2 �X�2
51
�

1
2

� �X�+ ���2 !� !X��
�
��

�� (� ;X� �)�2
�
51
�

1
2

� �X�+ ���2� !� !X
= 5 ��̇ �� �1�2��1(�) �� �� 1�2� 1(�) �

Therefore we have

�� ��2�1�2�0(�) � 5 ��̇ �� �1�2��1(�) �� �� 1�2� 1(�) �

Due to the Korn inequality (Corollary 1.2.2) for the halfspace the norms
��(�)��2(() and �����2(() are equivalent. From this, the previous inequal-
ity and the estimates (5.1.32), (5.1.34) there follows

�� �� 1�2� 1(�) � 5���� �1�2��1(�)�

For the inhomogeneous boundary conditions we employ an extension of
the boundary data onto the whole domain, defined via the heat equation

0 �̇ 
A� = 0� (5.1.35)

The solution of this equation is given in terms of its (scalar) boundary data
E on ( by

� (�;X� ��� �� ) = &�
�
����2+�FJ %�� (E;X� ��)� (5.1.36)

Here, the root of the complex value ����2 + 
0X is given by

� =
�
����2 + 
0X = �1 + 
�2 (5.1.37)

with �1 =

��
����4 + 02�X�2 + ����2

2
, �2 = signX

��
����4 + 02�X�2 
 ����2

2
.

The parameter 0 � 0 introduced here will be important in order to get
optimal estimates in the following section; here we restrict ourselves to
0 = 1. The extension �E of our vector-valued function is then defined by
(�E)� = � with � being the solution of (5.1.35) for boundary value E� with
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parameter 0 = 1. Using the corresponding representation (5.1.36) and the
formula �2

2 + ����2 = �2
1, it is possible to calculate the seminorm

�����2
� 1�2� 1(�)

=
�
��

��� (�;X� ��)
��2 �

�+

�
51
�

1
2

� �X�+ ����2 + ���2���&�2�%�
�� !�� !�� !X

=
�
��

�� (�;X� ��)�2
�
51
�

1
2

� �X�
2�1

+ �1

�
!X !��

� 51����1�4� 1�2(�)�

Here the last inequality is valid because of the relations

max
=
�����

�
�X�F2

>
� �1 � ����+

�
�X�F2�

The function �$ can be represented by �$ = ��+ ��$ , where ��$ now
has vanishing boundary data. The variational formulation of the differential
equations gives

��̇�$ ���� +,(��$ ��) = 
9(��)̇��
:
�

,(����)

valid for every � � ��
1�2�1

(�). For the right hand side of the previous
equation there holds���9(��)̇��

:
�

+,(����)
��� � 5����� 1�2� 1(�)���� 1�2� 1(�)�

Hence we can apply the just proved result for the homogeneous boundary
conditions with linear functional � : 4 �� 
9(��)̇��

:
�

 ,(����) and

obtain

��� �� 1�2�1(�) � 51����� 1�2�1(�) � 52����1�4� 1�2(�)�

Application of the triangle inequality proves the Proposition.

The special estimates required for our purpose are given in the next
proposition.

5.1.4 Proposition. Let � � � �1�2��1(�).

(i) There exist constants  0 and M and to every � � �1�4� 1�2(() with
�� = 0 there exists an extension � � � 1�2� 1(�) such that for any
function � � �(� )9

�̇��
:
�

+,(���)

�
�
 0���) +M���� �1�2��1(�)

�
����1�4� 1�2(,)�

(5.1.38)
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(ii) There exist constants  1,  2, and M such that for every � � �(� )
satisfying (5.1.28) there holds

������0�1�2(,)
�  1���) +M���� �1�2��1(�) and (5.1.39)

������1�4� 0(,)
�  2���) +M���� �1�2��1(�)� (5.1.40)

In the case � = 0 relations (5.1.39) and (5.1.40) represent a special
trace estimate for the space � 1�2� 1(�) and the corresponding set of traces
�1�4� 1�2(() (equipped with the norm � � ��

�1�4� 1�2(,)
), restricted to solu-

tions of equation (5.1.27). Estimate (5.1.38) follows from the corresponding
inverse trace theorem for the function E and from the relation

����
� 1�2� 1(�)

� 5���)�

This inequality is true for solutions of equation (5.1.27) with � = 0 only;
it is proved by means of the a priori estimate and the dual estimate for
this equation. The form of the estimates is adapted to the needs in the
regularity proof to be performed below. For our purpose it is important
to get precise and optimal (as small as possible) values of the constants
 � , ' = 0� 1� 2. The proof of (5.1.38), (5.1.39) and (5.1.40) including the
calculation of these optimal values for different relevant cases will be given
in Sections 5.2 and Subsections 5.3.1, 5.3.2.
For non-vanishing � the term M���� �1�2��1(�) on the right hand sides

comes from the already mentioned additive split � = �$ + � into a so-
lution �$ of the homogeneous differential equations with inhomogeneous
boundary data �$ = � on ( and a solution � of the inhomogeneous
differential equation with homogeneous boundary conditions, and the re-
lation �� �� 1�2�1(�) � 5���� �1�2��1(�) proved in Proposition 5.1.3. Then
relations (5.1.39) and (5.1.40) follow easily from the triangle inequality
��$�) � ���) + �� �). For the proof of relation (5.1.38) we have9

�̇��
:
�

+,(���)

=
9
�̇$ ��

:
�

+,(�$ ��) +
9
�̇ ��

:
�

+,(� ��)

�  0��$�)����1�4� 1�2(,) + 51�� �� 1�2� 1(�)���� 1�2� 1(�)

and the inverse trace estimate

���� 1�2� 1(�) � 52����1�4� 1�2(,)� (5.1.41)

Here it is important that the extension of� performed for the different cases
in the following sections actually satisfies this relation. There the extension
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is done by either the heat equation (5.1.35) with parameter 0 � 0 or by the
equation 4̇� 
 ��%��(�) = 0. In both cases (5.1.41) will be valid.
In the trace estimates for halfspaces the requirement � � � �1�2��1(�)

was sufficient. This corresponds to the condition � � ��1�2��1(�� ) in
the case of a bounded time interval, a bounded domain and more general
boundary conditions. Indeed it is possible to prove the existence of so-
lutions for our parabolic problem in this case, too. For simplicity of the
presentation this will be explained at the example of a linear problem only.
The elastic part of the bilinear form will be neglected; its inclusion does
not change the proof and only enlarges the formulae. The displacement
velocity of the problem will be denoted by �. The boundary data consist
of given boundary displacements on a measurable part �� of the bound-
ary and Neumann conditions on the remaining boundary. The latter are
included in the functional � . The initial data �1 and the Dirichlet data
� will be set to zero. This is no restriction, because we are only interested
in the influence of the functional � , and any problem with non-zero data
�1 and � can be represented as a sum of a solution for the problem with
functional � and zero initial and Dirichlet data, and a solution with zero
functional and the given data (�1��). Hence the variational formulation
of the problem to be studied is
Find � ��

1�2�1
0 (�� ) with �(0� �) = 0 such that

��̇�����
+ �%��(�)� &��(�)���

= �� �����

for all � ��
1�2�1
0 (�� )�

(5.1.42)

The main problem in studying this equation for � ���1�2��1(�� ) is the
proper definition of initial and terminal data. The weak properties of� do
not permit defining the solution on every time level. However, the problem
can be easily extended onto a larger time interval, say �	� 	 (
1� 
 + 1),
with functional �� � ��1�2��1( ��� ) defined by � �� ��� ���

= �� ����� ,

where ��� = �	� ��. Due to the zero initial and Dirichlet data the solution�� of the extended problem remains zero for � � (
1� 0). Its restriction
to �� is defined to be the solution of the original problem. This definition
makes sense, if the extended problem is uniquely solvable. In order to prove
this we use an approximating sequence �� � �2(	� ;��1(�)) tending to
� in ��1�2��1(�� ). For the solutions �� to the problem with ��, the
�2-type a priori estimate

���(
� �)�2�2(
)+��(��)�2�2(�� ;����) � 51�����1�2� 1(�� )������1�2��1(�� )

and the dual estimate

��̇����1�2��1(�� ) � 52��(��)��2(�� ;����) + 53������1�2��1(�� )
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are valid with constants 51� 52� 53 independent of ). This relation holds for
both the extended and the original problems with the same constants. The
initial condition �(0) = 0 is defined in the sense that the extension of � by
zero for � � (
1� 0) remains in #1�2

�
(
1� 
 );�2(�)

�
. From the definition

of the Sobolev-Slobodetskii norm it is easily seen that this requirement
implies� �

0

���(1)�2�2(
)

�1� !1 � 51�����2$1�2(� � ;�2(
))
�

The left hand side of this relation is an upper bound for ����2�2(�� ), if 
 is
finite. Moreover, from Theorem 1.2.3 about coerciveness of stresses there
follows that the �1(�) norm is equivalent to � � ��2(
) + ��(�)��2(
;����).

As a consequence, the norm in �1�2� 1(�� ) is equivalent to

��(�)��2(�� ;����) + � � ��
$1�2(� � ;�2(
))

�

The #1�2
��	� ;�2(�)

�
seminorm of �� is estimated with the interpolation

�����$1�2(� � ;�2(
))
� 5��̇��1�2

��1�2��1( ��� )
����1�2

�1�2�1( ��� )
�

This relation follows easily with the use of the Fourier transform after an
extension of �� onto the full space � � �� , in a way already described
on page 282. The extension with respect to the time variable is done by
�(�� �) = 0 for � � 
1. For � � (
 + 1�+�) we extend the functional � by
0 and we employ a smooth time localization function < : � � [0� 1] such
that <��(����+1)

= 1 and <��(�+2�+�)
= 0. Then <�� is a solution of a

parabolic problem with � supported on [0� 
 ] � (
 + 1� 
 + 2) such that
� (4) =

9
(<�)̇��

:
+ �%��(<�)� &��(�)� on (
 +1� 
 +2). The extension with

respect to the space variables is done by means of the local rectification
of the boundary and the localization technique like it is done e.g. in the
proofs of the next theorems. The combination of all estimates shows

����2�1�2�1(�� )
� 51����1�2��1�2��1(�� )

����3�2�1�2� 1(�� )

+ 52������1�2��1(�� )�����1�2�1(�� )

which proves the a priori estimate

���(
� �)��2(
) + �����1�2�1(�� ) � 5������1�2��1(�� )

uniform in ). Since the problem is linear, this also proves that the solu-
tion �� is unique for every ) � �, and that �� is a Cauchy sequence in
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�1�2� 1(�� ) and ��(
� �) is a Cauchy sequence in �2(�). According to the
above definition, the limit � of the sequence �� is a solution of the original
problem with volume force � . Obviously this solution is unique. Hence the
following Theorem is proved:

5.1.5 Theorem. Let � be a bounded Lipschitz domain and � belong to
��1�2��1(�� ). Then there exists a unique solution � � �1�2�1(�� ) of
problem (5.1.42).

The proof of a better regularity for the contact problem with friction is
possible if the following assumption is valid:

5.1.6 Assumption. In addition to Assumption 5.1.1 let �� � �� for
some " � 2. With a subdomain �� � � that satisfies �� � ��� and
with ��� 	 	� � �� the local regularity properties �

(G)
���� � ���(��) with

"� � 1
2 , 
� '� )� * = 1� � � � � � , Y = 1� 2, � � ��

�1�4��1�2
(��� ), and �0��1 �

�3�2(��) shall be valid; and �̇ = 0 on ��� . The coefficient of friction
� = �(�� �̇) shall be bounded by the constant

�� =
�
 0

�
 2

1 + 2
2

��1

� (5.1.43)

�����(��
��) � ��. The support of � shall be contained in ����� with
a �� � �� satisfying dist(�� � � ��) 
 Æ0 � 0 for all � � ��.
5.1.7 Theorem. Under the above mentioned assumptions the solution of
the smoothed and penalized dynamic contact problem (5.1.16) satisfies the
a priori estimate

��̇��1�2� 1(,�� ) +
���1
�
[�̇
]+

���
�2(,�� )

� 5 (5.1.44)

with (�� 	 	� � �� and constant 5 independent of the approximation pa-
rameters ?, N.

Proof. The estimate is proved with the local rectification of the boundary
and the shift technique as described in Section 1.7. In order to prove the
result for a solution-dependent coefficient of friction, we need the boundary
stress to be in �2((�� ). This corresponds to a regularity gain of 1

2 with
respect to the space and 1

4 with respect to the time variable. Let us recall
the basic notations of Section 1.7. For a sufficiently small parameter Æ � 0
we have a finite covering 	Æ :=

	
I�; 
 � 
Æ



of some neighbourhood of ��.

Each element I� is transformed by a local rectification �� to a subset J�

of the halfspace ���1 � �+ with diamJ� � Æ. The rectification map is
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defined by �� = H� Æ ��, where �� is composed of a rotation and a shift
transforming the tangent plane of � at a point � � I� to ���1 ��0�, and
H : � 	 (��� �� ) �� (��� �� 
:(��)) with the function : : ���1 � � from
the local representation of the boundary as a graph over its tangent plane.
Due to the required smoothness of the boundary and the precise form of
the rectification there holds :� � �� and

�:���1 � 51Æ� (5.1.45)

Let �@�; 
 � 
Æ� be a partition of unity in a neighbourhood of �� subor-
dinate to the covering 	Æ . For a parameter � � � let us define a cutoff
function <�(�) 	 <0(�
�) with a non-increasing function <0 � �2(�; [0� 1])
satisfying <0(�) = 1 for � � 
1 and <0(�) = 0 for � � 0. Then, for fixed
parameters 
 � 
Æ and � � � a cutoff function 3(�� �) for time- and space
variable is defined by 3(���) 	 <�(�)@�(�). For simplicity of the notation
we omit the indices 
 and � in the sequel.
We use the test function 3� in variational equation (5.1.16) and shift

the cutoff function 3 from the right hand side of each form to its left hand
side; this gives�

��

�
(3�̇)̇ � � + �(0)(3���) + �(1)(3�̇��)

+ �(0)(���) + �(1)(�̇��)
�
!� !�

+
�
,��

�
1
�
[3�̇
]+4
 + �1

�
[3�̇
]+�><(�̇�) � ��

�
!1� !�

=
�
��

(3� + 3̇�̇) � � !� !�

with the forms �(G)(���) 	 �(G)(�� 3�)
�(G)(3���) for Y = 0� 1. These forms
satisfy

��(G)(���)� � 51�������+ 52������� (5.1.46)

and �(G)(���) = 0 for � F� I .
In the next step, the local rectification is done by the transform of vari-

ables � = ��1(�) 	 �(�). The determinant of the Jacobian of this trans-
form equals to 1 and the density of surface measure is B� 	

�
1 + ��:�2.

For a moment, let us denote the transformed version of a function � : I � �
by �� 	 � Æ�. The bilinear forms �(G)(�� �) are transformed into the forms

�(G)(���) 	 ��(G)(��� ��) + �(G)0 (��� ��)�
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where ��(�� �) is the bilinear form with the coefficients
������ =

��
��+=1

����+�����+;

see also relation (1.7.28) on page 48. Here ���������=1 denotes the (constant)

gradient of the transformation � . The remainders �(G)0 (���) satisfy

��(G)0 (���)� � 5Æ�������� (5.1.47)

due to relation (5.1.45). The corresponding transformed forms

��(G)(�; ��� ��) 	 �(G)(�(�); �� Æ�� �� Æ�)

still satisfy relation (5.1.46) with modified constants 51 and 52. Then the
rectified variational equation is given by�

�Æ�

�
(�3�̇)̇ � �� + ��(0)(�3�� ��) + ��(1)(�3�̇� ��) +��(0)(��� ��)

+ ��(1)(�̇�� ��) + �(0)0 (�3�� ��) + �(1)0 (�3�̇� ��)
�
!� !�

+
�
,Æ�

�
1
�
[�3�̇
]+�4
 + ��1

�
[�3�̇
]+�><

��̇��� � ���� �
� B� !1� !� 


�
�Æ�

��3� + �̇3�̇� � �� !� !�
(5.1.48)

with �Æ� = 	� � ���1(Æ) � (0� Æ) and (Æ� = 	� � ���1(Æ) � �0�. In
order to extend this inequality from the domain of definition �Æ� onto the
halfspace � 	 � � ���1 � �+ it is necessary to extend the functions and
the coefficients. The extended variational inequality will be formulated for
the functions

�� : (���) ��
'�3(�̇�
 ��1) for (���) � 	� ����1(Æ)� (0� Æ)�

0 otherwise
(5.1.49)

and

�� : (���) ��
'�3(��
 ��0) for (���) � 	� ����1(Æ)� (0� Æ)�

0 otherwise.
(5.1.50)

The coefficients ��(G)���� are extended in such a way that the constants of
ellipticity and boundedness remain unchanged in the case of inhomogeneous
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material, or by their respective constant values for homogeneous material.
The coefficients of ��(G) can be extended first by 0 onto �+����1��+ , and
then to � � 0 such that they remain Hölder continuous with an exponent
greater than 1

2 and the relation (5.1.46) remains true. The coefficients of��(G)0 are extended such that they remain Hölder continuous with an exponent
greater than 1

2 with respect to space and time variables and that relation
(5.1.47) is still true. Let us omit the tilde in all extended functions and
functionals, and let us denote the new space variable by � again. Then the
transformed variational inequality has the form�

�

�
��� � � + �(0)(����) + �(1)(����)

�
!� !�

+
�
,

(� 4
 + �� �><(�̇�) � ��) !1� !� = � (���)
(5.1.51)

with

� = 1
�

)
�̆
 + 3�1


*
+
B�

and a new functional � (�� �) defined by

� (���) 	
�
�

�
(3� + 3̇�̇) � � 
 �(0)(3�0��)
 �(1)(3�1��)


 �(0)(���)
 �(1)(�̇��)
 �(0)0 (����)
 �(0)0 (3�0��)


�(1)0 (����)
 �(1)0 (3�1��)
�
!� !��

Here, in the definition of the functional several functions must be formally
extended, too. This extension should be done in such a way that the support
of � (�� �) is contained in the set 	� ����1(Æ)�(0� Æ). Therefore, 3� + 3̇�̇,
@�0 and @�1 are extended by 0. The arguments � and �̇ of the forms
�(G) are extended first to �+ 	 �+ � ���1 � �+ such that they remain
bounded in the space #1�2� 1(�+) and then by 0 for � � 0. The coefficients
of the forms �(G) vanish outside � � ���1(Æ) � (0� Æ). Of course, the
extension by 0 of several functions for � � 0 may create a discontinuity of
the extended function at line � = 0. However, if a function � � #�(�+ ;�)
with a Banach space � and index � � 1

2 is extended by 0 onto �, then the
extended function remains in #�(�;�). The proved time regularity in the
shift technique does not exceed � = 1

4 ; hence this discontinuity does not
create any problems.
Inequality (5.1.51) is the basis for the regularity proof by the shift tech-

nique. Since the regularity of the solution must be increased for both the
time and the space variable, we employ the shift technique with respect to
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both these variables simultaneously. Let us first consider the space vari-
ables. To a function � : � � � and a shift parameter � = (��� 0) with
�� � ���1 let

��
 : (���) �� �(��� + �)

be the shift with respect to the tangential variables and

A
� 	 ��
 
 �
be the corresponding difference. We use the test functions � = ��
 ���
 in
equation (5.1.51) and ��
 	 ���
 
 �� in the shifted equation (5.1.51)�
;
this is�

�

�
����
 � ��
 + �(0)�
(���
���
) + �(1)�
(���
���
)

�
!� !�

+
�
,

�
��
(4
)�
 + ��
��
�><((�̇�)�
) � (��)�


�
!1� !�


 ��
(��
���
)

with an obvious definition of ��
 and ��
. Both resulting inequalities are
added, their sum is multiplied by ������ and the product is integrated with
respect to �� � ���1 . Then an inequality valid for the term

�1(��) 	
�
���1

�
�

�������(1)(A
��� A
��) !� !� !�� (5.1.52)

is established by estimating all remaining terms. The acceleration term
yields�

�

A
 ��� �A
�� !� !� =
�
�

1
2
!

!�
�A
���2 !� !� = 0�

because �� = 0 for � � 0 and for � sufficiently large. The term A
(3̇�̇) �
A
�� arising in the linear functional � (�� �) is of a lower order and can be
estimated with the help of (5.1.17). The bilinear form of elastic energy can
be estimated with Hölder’s inequality by�

�

�

�(0)(��� A
��) + �(0)�
(���
� A
��)

�
!� !�

=
�
�

�
�(0)(A
��� A
��) +

�
�
(0)
�
 
 �(0)

�
(���
� A
��)

�
!� !�


 
V
�
�

�(1)(A
��� A
��) !� !�
 51(V)
�
�

�(1)(A
��� A
��) !� !�


 52(V)min�1� ���������2�2(�;�1(())
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with V � 0 arbitrarily small. The remaining terms are estimated by the
same techniques as described for the static problem in Section 3.1; the only
difference here is the additional time integral. In particular, the penalty
and friction terms can be estimated by�

���1

�
,

������A
(�� �><(�̇�)) �A
��� !1� !� !�� + 51
�
� 1 + 52

with

�1 	
�
���1

������
�
�A
���2�1�4� 1�2(,) + �A
� �2$�1�4��1�2(,)

�
!���

As a consequence, we obtain the inequality

�1(��) � (1 + V)�
�
�
���1

�
,

������A
(��><(�̇�)� ) �A
��� !� !� !��

+ 51(V)
�
�1 + 52(V)�1(��) + 53(V)�

(5.1.53)

The parameter V is composed from small parameters in suitable Hölder
estimates and from the contribution of the estimate (5.1.47); it can be
made arbitrarily small by choosing the diameter Æ of the covering sufficiently
small. The notation V will be used in the sequel for such a constant with
possibly different values in different relations.
An analogous technique can be applied with respect to the time shifts.

For a parameter G � � let

4��(���) 	 4(�+ G��) and A�4 	 4�� 
 4

denote the time shifted function and the difference of shifted and non-
shifted function. We take the test function � = �� 
 ���� in variational
equation (5.1.51), then we shift the whole equation into the direction G
and take ��� 	 ���� 
 �� in the shifted equation (5.1.51)�� . We add both
equations, multiply the result by �G��3�2 and integrate the resulting product
with respect to G over �. Then we carry out analogous calculations and
estimations as in the case of the tangential shifts. Finally, we arrive at a
time-shift variant of the estimate (5.1.53), where the difference operatorA

is replaced by A� , the integral



���1 !�

� by


�
!G and the factor ������

by �G��3�2. Here, the expression resulting from the displacements can be
estimated by�

�

�
�

�G��3�2�(0)(A���� A���) !� !� !G � 51
���̇���1�2

�0�1(�)
����3�2

�0�1(�)
� 52�
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Adding up the results from the tangential space and time shifts and using
the additional abbreviations

�2(��) 	
�
�

�
�

�G�3�2�(1)(A���� A���) !� !� !G�

� 	
���� �

���1

�
��

������A
(��><(�̇�)� ) �A
(���) !� !� !��

+
�
�

�
��

�G��3�2A�(��><(�̇�)� ) �A�(���) !� !� !G
���� �

� 	�1 +�2 with

�2 	
�
�

�G��3�2
�
�A����2�1�4� 1�2(,) + �A�� �2$�1�4��1�2(,)

�
!G�

we arrive at the inequality

�1(��)+�2(��) � (1+V)� + 51(V)�1(��)+ 52(V)
�
� + 53(V)� (5.1.54)

Now it is necessary to estimate the friction term� by the left hand side
of the previous relation. Employing the Fourier transformation we have

� =
���� �

�

�
5��1

�
1
2

����+ 51(1
4 )�X�1�2

�
Re
�
� (��><(�̇�)� )� (���)

�
!� !X

����
� �����(��
��)�� ��2(,)�

1�2�

(5.1.55)

with

� 	
�
��

�
5��1

�
1
2

� �+�+ 51� 1
4

� �X�1�2�2

�� (���)�2 !� !X�

Expression � is equivalent to the �1�2� 1(() seminorm of ��. In order to
obtain the best possible estimate, the special trace inequalities (5.1.39) and
(5.1.40) are employed. Using the inequality (�+�)2 � (1+�)�2 +

�
1+ 1

�

�
�2

for � = 5��1

�
1
2

� ��� and � = 51
�

1
4

� �X�1�2 we get
� � (1 + �)

�
���1

�������A
�����2
�

0� 12 (,)
!��

+
�
1 + 1

�

� �
�

�G��3�2�A������2�1�4� 0(,) !G + 5�

Application of the special trace estimates (5.1.39) and (5.1.40) yields

� � (1 + �) 2
1�1(��) +

�
1 + 1

�

�
 2

2�2(��)

+ V
�
�1(��) +�2(��)

�
+ 51(V)�3(��) + 52(V)�
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Here, V is again a constant that can be made arbitrarily small. The addi-
tional terms come from the estimate of the functional � (�). Optimization
with respect to � gives the result

� � (1+V)
�
 1

�
�1(��) + 2

�
�2(��)

�2

+51(V)�3(��)+52(V)� (5.1.56)

In the next step of the proof, it is necessary to estimate �� �2�2(,). This
term has the representation

�� �2�2(,) = �� �2$�1�4��1�2(,)

+
�
���1

�������A
� �2$�1�4��1�2(,) !�
�

+
�
�

�G��3�2�A�� �2$�1�4��1�2(,) !G�

(5.1.57)

The term � satisfies the Green formula9
� � E


:
,

= � (���)



�
�

6
��� �� + �(0)(����) + �(1)(����)

7
!� !�

(5.1.58)

for all test functions � � #1�2� 1(�) with �� = 0 on (. With this equation
and the inverse trace theorem, the term �� �$�1�4��1�2(,) can be estimated
by 51����$1�2� 1(�)+52����$1�2� 1(�)+53 which is bounded due to the a priori
estimates valid for �. In order to estimate the remaining terms, we use the
particular scalar test function E
 defined by

� (E
;X� �) = � (A
� ;X� �)
�
1 + 51

�
1
4

��X�1�2 + 5��1

�
1
2

� �����1

on (. This function fulfils the relations

�E
�2$1�4� 1�2(,) = �A
� �2$�1�4��1�2(,) = �A
� � E
�, �

The function E
"� is extended onto the whole domain � by means of
the parabolic problem (5.1.27) with the form � = �(1). The extended
function therefore fulfils estimate (5.1.38). We take E
	 in (5.1.58), then
shift (5.1.58) into the direction of �, take 
E
	�
 in the shifted equation
(5.1.58)�
, add both equations, multiply the sum by ������ and integrate
with respect to �� over ���1 . Using the decomposition E
	 = E
(	 

"� )+E
"� and the estimate (1.7.38) for the difference 	
"� it is possible
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to prove with the help of relation (5.1.38) the inequality�
���1

�������A
� �2$�1�4��1�2(,) !�
�

� (1 + V)
�
���1

������ 0�A
���)�A
� �$�1�4��1�2(,) !�
�

+
�
51
�
�1(��) + 52(V)

�
�

�
��

���1
�������A
� �2$�1�4��1�2(,) !�

�

�1�2

+ 5(V)�

From this we obtain�
���1

�������A
� �2$�1�4��1�2(,) !�
�

� (1 + V) 2
0�1(��) + 51(V)�1(��) + 52(V)�

(5.1.59)

Repeating the same procedure for the time shifts with the special test
function defined by

� (E� ;X� �) = � (A�� ;X� �)
�
1 + 51

�
1
4

��X�1�2 + 5��1

�
1
2

������1

�

the analogous relation�
�

�G��3�2�A�� �2$�1�4��1�2(,) !G � (1 + V) 2
0�2(��) + 5(V) (5.1.60)

is established. Hence �� �2�2(,) is bounded by

�� �2�2(,) � (1 + V) 2
0

�
�1(��) +�2(��)

�
+ 51(V)�1(��)

+ 52(V)�
(5.1.61)

As a consequence of the inequalities (5.1.55), (5.1.56) and (5.1.61) relation
(5.1.54) can be modified to

�1(��) +�2(��) � (1 + V) �����(��
��)

 0

�
�1(��) +�2(��)

�
 1

�
�1(��) + 2

�
�2(��)

�
+ 51(V)�1(��) + 52(V)�

(5.1.62)

The term
�
�1(��) +�2(��)

�
 1

�
�1(��) + 2

�
�2(��)

�
is bounded by�

 2
1 + 2

2

�
�1(��) + �2(��)

�
due to Hölder’s inequality for �2 , applied to
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the vectors ( 1�  2)� and
��
�1(��)�

�
�2(��)

��
. Hence the result of all

our estimates is the relation

�1(��) +�2(��) � (1 + V)�����(��
��)�
�1
� �

� ��1(��) +�2(��)
�

+ 51(V)�1(��) + 52(V)
(5.1.63)

with the constant �� defined in Assumption 5.1.6.
Now, at the end of the proof, it is necessary to find an estimate for

�1(��). Here, the special dependence of the cutoff function 3 = 3(�; �� �)
on the time variable � and the parameter � is essential. This function is non-
decreasing with respect to �, non-increasing with respect to � and satisfies
3(�; �� �) = 0 for � � � and ��3(�; ���) = 
��3(�; ���). The functions ��
and �� also depend on �; and due to the extensions of 3(� 
 �0) and of
3(�̇ 
 �1) by zero for � � 0 we have ��(�; �� �) = ��(�; �� �) = 0 for � � 0.
The parameter � is now interpreted as a time evolution variable. Using the
properties mentioned above and a partial integration with respect to � we
derive

���1(��;�) =
�
���1

�
�

�<2
0

��
(�
 �)�������(1)

�
A
@�(�
 �0)�

A
@�(�
 �0)
�
!� !� !��

= 

�
���1

�
�

�<2
0

��
(�
 �)�������(1)

�
A
@�(�
 �0)�

A
@�(�
 �0)
�
!� !� !��

=
�
���1

�
�

2<2
0(�
 �)�������(1)

�
A
(@�(�̇
 �1 + �1))�

A
(@�(�
 �0))
�
!� !� !��

� 2
��
�1(��;�) +

�
�5
��
�1(��;�)�

where 5 	 5(�1). Integration with respect to � yields

�1(��;�) �
� �

0

2
�
�1(��; 1)

�
�1(��; 1) !1+ 25

�
�

� �

0

�
�1(��; 1) !1

� 2

12 � �

0

�1(��; 1) !1

!1�2

+ 5�

34 � �

0

�1(��; 1) !1

!1�2

� 2
�
�
�
�1(��;�)

12 � �

0

�1(��; 1) !1

!1�2

+ 5�

34 �
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In the last estimate we have used the fact that �1(��;�) is non-decreasing
with respect to �. This gives

�1(��;�) � 8�

 � �

0

�1(��; 1) !1+ 52�2

!
(5.1.64)

for all � � 
 . Hence, if the crucial estimate

�����(��
��) � ��

for the coefficient of friction holds, then by (5.1.63) and (5.1.64) and by the
Gronwall lemma for a sufficiently small value of the parameter V we get the
estimate

�1(��) +�2(��) � 5�

The constant 5 depends on the ��
�1�4��1�2

(	� � ��) norm of the given
volume data � , on the coefficients of the bilinear forms �(0) and �(1), on
the �2 norms of the cutoff functions @� and <0, on the �� norms of the
local maps from the rectification of the boundary and on the �1�2� 1(�� )
norm of the solution �. Due to Assumption 5.1.6 and the a priori estimate
(5.1.17) for the solution � of the penalized problem, all these terms are
bounded; hence 5 can be chosen independently of the solution � and in
particular of the approximation parameters ? and N. As a consequence, the
norms ����1�2� 1(,) and �� ��2(,) are bounded. This is valid for all cutoff

functions @�. Hence the global norms ��̇��1�2� 1(,�� ) and
���1
�
[�̇
]+

���
�2(,�� )

are also bounded and the Theorem is proved.

Since the a priori estimates (5.1.17) and (5.1.44) are uniform both in N
and in ?, it is easy to prove the existence of a solution to the original contact
problem (5.1.10). In fact, there exist sequences of smoothing parameters
N� and penalty parameters ?� that both converge to 0 and a corresponding
sequence of solutions �� such that

�̇� 8 �̇ in �1�2� 1((�� ) and in �1�2� 1(�� )�
�̇�(�� �)8 �̇(�� �) in �2(�) for almost every � � 	�

and for � = 
�

%
(��) = 
 1
?�

)
(�̇�)


*
+
8 %
(�) in �2(	� � ��)�

�̇� 8 �̇ in �1�2� 1(	� � ��) and strongly in

��(	� � ��) for all G � 2 + 4
��1 and

�(�̇�)� �(�̇) in ��((�� ) for all � � [1�+�)�

(5.1.65)
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The last convergence follows from the Lebesgue dominated convergence
theorem. The variational equation (5.1.16) is equivalent to variational in-
equality (5.1.15). We pass to the limit ) � +� in this inequality for
solution �� with approximation parameters ?�, N� and test function � � � .
Using the approximation property and the uniform Lipschitz continuity of
>< as well as the relations

lim inf
���

9
�̈�� �̇�

:
��

 ��̈� �̇:

��
and

lim inf
���

,(0)(��� �̇�) 
 ,(0)(�� �̇)

it is proved that the limit � is a solution of problem (5.1.10).
As in the proof of Theorem 5.1.2 the convergences �̇� � � in the space

�1�2� 1(�� ) and �̇�(
� �) � �̇(
� �) in �2(�) are strong: choosing the test
function � = �̇ in (5.1.15) with solution �� and smoothing parameter N�,
adding�

��

�
�̈ � ��̇� 
 �̇

�
+ �(0)

�
�� �̇� 
 �

�
+ �(1)

�
�̇� �̇� 
 �̇

��
!� !�

to both sides of the resulting inequality and passing to the limit ) � 0
we conclude �̇� � �̇ in �2

�
	� ;�1(�)

�
and �̇�(
� �) � �̇(
� �) in �2(�).

The functions � and �� have the same initial data; hence this also implies
�� � � in the same space. Employing the test function � = �̇� + � and

� = �̇ 
 � in (5.1.15) and (5.1.10) with � � �2

�
	� ; ��

1
(�)
�
and adding

the result yields

��̈
 �̈���2( � ;��
�1

(
))
� 51��̇
 �̇���2( � ;�1(
))

+ 52��
 ����2( � ;�1(
))�

Consequently there holds �̈� � �̈ in �2

�
	� ;��1(�)

�
and the usual in-

terpolation with �̇� � �̇ in �2

�
	� ;�1(�)

�
gives �̇� � �̇ in �1�2�1(�� ).

Hence the following proposition is proved:

5.1.8 Theorem. Let the Assumption 5.1.1 and 5.1.6 be valid. Then there
exist sequences ?� of penalty parameters and N� of smoothing parameters
converging both to 0 and a corresponding sequence �� of solutions of the
penalized and smoothed problem (5.1.16) which converges strongly in the
space �1�2� 1(�� ) to a solution of the original problem (5.1.10). This so-
lution satisfies the a priori estimate (5.1.17).

5.1.9 Remarks. 1. By a corresponding limit procedure the existence of
solutions to the penalized problem (5.1.13) can be proved. Here, Assump-
tion 5.1.6 is not necessary. If the coefficient of friction is independent of the
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solution, then the uniqueness of the solution can be proved similarly as for
the Galerkin approximation in the proof of Theorem 5.1.2.
2. As in the static case it is possible to treat a difference between the

coefficients of friction of slip and friction of stick. Let � 	 �(�� �̇�) be
a possibly discontinuous function such that the limit lim

E��0
�(����) exists,

�(�� 0) 
 lim
E��0

�(����) holds on �� and

�0(����) 	
'
�(����)� �� �= 0�
lim
���0

�(����)� �� = 0

satisfies all requirements of Assumptions 5.1.1 and 5.1.6. Then all solutions
of (5.1.10) with the coefficient of friction �0 solve also the problem with
the coefficient of friction �.

5.2 Anisotropic material

The aim of this section is the proof of Proposition 5.1.4 for the case of
general anisotropic material, and in particular the derivation of optimal
values for the constants  0,  1 and  2. These constants depend on the
properties of the viscous part of the constitutive relation only. Therefore,
throughout this section, let ����� denote the coefficients of the Hooke tensor
for this viscous part, and let �0, ,0 be its lower and upper bounds in the
sense of (5.1.4). By %��(�) the viscous part of the constitutive relation is
denoted,

%��(�) = �����&��(�)� (5.2.1)

and � has the role of a velocity. The corresponding bilinear form on the
halfspace � = � � ���1 � �+ is

,(���) =
�
�

�(���) !� !� with �(���) = �����&��(�)&��(�)�

and ���) =
�
,(�� �) is the energy norm. The boundary of � is denoted

by ( = � � ���1 � �0�.
In a first step of the proof, we derive a specific variant of the trace

theorem for the space #1�2� 1(�).

5.2.1 Lemma. For � � #1�2� 1(�) there holds

����2$1�4� 0(,) � 2
51
�

1
4

��
51
�

1
2

� ����$1�2�0(�) ������2(�) and (5.2.2)

����2$0�1�2(,) � 5��1

�
1
2

� ����2�2(�)� (5.2.3)
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Proof. For the proof of estimate (5.2.2) we extend the function � from
� onto the whole space ��+1 by �(����� �� ) = �(�����
�� ) for � � �,
�� � ���1 and �� � �� . We use the Fourier transforms � (�) with
respect to all variables (see (5.1.29)) and �� (�) with respect to the time
variable and the tangential space variables only (cf. (5.1.30)). There holds

����2$1�4� 0(,) =
�
��

��� (�;X� ��� 0)�251
�

1
4

� �X�1�2 !X !��
=

1
26

�
��

�����
�

� (�;X� �) !+�

����2 51� 1
4

� �X�1�2 !X !��
� 1

26

�
�

� �
��

�� (�;X� �)�2 �P251
�

1
2

� �X�+ �+� �2� !��
�

51
�

1
4

� �X�1�2
P251

�
1
2

� �X�+ �+� �2 !+�
!
!X

=
51
�

1
4

��
51
�

1
2

� �P����2$1�2�0(�) +
1
P
�����2�2(�)

�
(5.2.4)

where P � 0 is an arbitrary number. Here the relation

����$��	(��) = 2����$��	(�)

valid for � 
 0 and " � �0� 1� is used. Choosing the optimal parameter
P = ������2(�)

Æ����$1�2�0(�) we obtain (5.2.2).
Relation (5.2.3) follows from the inequality

����2�2(�) 
 ��4�2�2(�)

valid for the solution 4 of the problem

A4 = 0 in � and 4 = � on (�

Using the partial Fourier transform �� , the function 4 can be expressed by�� (4;X� ��� �� ) = �� (�;X� ��� 0)&���
��%� �

The �2(�)-norm of its gradient is given by�
�

�
���1

� +�

0

��� (�;X� ��� 0)�22����2&�2����%� !�� !�
� !X

=
�
�

�
���1

��� (�;X� ��� 0)�2���� !�� !X =
1

5��1

�
1
2

�����2
�0�1�2(�)

and the proof is finished.
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Now the following inverse trace theorem for #1�4� 1�2(() is established.

5.2.2 Lemma. For every function � from �1�4� 1�2(() that satisfies �� =
(E1� � � � � E��1� 0)� = 0 and for every positive parameter 0 there exists an
extension � onto � such that

����2�2(�) �
1

5��1

�
1
2

�����2
�0�1�2(,)

+
�
0�

251
�

1
4

�����2
�1�4�0(,)

�

(5.2.5)

����2
�1�2�0(�) �

51
�

1
2

�
�

2051
�

1
4

�����2
�1�4�0(,)� (5.2.6)

Proof. The function � is extended onto � by means of the parabolic prob-
lem (5.1.35). The extended function is given by formula (5.1.36). From
this representation we calculate the seminorms

����2�2(�) =

=
�
��

��� (�;X� ��)
��2 �

�+

�����2 + ���2� ��&�2�%�
�� !�� !�� !X

=
�
��

�� (�;X� ��)�2�1 !X !�
�

with � defined in (5.1.37) and

����2$1�2(�;�2(()) =
�
��

�� (�;X� ��)�251
�

1
2

� �X�
2�1

!�� !X�

From the inequalities max
;
�����

�
F�J�
2

<
� �1 � ����+

�
F�J�
2 we obtain the

proposed relations.

5.2.3 Proposition. Let � ��1�2� 1(�) be a solution of the equation

�̇� 
 ��%��(�) = 0 (5.2.7)

with general constitutive relation (5.2.1). Then there holds

����
�1�4� 0(,)

� (1 + V) 1���) + 51����2(�) and (5.2.8)

����
�0�1�2(,)

�  2���) (5.2.9)
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with constants

 1 =
8
51
�

1
4

� 2
�1

4
�

8�1,1 and (5.2.10)

 2 =
8
5��1

�
1
2

� 2
�1
� (5.2.11)

an arbitrarily small V � 0 and 51 depending only on V, �1, ,1 and the
dimension � .

Proof. The usual dual estimate, applied to equation (5.2.7), yields

��̇��2(�;��1(()) �
�
,1���)�

where J = �+ � ���1 . With the help of the Fourier transform the inter-
polation result

����2
�1�2�0(�)

� 51
�

1
2

���̇��2(�;��1(())����2(�;�1(())

is derived. Using the Korn inequality for halfspaces from Corollary 1.2.2
and the coercivity of the general elastic bilinear form we conclude

�����2(�;����) �
8

2
�1
���)� (5.2.12)

Consequently there holds

����2
�1�2�0(�) � 51

�
1
2 )
�
,1���)

�8
2
�1
���) + 51����2(�)

�
� (5.2.13)

Application of the estimates (5.2.2) and (5.2.3) proves (5.2.8) and (5.2.9).

5.2.4 Proposition. Let � � �1�2�1(�) be a solution of equation (5.2.7)
and let � � �1�4�1�2((). Then there exists an extension of � onto � such
that ���9�̇��:

�
+,(���)

��� � � 0���) + 51����2(�)

�����
�1�4�1�2(,)

with constant  0 defined by

 0 =
�
,1

$����%����&

�
� + 1

5��1

�
1
2

�
�
� � 
 1��

2
5��1

�
1
2

��
�
� � � 1�

(5.2.14)
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where � = 6
8
�

2�1,1

52��1(
1
2 )
. The constant 51 depends on �1, ,1 and the dimen-

sion � .

Proof. Let us extend the function � by the parabolic differential equation
(5.1.35) with parameter 0 to be specified later. This extension satisfies
estimates (5.2.5) and (5.2.6). Using the Fourier transform with respect to
the time variable and the dual estimate (5.2.13) there follows�����̇������� � 51� 1

2

��1 ����
�1�2�0(�)

����
�1�2�0(�)

� 51
�

1
2

��1�2 4

8
2,1

�1

����) + 51����2(�)

�����
�1�2�0(�)�

Hence, from relations (5.2.5) and (5.2.6) we conclude

���̇���+,(���)� � ����) + 51����2(�)
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,1�

51
�

1
2

��1�2 4

8
2

�1,1
����

�1�2�0(�) + �����2(�)

�
� ����) + 51����2(�)

��
,1
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�
1

0�1,151
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1
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�2 �����1�4� 0(,)

+

�
5��1

�
1
2

��1 ����2
�0�1�2(,)

+
�
0�

251
�

1
4

�����2
�1�4� 0(,)

!
�

Employing the inequality (�1 + �2)2 � (1 + �)�21 +
�
1 + ��1

�
�22 for

�1 =

����� ����2
�1�4� 0(,)

4
�
0�1,1

�
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�

1
4

� and
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� �
0�

251
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1
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�����2
�1�4� 0(,)

+ 5��1

�
1
2

��1����2
�0�1�2(,)

with arbitrary � � 0 yields

���̇���+,(���)� � ����) + 51����2(�)
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1 + �
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1
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0�1,1
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(5.2.15)
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Let us use the abbreviations

C 	 ����2
�1�4� 0(,)

� Q 	 ����2
�0�1�2(,)

� �1 	 1
51
�

1
4

��
�1,1

�

�2 	 1�
251
�

1
4

� � �3 	 1
5��1

�
1
2

� � �2(�) 	
�

1 +
1
�

�
�3 and

�1(�� 0) 	 1 + ��
0
�1 +

�
1 + ��1

��
0�2�

Then the right hand side of (5.2.15) has the representation����) + 51����2(�)

��
,1

�
�1(�� 0)C +�2(�)Q �

In order to get an optimal value of  0 we solve the optimization problem

inf
�#0
F#0

sup
7�9 #0

�1(�� 0)C +�2(�)Q
C + Q

= inf
�#0
F#0

max��1(�� 0)��2(�)�� (5.2.16)

The function �(�) = ,F�+�� has its optimum in � =
�
,F� with value

2
�
,�. Hence the optimization of �1 with respect to 0 gives

�3(�) 	 inf
F#0

�1(�� 0) =
��
�+

1�
�

�
2
�
�1�2�

The minimum of �3 is taken at � = 1 with value 4
�
�1�2. The function

�2 is decreasing; and its point of intersection with �3 is given by � = � 	
� 2

3

4�1�2
. Consequently, for � 
 1 the optimization problem (5.2.16) has the

solution � = � with optimum (1 + 1F�)�3, while for � � 1 the solution is
taken at � = 1 and has the value �3(1) = 4

�
�1�2. This gives

 0 =
�
,1

$�%�&
8

1 + �
�
�3� � 
 1�

2 4
�
�1�2� � � 1�

Using the definitions of �1��2��3 and the relations
�
�1�2 =

�3

2
�
�
and

51
�

1
4

�
= 4

�
26 we obtain � = 6

8
�

2�1,1

52��1

�
1
2

� and the expression for  0 given

in the proposition.

As an easy consequence of the two preceding propositions we obtain the
upper bound for the admissible coefficient of friction.
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5.2.5 Corollary. In the case of anisotropic material with lower and up-
per bounds �0 and ,0 for the viscous part of the constitutive relation, the
assertions of Theorems 5.1.7 and 5.1.8 are valid with upper bound

�� 	
8
�1
,1
�

$����%����&

8
�

2(� + 1)
�
1 +

�
8�
� for � 
 1�� �

�

4
�
1 +

�
8�
� for � � 1�

(5.2.17)

for the admissible coefficient of friction. The parameter � is defined by

� = 6
8
�

2�1,1

52��1

�
1
2

� �
This formula indeed follows from ��1

� =  0

�
 2

1 + 2
2 with the relation

 1 =
8

2
�1

�
5��1

�
1
2

� 4
�

8��

5.2.6 Remark. The values �1, ,1 can be changed by the choice of the time
unit. The definition of a “new time variable” �new = /�old for any constant
/ � 0 transforms the system (5.1.1) to

�̈new� 
 ��
�
/�2�

(0)
����&��(�

new) + /�1�
(1)
����&��(�̇

new)
�

= /�2���


 = 1� � � � � ��

with �new(�new� �) = �old(�old� �), �new1 = /�1�old1 , ,
new
1 = /�1,old1 , hence

�new = /�1�old in (5.2.17). Due to the scaling of this equation the stress
tensor changes to %new�� (�new) = /�2%old�� (�old), but in particular the ratio
between normal and tangential components of the boundary traction does
not change. By a suitable time scaling it is therefore possible to choose an
arbitrary parameter � in the result (5.2.17). The maximal value of �� is
obtained for � 
 1. Optimization of the corresponding expression leads to
the formula �3 
 � 
 2�1�2 = 0. The solution of this equation is

�max =
3
�

3
�

3 +
�

19 + 3
�

3
�

3
�19�
6

+ 1�2510786

and the optimal value for �� is

�� = )max

8
�1
,1
with )max + 0�258342� (5.2.18)

Formula (5.2.18) shows that the bound �� is low in this general case. Hence
it is worth calculating bounds for different special materials.
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5.3 Isotropic material

In the case of homogeneous isotropic viscous part of the constitutive relation
the crucial trace constants  0,  1 and  2 can be computed via an exact
solution of a corresponding parabolic differential equation containing only
the viscous part of the constitutive relations. As we will see, the obtained
admissible coefficient of friction will be essentially bigger in this case. The
results are also applicable to non-homogeneous material if the variation of
the material data is sufficiently smooth.
For homogeneous, isotropic material with modulus of viscosity - (the

viscous counterpart to the Young modulus of elasticity) and viscous Poisson
ratio . the viscous part of the constitutive law is given by

%��(�) =
-.

(1 + .)(1
 2.)
Æ������ +

-

2(1 + .)
�
���� + ����

�
�

Here � plays again the role of a velocity. Since the problem with non-
vanishing load � can be treated again with the decomposition used in the
proof of Lemma 5.1.3, we confine ourselves to the case of � 	 0. Using the
abbreviations

�1 =
2 + 2.
-

� �2 =
(1 + .)(1
 2.)
-(1
 .)

and the relation
-

2(1 + .)(1
 2.)
=

1
�2

 1
�1
, the differential equations

�̇� 
 ��%��(�) = 0� 
 = 1� � � � � �� (5.3.1)

can be written as

�̇� =
1
�2
�2
� �� +

�
1
�2

 1
�1

� �
�=1�BBB��

��=�

������ +
1
�1

�
�=1�BBB��

��=�

�2
��� (5.3.2)

for ' = 1� � � � � � . The above system is solved for the Dirichlet boundary
condition

�(����� 0) = �(����) for (����) � � � ���1 (5.3.3)

with �� = (�1� � � � � ���1)
�.

In order to solve this system we employ the partial Fourier transform
with respect to the time and the tangential space variables. In order to
simplify formulae it is advantageous to use the transform Xnew = �1X for
the dual time variable. For simplicity of the notation we keep the old
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symbol X for the transformed variable Xnew. This transformation of X leads
to an additional factor in integrals with respect to X, arising from the
transformation formula for integrals. Since this factor is the same in all
norms, we can neglect it in calculations. Then the system is transformed
to

����� =

 

X+

1
)
+2� +

�
�=1�BBB���1

��=�

+2�

!���
+

1
 )
)

 �
�=1�BBB���1

��=�

+�+���� 
 
+�����
!
�

����� = )

 

X+

��1�
�=1

+2�

!��� + () 
 1)
��1�
�=1


+������
(5.3.4)

Here the short notation �� = �� (�; �) and ) = �2F�1 is used, and the prime
, denotes the derivative with respect to �� =: �. This system will be solved
for the cases � = 2, � = 3 and the case of a general dimension separately.

5.3.1 The case of two space dimensions

In two space dimensions the system (5.3.4) has the form

����1 =
�

X+

+2

)

� ��1 +
) 
 1
)

+���2�

����2 = )
�

X+ +2

���2 + () 
 1)
+���1� (5.3.5)

This system has four independent solutions

��(1) =
$��& �



+
���� &�*� ��(2) =

$��&�

+

���� &��*� ��(3) =
$��&
+
�

���� &�*�
��(4) =

$��& 
+
�
���� &��*
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with the complex roots � = �1 + 
�2, � = �1 + 
�2 defined by

� =
�
+2 + 
X

=

��
+4 + X2 + +2

2
+ 
 sign(X)

��
+4 + X2 
 +2

2
�

� =
�
+2 + 
)X

=

��
+4 + )2X2 + +2

2
+ 
 sign(X)

��
+4 + )2X2 
 +2

2
�

(5.3.6)

The solution of the boundary value problem is that linear combination of
these independent functions which satisfies the boundary conditions

��(X� +� 0) = ��(X� +) =
$��&�E1(X� +)�E2(X� +)

���� and ��(X� +� �) � 0 for � � +��

This function is uniquely determined by

��(X� +� �) =
�1

�
(� �E1 + 
+ �E2)

$��&�

+

���� &��*
+(
+ �E1 
 � �E2)

$��& 
+
�
���� &��*� (5.3.7)

with 
 = ��
 +2. Motivated by the form of this solution, we perform the
change of variables

�1 =
� �E1 + 
+ �E2



� �2 =


+ �E1 
 � �E2



� (5.3.8)

Observe that this relation can be easily inverted,

�E1 = ��1 + 
+�2� �E2 = 
+�1 
 ��2�

In the new variables, the solution is

��(X� +� �) = �1

$��&�

+

���� &��* + �2

$��& 
+
�
���� &��*� (5.3.9)

In order to prove the trace estimates (5.1.39) and (5.1.40), we consider
the energy norm ���2). It can be written in Fourier-transformed variables
as

���2) =
�
�

%��(�)&��(�) !� !� = �

�
�

�
�
�+

6
.��div(�)�2

+ (1
 2.)
�
���1�1�2 + ���2�2�2 + 2��&12(�)�2

� 7
!� !+ !X

(5.3.10)
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with� =
-

(1 + .)(1
 2.)
. The Fourier-transformed values in this integral

are given by

��1�1 = 
+��1&
��* 
 +2�2&

��*�

��2�2 = 

+��1&
��* + �2�2&

��*�

2�&12(�) = �*��1 + 
+��2 = 
 ��2 + +2
�
�1&

��* 
 2
+��2&
��*�

�div(�) = 
+��1 + �*��2 =
�
�2 
 +2� �2&

��*�

Using these formulae in (5.3.10) and performing the inner integration with
respect to � yields after some calculation the representation

���2) =�
�
�

�
�

�
(1
 2.)

2���2+2 + 1
2 ��2 + +2�2

2�1
��1�2

+
�
.
��2 
 +2�2

2�1
+ (1
 2.)

���4 + 2+2���2 + +4

2�1

�
��2�2


 2Re
�
(1
 2.)
+(��+ +2)�1�2

��
!+ !X�

From the special form of the complex roots � = �1 + 
�2 and � = �1 + 
�2 it
is easy to derive the formulae 2�1�2 = Im(�2) = X, 2�1�2 = Im(�2) = )X,
���2 + +2 = 2�2

1, ���2 + +2 = 2�2
1 and���2 + +2

��2 = 4+4 + X2�

���4 + 2+2���2 + +4 = 4�2
1+

2 + )2X2�

With their application the energy norm is transformed to

���2) = �
�
�

�
�

�
��1�2 1
 2.

2
(X�2 + 4�1+

2)


 2Re
�
(1
 2.)
+(��+ +2)�1�2

�
+ ��2�2

�
(1
 .))X�2 + 2(1
 2.)�1+

2
� �
!+ !X�

The definitions of the values ), �1, and �2 yield 1
 2. = 2(1
 .)). Hence
the result for the energy norm is

���2) =
-

1 + .

�
�

�
�

�
��1�2

�
X�2

2
+ 2�1+

2

�
+ ��2�2

�
X�2

2
+ 2�1+

2

�

 2Re

�

+(��+ +2)�1�2

� �
!+ !X�

(5.3.11)
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With this representation the formulae for the constants  1 and  2 shall
be derived. The Sobolev-Slobodetskii seminorm with the new dual time
variable X = Xnew = �1Xold is

�E1��2$��	(,) =
�
�

�
�

� �E1(X� +)�2
�
51(�)

����1
1 X

��2� + 51(")�+�2�
�
!+ !X

for �� " � [0� 1) with 51(0) = 0, where we neglect the factor arising from
the transformation formula for integrals. With the representation

�E1 = ��1 + 
+�2

we see that the optimal constants  1,  2 are the solutions of the optimiza-
tion problems

 2
1 =

1 + .
-

sup
�1��2��
8�J��

�(+� X� �� �� �1� �2) 51
�

1
2

��+�
 2

2 =
1 + .
-

sup
�1��2��
8�J��

�(+� X� �� �� �1� �2) 51
�

1
4

�
�
�1�2
1 �X�1�2

(5.3.12)

where the expression � 	 �(+� X� �� �� �1� �2) is defined as

���2��1�2 + 2 Im(�+�1�2) + +2��2�2
��1�2

�
1
2X�2 + 2�1+2

�
+ 2+ Im

�
(��+ +2)�1�2

�
+ ��2�2

�
1
2X�2 + 2�1+2

� �
The results of the optimization problems do not change, if we restrict the
optimization to non-negative values of X only. This can be seen as follows:
Changing the sign of X in � and � leads to the conjugate complex values
� and �. Hence the values �1, �1, X�2 and X�2 do not depend on the sign
of X. Using the formula Im(��1�2) = Im(�(
�1)�2) in the imaginary parts
arising in the functions to be optimized it is seen that the ranges of these
functions are preserved by the restriction to non-negative values of X. Due
to the continuity of the numerator and denominator of these functions it
is possible to exclude the parameters + = 0, X = 0 and �2 = 0 from the
optimization without changing its result. Hence we are able to use the
new variables �1 = ��2 with a complex parameter � and X = P2+2 with
a positive parameter P. A close look at the optimization problems and at
the definition of the complex roots �, � shows that the variable + cancels
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completely. The old roots �, � are thereby transformed to

� =
�

1 + 
P2 =

��
1 + P4 + 1

2
+ 


��
1 + P4 
 1

2
= �1 + 
�2�

� =
�

1 + 
)P2 =

��
1 + )2P4 + 1

2
+ 


��
1 + )2P4 
 1

2
= �1 + 
�2�

The result of this transform of variables is the optimization problems

 2
1 =

1
2

sup
���
?#0

�151
�

1
2

�
=(P� �) and

 2
2 =

1
2

sup
���
?#0

�
�151

�
1
4

�
P =(P� �)

in the two variables P � 0 and � � � with

=(P� �) =
���2���2 + 2 Im(��) + 1�

1
2P

2�2 + 2�1
� ���2 + 2 Im((�� + 1)�) +

�
1
2P

2�2 + 2�1

� �
The optimization with respect to the complex parameter � can be performed
analytically. The function = has the representation

=(P� �) =
���2

1
2P

2�2 + 2�1
� �� + ��2
���2 + 2Re

�
��
�

+ �5�2

with the complex parameters

� =



�
� � = 

 2(��+ 1)

P2�2 + 4�1
� �5�2 =

P2�2 + 4�1

P2�2 + 4�1
� (5.3.13)

The optimization problem

sup
���

�� + ��2
���2 + 2Re

�
��
�

+ �5�2 (5.3.14)

can be reformulated by an easy transform of the variable to

sup
���

�� + (�
 �)�2
���2 + �5�2 
 ���2 = sup

�#0

(� + ��
 ��)2
�2 + �5�2 
 ���2 �

With the help of the formulae P2 = 2�1�2, �21 = �22 +1 and �2
1 = �2

2 +1 there
follows first

���2���2 = 2�22�
2
2 + 2�22�

2
1 + 2�2

1 
 1
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and then

�5�2 
 ���2 =
P4�2�2 + 8�22�2(�2 
 �2) + 8�1(�1 
 �1) + 8�22�1(�1 
 �1)

(P2�2 + 4�1)2
�

This term is strictly positive, provided P � (0�+�). The function � : � ��
(� +,)2

�2 +�2
takes its maximum at � =

�2

,
with value 1 +

,2

�2
. Therefore the

optimization problem has a unique solution with the optimal value

1 +
��
 ��2
�5�2 
 ���2 � (5.3.15)

Using the abbreviations

�� =
P2�2

2
+ 2�1� �� =

P2�2

2
+ 2�1� � = ��+ 1

the values �, � and 5 have the representations

� =



�
� � =


 �

��
and �5�2 =

��
��

and there follows

�5�2 
 ���2 + ��
 ��2 = �5�2 + ���2 
 2Re
�
��
�

=
��
��

+
1
���2 
 2Re

�
��

�����2
�

=
�����2 + �� 
 2Re(��)

�����2 =
P2
����2�2 + �2

��
P2�2 + 4�1

����2 �
(5.3.16)

With the representation

�5�2 
 ���2 =
P4�2�2 + 4P2 Im(��)
 4���
 1�2�

P2�2 + 4�1
�2

the result of the optimization (5.3.14) yields

sup
���
=(P� �) = 2

P2
����2�2 + �2

�
P4�2�2 + 4P2 Im(��) 
 4���
 1�2 �

This leads to the formulae

 2
1 = sup

?#0

G1P
2
����2�2 + �2

�
P4�2�2 + 4P2 Im(��) 
 4���
 1�2 � (5.3.17)

 2
2 = sup

?#0

G2P
3
����2�2 + �2

�
P4�2�2 + 4P2 Im(��) 
 4���
 1�2 (5.3.18)
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with G1 = �151
�

1
2

�
= 2651 and G2 =

�
�151

�
1
4

�
= 4
�

26�1. Due to the com-
plicated structure of the complex roots � and � these optimization problems
cannot be solved analytically. It is possible to prove that the functions to be
optimized are continuous for 0 � P � +� and that their limits for P � 0
and P � +� exist and are bounded. Hence the optimization problems
are solvable and the results can be calculated numerically with standard
optimization techniques.
In order to calculate the constant  0 of the trace estimate (5.1.38) we

first evaluate the expression9
�̇��

:
�

+,(���)

for two functions ��� � � (0) with ,(���) 	 
� �(���) !� !�. The tan-
gential component 41 of � is assumed to vanish on the boundary (. Conse-
quently, the function � is defined by (5.3.9) in terms of its boundary data
� via formula (5.3.8) and � is given by the same formula, if �1 and �2 are
replaced by

�1 =

+�42


and �2 = 
��42



(5.3.19)

with the normal component of boundary data 42. The bilinear form ,(���)
can be easily calculated from (5.3.11) with the help of the formula

,(���) =
1
2
�
,(� + ��� + �)
,(���)
,(���)

�
�

The result is given by

,(���) =

=
-

1 + .

�
�

�
�

�
1
2
���1 + �1�2 
 ��1�2 
 ��1�2

��X�2

2
+ 2�1+

2

�
+

1
2
���2 + �2�2 
 ��2�2 
 ��2�2

��X�2

2
+ 2�1+

2

�

 2Re

�

+(��+ +2)

1
2
�
(�1 + �1)(�2 + �2)
 �1�2 
 �1�2

���
!+ !X�

This can be simplified to

,(���) =
-

1 + .

�
�

�
�

�
Re(�1�1)

�
X�2

2
+ 2�1+

2

�
+ Re(�2�2)�

�
�
X�2

2
+ 2�1+

2

�

 2Re

�

+(��+ +2)

�1�2 + �1�2

2

��
!+ !X�
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It remains to calculate the acceleration part
9
�̇��

:
�
. It is given in Fourier

transformed functions by

9
�̇��

:
�

= Re

 �
�

�
�
�+


��1
1 X ��(X� +� �)�4(X� +� �) !� !+ !X! �

From the representations of �� and �� there follows
��(X� +� �)��(X� +� �) =

����2 + +2
�
�1�1 &

�2�1* +
����2 + +2

�
�2�2 &

�2�1*


 
+��+ �
�
�1�2 &

�(�+�)* + 
+(�+ �) �2�1 &
�(�+�)*�

Performing the inner integration with respect to � yields9
�̇��

:
�

= Re
�
�

�
�


��1
1 X

�
�1�1

���2 + +2

2�1
+ �2�2

���2 + +2

2�1

+ 
+
�
�2�1 
 �1�2

��
!+ !X�

With the formulae ���2 + +2 = 2�2
1 and ���2 + +2 = 2�2

1 we obtain9
�̇��

:
�

= Re
�
�

�
�

��1
1

6

X �1�1�1 + 
X �1�2�2 + +X

�
�1�2
�2�1

�7
!+ !X�

Adding the expressions for ,(���) and
9
�̇��

:
�
and using the definition of

�1 =
2 + 2.
-

the following result is derived:9
�̇��

:
�

+,(���) =

= ��1
1 Re

�
�

�
�

6�

X �+ 4�1+

2
�
�1�1 +

�

X �+ 4�1+

2
�
�2�2


 
+�
X+ 2(��+ +2)
�
�1�2 + 
+

�

X+ 2(��+ +2)

�
�2�1

7
!+ !X�

This can be simplified with the formula (5.3.19) for the expressions �1 and
�2. After some calculation one obtains9

�̇��
:
�

+,(���) =
1
�1
Re
�
�

�
�

)
2
+ ��1 
 (2+2 + 
X)�2

*�42 !+ !X�
Now a standard use of Hölder’s inequality gives9

�̇��
:
�

+,(���) �

� �42��$1�4�1�2(,)

1
�1

 �
�2

��2
+ ��1 
 (2+2 + 
X)�2

��2
51
�

1
4

�
�
�1�2
1 �X�1�2 + 51

�
1
2

��+� !+ !X
!1�2

�
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The second factor on the right hand side of the previous formula shall be es-
timated by  0���). Due to the representation (5.3.11) of the energy norm
���) it can be seen that  2

0 is the solution of the optimization problem

 2
0 = sup

�1��2��
8�J��

1
2�1

�
51
�

1
4

�
�
�1�2
1 �X�1�2 + 51

�
1
2

� �+���1

�

� �(+� X� �� �� �1� �2)

(5.3.20)

with the same � as in (5.3.12). As in the optimization problems for the
calculation of  1,  2 we use the transform of variables �1 = ��2 with � � �
and X = P2+2. The resulting problem is

sup
?#0

'
1

2
��
�151

�
1
4

�
P + �151

�
1
2

�� 4���2
1
2P

2�2 + 2�1
sup
���

�� + ��2
���2 + 2Re(��) + �5�2

5
with the parameters

� =



�

�
1 + 


P2

2

�
and �, 5 defined as in (5.3.13). The result of the optimization with respect
to � is given by formula (5.3.15). Compared to expression (5.3.16), in the
numerator �5�2 
 ���2 + ��
 ��2 there appear the additional terms

P4

4���2 
 2Re
�
P2

2

 �

��

�
�

Those terms arise from the different form of �. These additional terms can
be modified to

1
4P

4�� + 2P2 Im(��)
���2�� =

1
4P

2
�

1
2P

2�2 + 2�1
�
 2P2

����2�2 + �2
�

���2� 1
2P

2�2 + 2�1
� �

Hence we have

�5�2 
 ���2 + ��
 ��2 =
1
4
P4
�
P2�2 + 4�1

�
 P2
����2�2 + �2

�
���2� 1

2P
2�2 + 2�1

�
and the following one-parametric optimization problem for  0 is obtained:

 2
0 = sup

?#0

P4(P2�2 + 4�1)
 4P2(���2�2 + �2)
(G1 + G2P)(P4�2�2 + 4P2 Im(��) 
 4���
 1�2) � (5.3.21)

As in the problems before, it is not possible to obtain an analytical solution.
If the viscous Poisson ratio . satisfies 
1 � . � 1

2 then the function to be
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Figure 5.1: Upper bound for the coefficient of friction in dependence on the
modulus of viscosity (-) and the viscous Poisson ratio (.) for 0 � . � 0�5.

optimized is non-negative, continuous and its limits for P � 0 and P � +�
exist and are bounded. Therefore the problem has a solution.

The optimization problems defining the constants  0,  1 and  2 in
the two-dimensional homogeneous isotropic case can be solved numerically.
Since the functions to be optimized are rather complicated, we employ a
simple optimization algorithm based on curve-fitting with a three-point
pattern as described e.g. in [104], Section 7.3. After the solution of the
three optimization problems for  0,  1 and  2, the upper bound for the
admissible coefficient of friction can be calculated. In Figures 5.1 and 5.2
the coefficient of friction is depicted in dependence of the modulus of vis-
cosity - and the viscous Poisson ratio . for positive and negative values
of .. The admissible coefficient of friction converges to 0 for both very
small and very large values of -. Hence our existence result does not give
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Figure 5.2: Upper bound for the coefficient of friction in dependence on the
modulus of viscosity (-) and the viscous Poisson ratio (.) for 
1 � . � 0.

any information about the quasistatic contact problem and the purely elas-
tic contact problem without any viscous damping. However, for moderate
values of - and . the magnitude of the admissible coefficient of friction
varies between 0.4 and 0.5. This is sufficient for many cases of practical
relevance where the coefficient of friction has values around 0.3; and it is
in particular much better than that for the general case with a maximal
possible value of around 0�25. The case of . = 0�5 is not included in our
result, because then the representation (5.3.4) of the differential equations
becomes singular. In the limit case . � 0�5 the admissible coefficient of
friction we have obtained here tends also to zero.
The rescaling of the time variable mentioned in the final remark of the

previous section enables optimizing these formulae with respect to - and
obtaining an upper bound that only depends on ., ��(.) = max

:#0
��(.� -).

In the next section we compare ��(.) for the cases � = 2 and � = 3.

5.3.2 The case of three space dimensions

The result for � = 2 derived in the preceding subsection seems to be quite
complex. In this subsection we show that its generalization for higher space
dimension does not additionally complicate it.
In the case � = 3 the solutions are searched in the form ��(X� +1� +2� �) =

&'*��(X� +1� +2). This leads to the equation �(/)� = 0 with �(/) defined by$�����������&

X+ 1

� +
2
1 + +22 
 /2 1��

� +1+2 /��1
� 
+1

1��
� +1+2 
X+ +21 + 1

� +
2
2 
 /2 /��1

� 
+2

/() 
 1)
+1 /() 
 1)
+2 )
X+ )(+21 + +22)
 /2

������������� �
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The determinant of this matrix is

det�(/) = 
�/2 
 (���2 + 
X)
�2�
/2 
 (���2 + 
)X)

�
�

Its roots

/1�2 = �
�
���2 + 
X� /3�4 = �

�
���2 + 
)X

differ from the two-dimensional case only by the formula ���2 = +21 + +22 , the
appropriate version of �2 there. We introduce the complex roots

� 	
�
���2 + 
X and � 	

�
���2 + 
)X

in the same way as in (5.3.6) with the obvious change of + by ���. The
solutions ��(X� �� �) with ��(X� �� �) � 0 for � � +� are characterized by
the roots 
� and 
�. Independent eigenvectors for 
� are (+2�
+1� 0)�

and (+2�� +1�� 2
+1+2)� while for 
� we have the eigenvector (+1� +2� �)�.
Therefore the solution has the form

��(X� +1� +2� �) = 51&��*
$�����& +2
+1

0

�������+ 52&��*
$�����& +2�
+1�

2
+1+2

�������+ 53&��*
$�����&+1+2

�

������� �
We are searching for a solution with the boundary condition

��(X� �� 0) = ��(X� �)�

This leads to the system of linear equations$�����& +2 +2� +1

+1 +1� +2
0 2
+1+2 
�

�������
$�����&5152
53

������� = ���
This system has the solution

53 = 
�1 + ��3



� 52 =
��1 + ���2�3

2+1+2

� 51 =

�E1 
 +2�52 
 +153
+2

with the abbreviations

�1 = +1 �E1 + +2 �E2� �3 = 
 �E3� 
 = ��
 ���2�
After some calculation we finally arrive at the following expression of the
solution


��1 =
)�

 + +21

� �E1 + +1+2 �E2 + 
+1� �E3

*
&��* + 
+1�0&

��*�


��2 =
)
+1+2 �E1 +

�

 + +22

� �E2 + 
+2� �E3

*
&��* + 
+2�0&

��*�


��3 = [
+1� �E1 + 
+2� �E2 + (
 
 ��)�E3] &��* 
 ��0&
��*

(5.3.22)
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with

�0 = 
+1 �E1 + 
+2 �E2 
 � �E3�

Denoting the coefficients at &��* in the rows of (5.3.22) by 
�1��1, 
�1��2

and 

�1(+1�1 + +2�2) and defining �3 = 
�1�0 we get

��1 = ��1&
��* + 
+1�3&

��*���2 = ��2&
��* + 
+2�3&

��*���3 = (
+1�1 + 
+2�2)&��* 
 ��3&
��*�

(5.3.23)

Conversely, it holds

�E1 = ��1 + 
+1�3� �E2 = ��2 + 
+2�3 and �E3 = 
(+1�1 + +2�2)
 ��3�

Hence it is easy to see that

� �E1�2 + � �E2�2 =���2���1�2 + ��2�2
�

+ 2 Im
�
�(+1�1 + +2�2)�3

�
+ ���2��3�2�

(5.3.24)

After some extended calculation similar to that presented below for the
general case we arrive at the expression

���2) =
-

1 + .

�
�3

6�
1
2�2X+ 2�1���2

���3�2

+ 1
2

�
�2X+ �1���2

����1�2 + ��2�2
�

+ 3
2�1�+1�1 + +2�2�2


 2Re
�


����2 + ��

�
(+1�1 + +2�2)�3

� 7
!� !X

(5.3.25)

for the energy norm. For the bilinear form we get

��̇���� +,(���) =
1
�1
Re
�
�3

6 �

X�+ 4�1���2

�
�3�3

+
�

X�+ �1���2

�
(�1�1 + �2�2)

+ 3�1(+1�1 + +2�2) (+1�1 + +2�2)

+ 1
�1

(+1�2 
 +2�1) (+2�1 
 +1�2)

+
�
X
 2


�
��+ ���2�� (+1�1 + +2�2)�3


 �X
 2

�
��+ ���2�� �3 (+1�1 + +2�2)

7
!� !X

(5.3.26)

with � = 
�1[
+1� 
+2�
�]�43. This can be simplified to
��̇���� +,(���) =

1
�1
Re
�
�3

)
2
�(�1+1 + �2+2)
 �3

�

X+ 2���2�*
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� �43 !� !X�
Let us define the notation

� 	 [G1� G2]� G� =
��

�3
� ' = 1� 2� �new 	

���X� � (5.3.27)

� 	
�
��new�2 + 
 = �1 + 
�2�

� 	
�
��new�2 + 
) = �1 + 
�2 with

�1�2 =

����new�4 + 1� ��new�2
2

� �1�2 =

����new�4 + )2 � ��new�2
2

�

� 	 1
2

���2�+ �1��new�2
� ���2 + 3

2 �1�� � �new�2
+ 2 Im

��
��+ ��new�2

�
� � �new

�
+
�

1
2�2 + 2�1��new�2

�
and use the old symbol � instead of �new in the sequel. Then the constants
 � , ' = 0� 1� 2, are the solutions of the problems

 2
1 =

�1

2
sup
	��2

���2

����2���2 
 2Re(� � � 
�) + ���2� 52� 1
2

� ���
�

� (5.3.28)

 2
2 =

�
�1

2
sup
	��2

���2

����2���2 
 2Re(� � � 
�) + ���2� 51� 1
4

�
�

� (5.3.29)

 2
0 =

1
2

sup
	��2

���2

��2�(G1+1 + G2+2)
 1 + 2
���2��2�
51
�

1
4

��
�1 + 52

�
1
2

� ����1

�
�
� (5.3.30)

Here we use the change of variables

����1(+1G1 + +2G2) 	 11
����1(
+2G1 + +1G2) 	 12 � i.e.

G1 = ����1(+111 
 +212)�
G2 = ����1(+211 + +112)�

and �G1�2 + �G2�2 = �11�2 + �12�2�
(5.3.31)

Then both optimization problems (5.3.28) and (5.3.29) have the form

sup
���2

���2

����2 ��11�2 + �12�2
�
 2���Re(
�11) + ���2� �(���)
���(�� 11� 12)

with

���(��  1� 12) = 1
2

�
�2 + �1���2

� ��11�2 + �12�2
�

+ ���2 3
2 �1�11�2
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+ Im
��
��+ ���2�11�+

�
1
2�2 + 2�1���2

�
and �(���) = 1

2�152
�

1
2

���� or �(���) = 1
2

�
�151

�
1
4

�
for  1,  2, respectively.

The optimization in 12 is in fact performed in �12�2. The optimum can
be achieved only for 12 = 0 or �12� = +�. For �12� = +� the result is

(2 	 sup
�����+

���2�(���)
1
2 (�2 + �1���2)

= sup
���+

2
�

2 �
��
�
��

�+
�

1 + �2

=

$%&52
�

1
2

�
�1 = 46�1 for  1�

51
�

1
4

��
2�1 = 8

�
6�1 for  2�

For 12 = 0 the optimum is achieved at

(1 	 sup
���2

+��

����2�1�2 
 2���Re(
� � 1) + ���2� �(���)
���(�� 1)

�

where

���(�� 1) =
�

1
2 �2 + 2�1���2

��1�2 + 2 Im
��
��+ ���2�1�

+
�

1
2�2 + 2�1���2

�
�

(5.3.32)

The optimal value for the respective constant is max�(1� (2�.
The change of variables (5.3.31) and the notation (5.3.32) lead to

 2
0 =

1
2

sup
+��
���2

+

��2�1
 1 + 2
���2��2�
51
�

1
4

��
�1 + 52

�
1
2

�
�1���

�
���(�� 1)

(5.3.33)

because the optimal 12 is equal to 0. The calculations of (1 or 0 in (5.3.33)
are the same as the corresponding calculations in the two-dimensional case,
if P = ����1 is taken and 51

�
1
2

�
is replaced by 52

�
1
2

�
. Hence the only differ-

ence to the two-dimensional situation is the necessity to take max�(1� (2�
in the calculation of  1. In Figures 5.3 and 5.4 the computed dependence
of �� on - and . is depicted.
As in the two-dimensional case it is possible to optimize with respect

to the Young modulus - by an appropriate rescaling of the time variable.
The resulting bounds depend on . only; they are compared to their values
for the two–dimensional case in Figures 5.5 and 5.6.
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Figure 5.3: Upper bound for the coefficient of friction in dependence on the
modulus of viscosity (-) and the viscous Poisson ratio (.) for 0 � . � 0�5.

5.3.3 The case of a general dimension

Motivated by the form of the solution in three dimensions we assume that
the solution for dimension � 
 4 has the form��� = ���&

��* + 
+���&��*� ' = 1� � � � � � 
 1���� = 
����1 � �&��* 
 ���&
��*

(5.3.34)

with ����1 	 (�1� � � � � ���1)� and

�� = (
�)�1

�

 �E� +

��1�
�=1

+�+� �E� + 
+�� �E�

�
� ' = 1� � � � � � 
 1�

�� = 
�1

�
��1�
�=1


 +� �E� 
 � �E�

�
�

Using this representation in the differential equations and the boundary
conditions we prove that this is indeed the case. The boundary conditions
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Figure 5.4: Upper bound for the coefficient of friction in dependence on the
modulus of viscosity (-) and the viscous Poisson ratio (.) for 
1 � . � 0.
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Figure 5.5: Optimal upper bound for the coefficient of friction in depen-
dence on the viscous Poisson ratio . � )0� 1

2

�
.

are equivalent to

�E� = ��� + 
 +��� � ' = 1� � � � � � 
 1��E� = 
 � � ����1 
 ��� �
(5.3.35)

In order to calculate � � �) we first compute

�div(�) =
�
�2 
 ���2� ��&��*�

�&��(�) = 
�+���&��* 
 +2� ��&��*� ' �= ��
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Figure 5.6: Optimal upper bound for the coefficient of friction in depen-
dence on the viscous Poisson ratio . � (
1� 0].

�&��(�) = 

�(����1 � �)&��* + �2��&
��*�

2�&��(�) = 
�(+��� + +���)&��* 
 2+�+���&��*� '� * �= ��
2 �&�� (�) = 
 �+�����1 � � + �2��

�
&��* 
 2
�+���&��*� ' �= ��

The integrals 	( ) 	 

�+
� �2 !�� are

	
�
�div(�)

�
= 1

2)�2X��� �2�

	
�
�&��(�)

�
=
+2� ���� �2

2�1
+
+4� ��� �2

2�1

 2Re


�+3� ����

�+ �
� ' �= ��

	
�
�&��(�)

�
=
���2�����1 � ��2

2�1
+
��2�� �2

2�1

 2Re


�(����1 � �)�2��

�+ �
�

	
�
�&��(�)

�
= ���2 +

2
� ����2 + +2� ��� �2 + 2+�+�Re(����)

8�1

+
+2� +

2
� ��� �2
2�1


 +�+�Re
�

�

(+��� + +���)��
�+ �

�
� '� * �= ��

	
�
�&�� (�)

�
=
+2� �� � ����1�2 + ��2�� �22+�Re

�
�2��� � ����1

�
8�1

+
+2� ���� �2

2�1

 +�Re

 


�
+��

�
��1 � � + �2��

�
���

�+ �

!
� ' �= ��
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Hence

��1�
���=1

	
�
�&��(�)

�
=
���2
4�1

���2 )�����1�2 + �����1 � ��2
*
+
���4
2�1

��� �2


 2���2Re
�

�����1 � ���

�+ �

�
�

��1�
�=1

	
�
�&�� (�)

�
=
���2�����1 � ��2 + ���4�����1�2 + 2Re(�2)�����1 � ��2

8�1

+
���2���� �2

2�1

Re

 


����2����1 � � + �2����1 � �

�
���

�+ �

!
�

and therefore

��
���=1

	
�
�&��(�)

�
= 1

2

) �
�2X+ �1���2

� �����1�2 + 3�1�����1 � ��2

+
�
�2)X+ 4�1���2

� ��� �2*
 2Re
)


����2 + ��

�
(����1 � �)��

*
�

Summing this with 	(div(�)), we see that the norm ���) has the form
(5.3.25) with the appropriate � -dimensional variant of �����1�2 	 ��1�2 +
� � �+ ����1�2 and ����1 � � 	 �1+1 + � � �+ ���1+��1. Naturally, this holds
also for the appropriate general version of the bilinear form (5.3.26). It is
easy to generalize (5.3.24) to the expression

� �E1�2 + � � �+ � �E��1�2 =���2�����1�2 + ���2��� �2
+ 2 Im

�
�(� � ����1)��

�
�

(5.3.36)

For the solution � of (5.3.1) with the Dirichlet boundary condition � =
(0� � � � � 0� 4�) on �� � �0� holds

��̇���� =

= Re
�

1
�1


�
��

X
�

�2�

�
��1 � � 
 
��1�� + 
���2��

�
4� !� !X

�
�

,(���) =

= 
Re
�

1
�1


�
��

�


�
�2X+ 4�1���2 
 2����2 
 2���2������1 � �


2
����2 + ��

����2�� +
�
�2X+ 4�1���2

�
���

� �4� !� !X��
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This leads after some calculation to the expression

��̇���� +,(���) =

=
1
�1
Re

��
��

)
2
�(����1 � �)
 ��

�

X+ 2���2�*�4� !� !X� � (5.3.37)

As above we derive the optimization problems (5.3.28)-(5.3.30) with the
corresponding �–dimensional generalizations of �, � and � = ����1F�� �
���1 (c.f. (5.3.27)). Let us take an orthonormal basis �"� ; ' = 1� � � ��
1�
of ���1 such that "1 = �

Æ��� for a fixed � �= 0. Then � =
��1�
�=1

1�&� with

1� = (�� "�), ' = 1� � � � � � 
 1, and for  	 [11� � � � � 1��1] the identity
���2 = � �2 holds. Since the expression �12�2+� � �+�1��1�2 can be handled as
�12�2 in the three-dimensional case, the optimization problems to calculate
the constants  � , ' = 0� 1� 2, are the same as earlier and their values differ
from their three-dimensional variants only via the dimension-dependent
constant 5��1

�
1
2

�
. Again it is possible to rescale the time variable and

eliminate the dependence of �� on -.

5.3.4 The non-homogeneous case

As in the static case (see the final remark of Section 3.1), the results pre-
sented above can be applied also to the case of non-homogeneous isotropic
material with a ���–smooth dependence of the viscous Young modulus -
and the Poisson ratio . on the space variables (and no dependence on the
time variable). It is advantageous to use the rescaling of the time variable
for the localized problems, because it is then possible to choose the opti-
mal time scaling for every local problem separately. Since the upper bound
for the optimal time scaling only depends on the viscous Poisson ration,
�� = ��(.), the global upper bound can be computed as the minimum

�� = inf
%���

��(.(�))

of the local bounds, depending on the corresponding Poisson ratios.

5.4 Thermo-viscoelastic problems

Friction is a dissipative term in the viscoelastic equation of motion. The
dissipated mechanical energy is not lost. It is transformed into thermal
energy. The existence theorems in dynamic contact problems are based
on the presence of a viscosity which can be interpreted as inner friction.
This term also dissipates mechanical energy into thermal energy. If these
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phenomena are included in the model, we must add a heat equation to the
viscoelastic system and we must formulate the coupling between these two
problems. The coupling terms describe the heat generated by boundary
friction (the frictional heat), the heat generated by viscous inner friction
(the viscous heat) and an additional term describing the mutual exchange
of energy between heat equation and viscoelastic system. We will find
therefore a deformation heat in the heat equation, and thermal stresses in
the viscoelastic system.
Let us first present the basic principles of the physics of thermoelastic

material. The model of thermo-viscoelasticity employed in this section is
based on the equations of motion

�̈� = ��%��(�� [)

and on the heat equation

�̇ = ��(5����[) + �

with displacement field �, temperature [, stress tensor %(�� [), internal
energy �, components of the (possibly anisotropic) heat diffusivity 5�� and
external heat source �. The constitutive relation is given by a linear thermo-
viscoelastic law of the Kelvin-Voigt type

%�� 	 %��(�� [) = �(0)����&��(�) + �(1)����&��(�̇)
 ���[�

� ' = 1� � � � � ��

(5.4.1)

where the tensor ��� describes the thermal stresses. Let us first study the

case of purely elastic behaviour, �(1)���� = 0. If we consider the simplest case

where the heat capacity is constant and coefficients �(0)���� and ��� do not
depend on the temperature, the density of free energy associated to the
system is

� = �(�� [) =
1
2
�
(0)
����&��(�)&��(�)
 ���[&��(�)
[ ln([)�

The corresponding entropy is

� = 
�K� = ���&��(�) + 1 + ln([)� (5.4.2)

and the internal energy reads

� = �+[� =
1
2
�
(0)
����&��(�)&��(�) +[�
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it is the sum of elastic and thermal energy. The second law of thermody-
namics can be written as �̇ = �̇F[ and therefore

�̇ = [�̇ = [̇ +[���&��(�̇)�

which leads to the heat equation

[̇ = ��(5����[) 
 ���[&��(�̇) + �� (5.4.3)

In the case of the included viscosity, there is the additional viscous dissipa-
tion �(1)����&��(�̇)&��(�̇). Due to its dissipative character, it is not added to
one of the thermodynamical potentials, but it is included as a heat source
in the heat equation, in order to satisfy the first law of thermodynamics.
The heat equation of thermo-viscoelastic material then reads

[̇ 
 ��(5����[) = �(1)���� &��(�̇)&��(�̇)
 ���[ &��(�̇)� (5.4.4)

We consider a thermo-viscoelastic contact problem with friction given
on a bounded domain � � �� , its boundary � is partitioned into the
measurable and mutually disjoint subsets �� , �� and �� , and the time
interval is 	� 	 [0� 
 ]. We use again the notation �� = 	���, (� = 	���
and its parts (9 � = 	� ��9 for Q = �� � �� . Then the thermo-viscoelastic
contact problem with Coulomb friction is the following:
Find a couple of displacement field and temperature [��[] satisfying the

differential equations

�̈� 
 ��%��(�� [) = ��� 
 = 1� � � � � �� in �� � (5.4.5)

[̇ 
 ��(5����[) = �(1)���� &��(�̇)&��(�̇)
 ���[ &��(�̇) in �� � (5.4.6)

the boundary value conditions

� = � on (�� � (5.4.7)


� (�� [) = � on (�� � (5.4.8)

5����[$� = M(\ 
[) on (�� � (�� � (5.4.9)

�̇
 � 0� %
 � 0� %
�̇
 = 0�

�̇� = � � �
�� � ��%
��
�̇� �= � � 
� = 
��%
� �̇���̇��

������� on (�� � (5.4.10)

5����[$� = ��%
���̇��+M(\ 
[) on (�� � (5.4.11)

and the initial conditions

�(0� �) = �0(�)� �̇(0� �) = �1(�) and [(0� �) = [0(�)
for � � �� (5.4.12)
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We assume that the coefficients �(G)���� satisfy the same symmetries as in
(5.1.3) and the same boundedness and ellipticity conditions as in (5.1.4).
The tensor ����� of thermal expansion will be symmetric, Hölder continuous
with respect to the space variable and globally bounded. The thermal
conductivity tensor 5�� is also assumed to be symmetric and elliptic. Since
different particular models treated in the sequel are mutually distinguished
by further properties of this tensor, we do not get into more details here.
The “right-hand side” of equation (5.4.6) represents the respective heat

source created by viscosity (the viscous heat) and deformation of the ma-
terial (the deformation heat), as described earlier. The first term on the
“right-hand side” of (5.4.11) is the source created by friction, the frictional
heat.
Let us introduce the following sets of admissible functions

� :=
=
� ��1�2� 1(�� ); ��,�� = �̇ �,�� and 4
�,�� � 0

>
(5.4.13)

and

� := #1�2� 1(�� )� (5.4.14)

A weak solution to the thermo-viscoelastic contact problem with friction
is a pair (�� [) such that �̇ belongs to � , [ to �, [̇ to �� and �̈ to=
� ��1�2�1(�� ); � = 0 on (��

>�
, the initial conditions

�(0� �) = �0� �̇(0� �) = �1� and [(0� �) = [0

are satisfied and the variational formulation of the contact part and the
variational equation of the heat transfer part of the problem simultane-
ously hold. The variational inequality of the contact part of the thermo-
viscoelastic contact problem with friction is given by9

�̈�� 
 �̇
:
��

+
�
��

�
�(0)(��� 
 �̇) + �(1)(�̇�� 
 �̇)


 ���[ &��(� 
 �̇)
�
!� !�

+
�
,�

��%
(�� [)������ 
 ��̇��� !1� !� 
 � (� 
 �̇)

(5.4.15)

for all � � � . Here we have used the usual bilinear forms of elastic energy
and viscous energy dissipation

�(G)(���) = �(G)����&��(�)&��(�)� Y = 0� 1�

and the linear functional

� (�) =
�
��

� � � !� !�+
�
,��

� � � !1� !��
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The variational equation of the heat transfer part of the problem is defined
by 9

[̇� 9
:
��

+
�
��

(5����[��9+ ���[ &��(�̇)9) !� !�

+ �M([ 
 \ )� 9�,�
=
�
��

�
(1)
����&��(�̇)&��(�̇)9!� !�

+
�
,��

��%
(�� [)���̇��9!1� !�

(5.4.16)

for all 9 � �.
Let us briefly show that the employed model is thermodynamically con-

sistent. For simplicity of the presentation we shall assume �� = �, because
in this case the contribution of boundary terms (transport of energy and
entropy across the boundary) can be understood more easily. The conser-
vation of energy (the first law of thermodynamics) follows by using the test
functions � = �̇L(�0�� ) and � = (1 + L(0��0))�̇ in (5.4.15) and 9 = L(0��0) in
(5.4.16), where L� denotes the characteristic function of � . Combining
both results we observe that the coupling terms (viscous heat, deformation
heat and frictional heat) cancel and we obtain�




�
1
2
��̇(�0)�2 +

1
2
�
(0)
����&��(�(�0))&��(�(�0)) +[(�0)

�
!�

=
�



�
1
2
��1�2 +

1
2
�
(0)
����&��(�0)&��(�0) +[0

�
!�

+
�
�#0

� � �̇ !� !�+
�
,#0

(� � �̇
M([ 
 \ )) !1� !��

Hence the total energy of the system, consisting of the sum of kinetic en-
ergy






1
2 ��̇�2 !�, elastic energy






1
2�

(0)
����&��(�)&��(�) !�, and total heat




[ !�, at time �0 is equal to initial energy plus energy supplied to the

system. The latter is given as a sum of outer forces multiplied with the dis-
placement velocities, integrated over time (work = integral of power over
time, power = force times velocity)�

�#0

� � �̇ !� !�+
�
,#0

� � �̇ !1� !�

and external heat flux into the domain,�
,#0

M(\ 
[) !1� !��
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Here the frictional heat is not considered as an external energy source,
because it is created by energy already present in the system. The second
law of thermodynamics is obtained with the test function 9 = L(0��0)[

�1

in the heat equation (5.4.16). The result is�



(ln([(�0)) + ���&��(�(�0))) !� =
�



(ln([0) + ���&��(�0)) !�

+
�
�#0

 
5����[��[

[2
+
�
(1)
����&��(�̇)&��(�̇)

[

!
!� !�

+
�
,#0

�
��%
(�� [)���̇��

[
+
M(\ 
[)

[

�
!1� !��

The density of entropy is given by � = ln([) + ���&��(�); see (5.4.2) (the
constant term 1 there can be neglected). Hence, according to the previous
equation, the entropy at time �0 is equal to the initial entropy plus the en-
tropy produced by heat diffusion



�#0
[�25����[��[ !� !� plus the entropy

produced by viscous heat


�#0
[�1�

(1)
����&��(�̇)&��(�̇) !� !� plus the entropy

flux accross the boundary


,#0
[�15����[$� !1� !�. Due to the physical re-

quirement [ � 0, both entropy production terms in the second line of the
previous formula are in fact non-negative.
In this section we study the solvability of thermo-viscoelastic contact

problems. The main difficulty consists in the coupling terms (viscous heat,
deformation heat and frictional heat) on the “right-hand side” of (5.4.6)
which have a quadratic growth, while the “left-hand side” is only linear.
The limited regularity of solutions to the dynamic contact problem with
Coulomb friction studied in the previous sections does not allow solving
such a system by means of the variational methods employed throughout
this book in the original form. In order to proceed, some simplifications of
the model will be necessary.
Basically there are two possible approaches to solve this kind of problem:

� the fixed-point approach, where a fictitious given temperature [(0)

replaces the real temperature [ in (5.4.5). The mechanical and ther-
mal problems are solved separately and we seek a fixed point of the
composition of the corresponding operators;

� the energetic approach, where the whole system is treated; we derive
some very weak a priori estimate coming from the energy conservation
and we improve them in subsequent steps.

We shall employ these two approaches in the next subsections. In the sec-
ond approach the compensation of deformation heat and sometimes also
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of viscous heat leads to weaker conditions on the growth of the heat dif-
fusivity than the compensation of the frictional heat. In order to obtain
optimal results we also introduce a non-linear dissipation of energy along
the boundary, described by a function �([). A possible physical source of
this term could be a simplified model of heat radiation. The corresponding
boundary condition then is

5����[$� = ��%
���̇��+M(\ 
[)
�([) +�(\ )�

Here � will be an increasing function with certain growth properties.

5.4.1 Fixed-point approach

We apply this approach to a linearized version of the above described sys-
tem. The equation (5.4.5) is preserved in the original form while the heat
equation is linearized around a given reference temperature �[ and zero
displacement velocities. The linearized equation then reads

[̇ 
 ��(5����[) = 
!���� �̇� in �� (5.4.17)

with !�� = �[ ��� . The viscous heat cancels due to the linearization around
�̇ = 0. In the boundary conditions the frictional heat cannot be linearized,
because it is not smooth. However, in order to enable the existence proof
and to be in harmony with the linear structure of the other term, we lin-
earize the growth of the frictional heat. This is done by replacing condition
(5.4.11) with

5����[$� = B(����%
�� ��̇��) +M(\ 
[) on (�� � (5.4.18)

where the functional B 	 B(����%
�� ��̇��) is monotone in the second and
third argument and satisfies the growth condition

B(�� �� �) � 5(1 + ���+ ���) (5.4.19)

with some constant 5 � �. In addition, the operator� : (�� �) �� B(�� �� �)
is assumed to satisfy the continuity relation

� (�
� �
)8� (�� �) in ��((�� ) (5.4.20)

for some � � 2
 2F(2 +�) if �
 8 � in �2((�� ) and �
 � � in �2((�� ).
Moreover, if both former convergences are strong, then the convergence in
(5.4.20) is assumed to be strong, too. A function having such a continuity
property is for example given by

B : (�� �� �) �� =(�� �)� +#(�� �)
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where # and = satisfy the usual Carathéodory condition, = is uniformly
bounded and �#(�� �)� � 51���+ 52, 5� � �� ' = 1� 2.
The initial conditions (5.4.12) and the remaining boundary value con-

ditions (5.4.7), (5.4.8) (5.4.9), and (5.4.10) remain unchanged. Since we
need the uniqueness of the solution to the appropriate penalized version of
the problem, we assume the coefficient of friction to be independent of the
solution throughout this subsection. The heat diffusivity is assumed to be
elliptic and bounded,

50+�+� � 5��+�+� � �0+�+�� � � �� � � � ��
with 0 � 50 � �0 � +�� (5.4.21)

A weak solution of this linearized thermo-viscoelastic contact problem is a
pair of functions (�� [) with �̇ � � , �̈ � �� with

� := �1�2� 1(�� ) 	
=
4 ��1�2� 1(�� ) ; � = 0 on (��

>
� (5.4.22)

[ � �, [̇ � ��, which satisfy the initial conditions �(0� �) = �0, �̇(0� �) =
�1, and [(0� �) = [0 such that9

�̈�� 
 �̇
:
��

+,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)


 ����[� &��(� 
 �̇)���
+ ���%
(�� [)�� ���� 
 ��̇���,��


 � (� 
 �̇)

(5.4.23)

holds for all � � � and9
[̇� 9

:
��

+ �5����[� ��9���
+ �!���� �̇�� 9���

+ �M([ 
 \ )� 9�,�
= �� (��%
(�� [)�� ��̇��)� 9�,��

(5.4.24)

is satisfied for all 9 � �. The bilinear forms ,(0) and ,(1) are defined in
(5.1.11). Of course, due to the extensive linearizations carried out here the
presented model is no longer thermodynamically consistent.

5.4.1.1 Approximate problem

In order to solve this problem, we first penalize the Signorini contact con-
dition in (5.4.10) by the condition %
(�) = 
1

�
[�̇
]+ like in the preceding

sections. The resulting penalized contact problem for a given temperature
[(0) is formulated by the following variational inequality:
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Find a function � with �(0� �) = �0, �̇(0� �) = �1, �̇ � �̇ + �, and
�̈ � ��, such that for all � � � + � there holds9

�̈�� 
 �̇
:
��

+,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)



?
���[

(0)� &��(� 
 �̇)
@
��

+
?
1
�
[�̇
]+ � 4
 
 �̇


@
,��

+
?
�1
�
[�̇
]+� ���� 
 ��̇��

@
,��


 � (� 
 �̇)�

(5.4.25)

In the heat equation the only change concerns the heat generated by fric-
tion. The penalized heat equation is:
Find a function [ � � with [̇ � ��, [(0� �) = [0 such that for all

9 � �9
[̇� 9

:
��

+ �5����[� ��9���
+ �!���� �̇�� 9���

+ �M([ 
 \ )� 9�,�
=
?
�
�
�1
�
[�̇
]+� ��̇��

�
� 9
@
,��

�
(5.4.26)

A solution of the coupled problem consisting of the contact problem
(5.4.25) and the modified heat transfer problem (5.4.26) will be constructed
as a fixed point: Let [(0) � � be a fixed temperature field. Then the
problem (5.4.25) with this [(0) defines a displacement field � = �

�
[(0)

� �
�. We denote the solution operator [(0) �� � by ]1. An other operator ]2

is defined by the heat transfer problem: if the displacement field � is given,
we obtain a function [ = ]2(�). If the problems (5.4.25) and (5.4.26) are
uniquely solvable, i.e. ]1 and ]2 are single-valued, then by this procedure
a single-valued operator

> = ]2 Æ]1 (5.4.27)

is defined, and a solution of the approximate thermo-viscoelastic contact
problem is given by a fixed point of this operator and the corresponding
solution � of the contact problem. In order to prove the existence of such
a fixed point, we apply Theorem 2.1.21 (Schauder’s fixed-point theorem).
We start with the existence result for the approximate contact problem.

Often in the sequel the dependence of constants arising in estimates on
the data of the problems is important. If a constant 5 depends on the
geometry of the domain and the coefficients �(G)����, ��� , !�� , � at most, then
this dependence is indicated by 5 = 5(� ). If a constant depends on the
given data �0, �1, [0, � , \ , then we write 5 = 5(
 ). The dependence on
other quantities, in particular the penalty parameter ?, will be separately
indicated.
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5.4.1 Proposition. Let Assumption 5.1.1 be satisfied and ��� � ��(�) for

� ' = 1� � � � � � . Let [(0) � �2(�� ) be a fixed temperature field. Then the
approximate contact problem (5.4.25) has a unique solution which satisfies
the a priori estimates

��̇�2��( � ;�2(
)) + ��̇�2�2( � ;�1(
)) � 51(� )
��[(0)

��2

�2(�� )

+ 52(� )
�
�� �2�2( � ;�1(
))� + ��0�2�1(
) + ��1�2�2(
)

� (5.4.28)

and

��̇�2
�1�2�1(�� )

� 53(
 )
��[(0)

��
�2(�� )

+ 54(
 )� (5.4.29)

The solution � depends continuously on the temperature: if �(1) and �(2)

are two solutions with corresponding temperature fields [(0)
1 and [(0)

2 , then����̇(1) 
 �̇(2)
���
�1�2� 1(�� )

� 54(?�� )
���[(0)

1 
[(0)
2

���
�2(�� )

� (5.4.30)

Proof. The existence of the solution and the a priori estimate (5.4.29) is
a result just proved as a combination of Theorem 5.1.2 and Remark 1 to
Theorem 5.1.8. There the heat deformation � �� ����[(0)� &��(�)��� is
interpreted as part of the linear functional; its �2(	� ;#1(�)�

�
norm is

obviously bounded by 5(� )�[(0)��2(�� ). In order to prove the continuous
dependence (5.4.30), we assume that �(1) and �(2) are two solutions with
corresponding temperature fields [(0)

1 and [(0)
2 . We fix a time �0 � 0 and

define the test functions �(�), � = 1� 2, by �(1) = �̇(2) and �(2) = �̇(1) for
� � 	�0 	 (0� �0) and �(�) = �̇(�) for � � �0. Employing the test function

�(�) in the inequality with solution �(�) and temperature [(0)
� and adding

the results for � = 1� 2, we obtain

�����̇(1) 
 �̇(2)
�
(�0)

���2

�2(
)
+
������̇(1) 
 �̇(2)

����2

�2( #0

)

� 5(� )
����[(0)

1 
[(0)
2

���
�2( #0

)

����̇(1) 
 �̇(2)
���
�2((0��0);�1(
))

+�����(��)
1
�

����̇(1) 
 �̇(2)
���2

�2( #0
��)

�
�

In order to estimate the �2(	�0 � ��) norm we use the trace theorem
#2�3(�) � �2(��). This, the interpolation inequality

�4�2$2�3(
) � 51(� )�4�2�3�2(
)�4�
4�3
$1(
)

� 52(N�� )�4�2�2(
) + N�4�2$1(
)
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with sufficiently small N � 0 and an obvious simplification yield�����̇(1) 
 �̇(2)
�
(�0)
���2

�2(
)
+
����̇(1) 
 �̇(2)

���2

�2( #0 ;�1(
))

� 51(� )
���[(0)

1 
[(0)
2

���2

�2( #0

)

+ 52(?�� )
� �0

0

�����̇(1) 
 �̇(2)
�
(�)
���2

�2(
)
!��

(5.4.31)

Application of the Gronwall lemma leads to�����̇(1) 
 �̇(2)
�
(�0)
���2

�2(
)
� 51

���[(0)
1 
[(0)

2

���2

�2((0��0)

)
&A2(���)�0 �

Combined with estimate (5.4.31) this yields����̇(1) 
 �̇(2)
���2

�2( � ;�1(
))
� 5(?�� )

���[(0)
1 
[(0)

2

���2

�2(�� )
� (5.4.32)

This inequality is completed by an appropriate dual estimate: As usual

we choose a test function � � �2

�
	� ; ��

1
(�)
�
with vanishing boundary

values. Using the test functions � = �+ �̇(1) in (5.4.25) with solution �(1),
� = 
� + �̇(2) in (5.4.25) with solution �(2) and adding the results yields����̈(1) 
 �̈(2)

���
�2( � ;��1(
))

� 51(� )
����̇(1) 
 �̇(2)

���
�2( � ;�1(
))

+ 52(� )
���[(0)

1 
[(0)
2

���
�2(�� )

�

because the boundary terms vanish. We use again the standard interpola-
tion and get

���2$1�2( � ;�2(
)) � 5(� )����2( � ;�1(
))���$1( � ;��1(
))�

Hence from (5.4.32) we obtain also����̇(1) 
 �̇(2)
���2

$1�2( � ;�2(
))
� 5(?�� )

���[(0)
1 
 [(0)

2

���2

�2(�� )

and the continuity relation (5.4.30) is proved. The uniqueness of the solu-

tion follows directly from this estimate with [(0)
1 = [(0)

2 .

For the heat equation the following existence and uniqueness result is
valid:
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5.4.2 Proposition. Let �̇ ��1�2�1(�� ) be a fixed displacement velocity,
� be a bounded Lipschitz domain, the coefficients 5�� � ��(�), 
� ' =
1� � � � � � , be symmetric, bounded and elliptic. Let the coefficients of thermal
expansion !�� � ��(�) be bounded and symmetric, \ � �2

�
	� ;#�1�2(� )

�
and [0 � �2(�). Let, moreover, the coefficient of heat exchange M and the
coefficient of friction be bounded and non-negative. Then the approximate
heat transfer problem (5.4.26) has a unique solution which satisfies the a
priori estimate

�[�2��( � ;�2(
)) + �[�2$1�2� 1(�� ) � 51(� )�+ 52(� ) with

� 	 ��̇�2�2( � ;�1(
)) +
������1

�
[�̇
]+ � ��̇��

����2

�2(,�� )

+ �[0�2�2(
) + �\�2�2( � ;$�1�2(� ))

(5.4.33)

with constants 51, 52 independent of [0, \ and ?. The solution [ de-
pends continuously on the displacement velocity: if �̇(�) converges to �̇

in �1�2� 1(�� ) and [(�), [ are the corresponding solutions of the heat
transfer problem, then [(�) converges to [ in #1�2� 1(�� ).

Proof. The existence of solutions is proved by the usual Galerkin method.
Let �4�� be a basis of #1(�) being �2(�)-orthogonal and

�� 	
'

(���) ��
��
�=1

G�(�)4�(�) ; G� � ��(	� )� 
 = 1� � � ��� (���) � ��

5
�

Then
"+�

�=1�� is dense in �2

�
	� ;#1(�)

�
. A Galerkin solution [� of the

approximate heat transfer problem is a function from �� which satisfies
the Galerkin equations

9
[̇�� 9

:



+ �5����[�� ��9�
 + �!���� �̇�� 9�

+ �M([� 
 \ )� 9�� =

?
�
�
�1
�
[�̇
]+� ��̇��

�
� 9
@
��

�
(5.4.34)

As usual, such a system of ordinary differential equations is solved by means
of the standard results concerning its Carathéodory solutions. If we inte-
grate the Galerkin equation (5.4.34) in time over 	� with the test function
9(�) = [�(�) for � � �0 and 9(�) = 0 for � � �0 and employ the ellipticity
of the tensor 5�� as well as the trace theorem for �2

�
	� ;#1(�)

�
, we obtain



338 Chapter 5. Dynamic contact problems with Coulomb friction

the estimate

�[�(�0)�2�2(
) + ��[��2�2(�#0 )

� 5(� )
�
��̇�2�2( #0 ;�1(
)) + �[��2�2(�#0 ) + �[0�2�2(
)

+ �\�2�2( � ;$�1�2(� )) +
���� �

�1
�
[�̇
]+� ��̇��

����2

�2(,�� )

� (5.4.35)

with constant 5(� ) independent of ?, �, [� and �0. Application of the
Gronwall lemma yields

�[��2��( � ;�2(
)) + �[��2�2( � ;$1(
))

� 5(� )
�
��̇�2�2( � ;�1(
)) + �[0�2�2(
)

+ �\�2�2( � ;$�1�2(� )) +
���� �

�1
�
[�̇
]+ � ��̇��

����2

�2(,�� )

� (5.4.36)

with 5(� ) independent of ?, � and [�. From the condition B(�� �� �) �
5 (1 + ���+ ���) follows���� �

�1
�
[�̇
]+� ��̇��

����2

�2(,�� )
� 51(?�� )��̇�2�2( � ;�1(
)) + 52(?�� )�

where the constants 51(?�� ) and 52(?�� ) are independent of�, [�, and �̇.
Consequently, there exists a sequence ���� converging to +� and a corre-
sponding sequence [��

of solutions to the Galerkin equations converging to
a limit function [ weakly in �2

�
	� � #

1(�)
�
such that [��

(
� �)8 [(
� �)
in #1(�). Passing to the limit �� � +� we prove in a standard way that
[ is a solution of (5.4.26). This solution also satisfies the a priori estimate
(5.4.36). By taking a test function 9 � �2

�
	� ; #̊1(�)

�
in the variational

equation the dual estimate

�[̇��2( � ;$�1(
)) � 51(?�� )��̇��2( � ;�1(
))

+ 52(?�� )�[��2( � ;$1(
))

is verified. Interpolation with [ � �2

�
	� ;#1(�)

�
completes the proof of

the a priori estimate (5.4.33).
In order to verify the uniqueness of the solution, we assume that [(1)

and [(2) are two solutions. Employing the test function � defined by � =
[(1)
[(2) for � � �0 and � = 0 for � 
 �0 into the variational equation with
solution [(1), the test function 
4 into the equation with solution [(2) and
adding the results yields

���[(2) 
[(1)
�
(�0)
��
�2(
)

= 0 for all �0 � 	� .
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It remains to show the continuous dependence of the solution on the dis-
placement velocities. Let �̇(�) be a sequence converging to �̇ in�1�2� 1(�� )
and let [(�), [ be the solutions of the heat transfer problem with velocities
�̇(�), �̇. Then the inequality���[(�) 
[

���2

�2( � ;$1(
))
� 51(?�� )

����̇(�) 
 �̇

���2

�2( � ;�1(
))

+ 52(?�� )
���^��̇(�)

�
^ (�̇)
���
�2�2�(�+2)(,�� )

�

�
���[(�) 
[

���
�2+2�� (,�� )

(5.4.37)

with the abbreviation ^(�) = �
�
�1
�
[�
]+� ����

�
can be derived. Due

to the continuity condition for the operator � and to the fact that the
trace of a function from #1�2� 1(�� ) on (� is an element of �2+2�� ((� ),
the right hand side of this inequality converges to 0, hence [(�) � [ in
�2

�
	� ;#1(�)

�
. Moreover, for ) � � the dual estimate���[̇(�) 
 [̇
���
�2( � ;$�1(
))

� 51(� )
����̇(�) 
 �̇

���
�2( � ;�1(
))

+ 52(� )
���[(�) 
[

���
�2( � ;$1(
))

is valid, hence there holds also [̇(�) � [̇ in the space �2

�
	� ;#�1(�)

�
.

The application of interpolation theorems as described above yields that
[(�) converges to [ in #1�2� 1(�� ).

With the help of the two preceding propositions the existence of solu-
tions of the approximate coupled thermo-viscoelastic contact problem can
be ensured.

5.4.3 Proposition. Let the assumptions of Propositions 5.4.1 and 5.4.2
be valid. Then there exists a solution of problem (5.4.25), (5.4.26). This
solution satisfies the a priori estimate

��̇�$1�2� 1(�� ) + �[�$1�2� 1(�� ) � 5(?�
 )� (5.4.38)

Proof. It is sufficient to show that the mapping > defined above satis-
fies the assumptions of Theorem 2.1.21 (Schauder’s fixed-point theorem).

We prove first that > maps an appropriate convex bounded set �(�0)
� 	=

4 � �2(��0); �4��2(�#0 ) � �
>
with � � 0 into itself. Here we take a

time interval 	�0 	 [0� �0] for an appropriate �0 � 	� chosen below and
��0 	 	�0 ��. Let [(0) be an initial temperature field, � be the solution
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of problem (5.4.25) with [ = [(0) and [ 	 >�[(0)
�
. Inserting the esti-

mate (5.4.28) for the displacement velocities and time interval 	�0 into the
a priori estimate (5.4.35) of the heat equation yields the inequality

�[(�)�2�2(
) � 5(� )
�
�[�2�2(�#)

+
���[(0)

���2

�2(�#)
+ �� �2�2( � ;�1(
))�

+ �[0�2�2(
) + �\�2�2( � ;$�1�2(� )) + ��0�2�1(
) + ��1�2�2(
)

�
for every � � 	�0 . Here it is important that the constants remain bounded
for �0 � 0. This is indeed the case, because the constants in both (5.4.28)
and (5.4.35) do not depend on the length of the time interval, if this length
is uniformly bounded. Then the integration of the previous equation with
respect to time over 	�0 yields

�[�2�2(�#0 ) � 5(?�� )
�
�[�2�2(�#0 ) +

���[(0)
���2

�2(�#0 )

+ �� �2�2( � ;�1(
))� + �\�2�2( � ;$�1�2(� ))

+ �[0�2�2(
) + ��0�2�1(
) + ��1�2�2(
)

�
� �0

with 5 independent of �0, of the initial data �0, �1, of the boundary data \ ,
� and of the volume force � . If �0 is small enough, �0 � 
0 	 1F(25(?�� )),
then there exists a constant � � 0 such that for

��[(0)
��
�2(�#0 )

� � there
follows �[��2(�#0 ) � �. The ball �(�0)

� is a bounded, convex, closed sub-

set of �2(��0), and the mapping > : �2(��0) � [(0) �� [ � �2(��0) is
continuous. Moreover, from Propositions 5.4.1 and 5.4.2 the estimate

�[�$1�2�1(�#0 ) � 51(?�
 )
��[(0)

��
�2(�#0 )

+ 52(?�
 )

follows; this proves the complete continuity of >. Hence at least for a small
time interval with length �0 � 
0, the approximate thermo-viscoelastic
contact problem (5.4.25), (5.4.26) has a solution. However, the supre-
mum 
0 of admissible diameters of this time interval is independent of
the initial data; hence this consideration can be repeated iteratively for all
intervals [*�0� (* + 1)�0], * = 1� 2� 3� � � �, with the new initial data �(*�0),
�̇(*�0) and [(*�0) until the existence of the solution is proved for the whole
time interval [0� 
 ]. The a priori estimate (5.4.38) is a consequence of the
uniform boundedness of [ in �2(�� ) and of the inequalities (5.4.29) and
(5.4.33).
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5.4.1.2 Existence of the solution of the thermo-viscoelastic con-
tact problem

The existence of solutions to the original contact problem is proved by pass-
ing to the limit ?� 0 of the penalty parameter. Therefore it is necessary to
have a priori estimates which are valid uniformly with respect to the penalty
parameter. For the viscoelastic contact problem without consideration of
the temperature field such an estimate has been derived in Theorem 5.1.7
under the validity of Assumption 5.1.6. The only difference of our prob-
lem (5.4.25) is the appearence of the additional term � �� ����[� ��4����

in (5.4.25) as an additional volume force. The following theorem gives the
corresponding regularity result for such a volume force.

5.4.4 Lemma. In addition to the conditions of Theorem 5.1.7 let ��� �
���(�) with a "� � 1F2 and [ = [(0) � �2

�
	� ;#��(�)

�
be satisfied. Then

the solution � of problem (5.4.25) satisfies the regularity estimate

��̇��1�2� 1(�� ) + ��̇��1�2� 1(,�� ) +
���1
�
[�̇
]+

���
�2(,�� )

� 51�[��2( � ;$�(
)) + 52
(5.4.39)

with constants 51, 52 independent of ?, � and [.

Proof. It is sufficient to consider the terms that arise from the additional
functional � �� ����[� ��4���� in the proof of Theorem 5.1.7 by the shift
technique. After the localization technique and the local rectification of the
boundary we have terms of the type �H� �����, where H comes from ���[
and � = � � ���1 � �+ . We have to estimate terms of three different
types.
From the shift technique with respect to the tangential space variables

there arises the term�
���1

�
�

�����A
HA

�
�� �̆�

�
!� !� !��

The estimate of this term is rather easy. Employing the Fourier transform
with respect to the tangential space variables and the usual renormalization
procedure we obtain

Re

��
�

�
(

� (H ; �� �� �� )
+�� (�� �̆�; �� �� �� )5��1

�
1
2

���� !�� !� !��
� 5�H��2(�;$1�2(���1;�2(�+)))��̆���2(�;$3�2(())

with J = ���1 � �+ . Here the last factor can be bounded by the term
�1(��) defined in (5.1.52).
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In the shift technique with respect to the time variable we have to
distinguish between the normal and tangential derivatives of ���. For the
tangential derivative, that is, ' � �1� � � � � �
1�, the estimate is also rather
easy: �

�

�
�

�G��3�2A�HA�

�
�� �̆�

�
!� !� !�

= Re
��

�

�
(

� (H ;X� �� �� )
+�� (�̆�;X� �� �� )�

� 51
�

1
4

��X�1�2� !�� !� !X
� 5�H��2(�;$1�2(���1;�2(�+)))��̆��$1�2( � ;$1�2(���1;�2(�+)))

and the last term here can be further estimated by interpolation

��̆��$1�2( � ;$1�2(���1;�2(�+)))

� 5
�
��̆��$3�4( � ;�2(()) + ��̆���2( � ;$3�2(���1;�2(�+)))

�
�

The estimate of the first term on the right hand side here is explained
below.
The term associated to the time shifts and the normal derivative ���

is �
�

�
�

�G��3�2A�H A�(�� �̆�) !� !� !G�

In order to get an estimate of the desired type we wish to provide both
H and �� �̆� with half of the space derivative, as we did before. In order
to use the Fourier transform it is necessary to extend the functions onto
the whole space �� instead of J. The difficulty arises from the fact that
#1�2(J) is exactly the border case for which such an extension is not clear.
Therefore we first employ an integration by parts,�

�

H �� �̆� !� !� =
�
,

H �̆� !1� !�

�
�

��H �̆� !� !��

where ( = � � ���1 � �0�. The boundary term then leads to�
�

�
,

�G��3�2A�H A��̆� !1� !� !G

= Re
��

��

� (H ;X� �)� (�̆�;X� �) 51
�

1
4

��X�1�2 !� !X�
� 5�H��2(,)��̆��$1�2�0(,)�
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The remaining volume integral can be estimated by�
�

�
�

�G��3�2A�

�
��H

�
A��̆� !� !� !G

= Re
��

�

�
(

� (��H ;X� �)� (�̆�;X� �)51
�

1
4

��X�1�2 !� !X�
� 5���H��2(�;�2(���1;$��1(�+)))��̆��$1�2(�;�2(���1;$1��(�+)))�

Due to 1F2 � � � 1 there is a bounded extension operator from both
#��1(�+ ) to #��1(�) and from#1��(�+ ) to #1��(�). For the extended
functions an easy calculation with the Fourier transform for the whole space
shows

���H��2(���1;$��1(�)) � 5�H��2(���1;$�(�))�

In order to finish the proof it is necessary to estimate ����$3�4( � ;�2(()).
This is concluded from the variational equation

� ������� +
�
�

�
�(1)(����) + �(0)(����)

�
!� !�

= � (���) +
�
�

( � �� !� !�
(5.4.40)

that holds for � � �2

�
�; ��

1
(J)
�
. In the distributional sense, ��� is composed

of the three linear functionals

�(1) : � ��
�
�

�
�(1)(����) + �(0)(����)

�
!� !��

�(2) : � �� � (���) and

�(3) : � ��
�
�

( � �� !� !��

These functionals are bounded by���(1)
��
$1�4(�;$�1(())

� 51����$1�4(�;$1(()) + 52����$1�4(�;$1(())����(2)
��
$�1�4��1�2(�)

= �� (�)�$�1�4��1�2(�) and���(3)
��
�2(�;$�1�2(())

� 53�H��2(�;$�(())�

Since we work with distributions, that means, since the test functions
have vanishing boundary data, we can easily extend the functionals on
#��(J) by symmetry onto #��

�
��
�
, ������� = ����+ 
 ���( with
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�+(��� �� ) = �(��� �� ) and ��(��� �� ) = �(���
�� ). Then we can work
with the Fourier transform for the extended functions and functionals on
the full space, and the desired result is obtained by an easy computation.
For the seminorm in #3�4(�;�2 (�� )) we have

�����2$3�4(�;�2(��)) = 51
�

3
4

� �
�

�
��

�� (��;X� �)�2�X�3�2 !� !X

= 51
�

3
4

� �
�

�
��

�� (��;X� �)��� ( ���;X� �)��X�1�2 !� !X

� 51
�

3
4

� �
�

�
��

�� (��;X� �)�
3�

�=1

�����(�);X� �
����X�1�2 !� !X

� 5
����(1)

��
$1�4(�;��1(��))

+
���(2)

��
��1�4��1�2(�
��)

+
���(3)

��
�2(�;��1�2(��))

�
�
��

��+1
�� (��;X� �)�2�

�
�
�X�1�2�1 + ���2�+ �X��1 + �X�1�2 + ����+ �X����

�
!� !X

�1�2

�

The weight in the last integral is obviously bounded by

5
��X�1�2���2 + �X�3�2 + 1

�
;

this shows the estimate

����2$3�4(�;�2(��)) � 5
�
����$1�4(�;�1(��)) + ����$1�4(�;�1(��))

+ �� (�� �)�$�1�4��1�2(�
��) + �H��2(�;��(��))

�
and the proof of �� � #3�4

�
�;�2(J)

�
is done.

5.4.5 Remark. The proof has also shown the time regularity

�̇ � #3�4(	� ;�2(��))

for a domain �� � � that has a positive distance to � � ��. This time
regularity will be needed for further considerations.

In the sequel it is important that relation (5.4.39) holds for varying finite
time 
 with constants independent of 
 . This can be verified as follows: for
a time interval 	�0 = (0� �0) � 	� we consider the contact problem on the
full time interval 	� with temperature field [L�0 , where L�0 is the indicator
function of 	�0 , and denote its solution by ��. Due to the unique solvability of
the contact problem, �� coincides with � on 	�0 . Relation (5.4.39) holds for
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�� with [ replaced by [L #0 and the same contants. Obviously it remains
valid, if the time interval 	� on the left hand side is replaced by 	�0 . Then
the resulting inequality implies (5.4.39) for the original solution � with 

replaced by �0.
With this estimate it is not difficult to derive uniform estimates for the

pair of solutions (�� [) of the coupled thermo-viscoelastic contact problem.

5.4.6 Proposition. Let the assumptions of Propositions 5.4.1, 5.4.2, As-
sumption 5.1.6 be valid and let ��� � ��(�) with a " � 1F2. Then the
solution (�� [) of problem (5.4.25), (5.4.26) satisfies the inequality

��̇��1�2� 1(�� ) + ��̇��1�2�1(,�� ) +
���1
�
[�̇
]+

���
�2(,�� )

+ �[�$1�2�1(�� ) � 5�
(5.4.41)

with 5 independent of ?, � and [.

Proof. The a priori estimate (5.4.35) of the heat equation, applied to the
solution of the coupled problem, yields

�[(�0)�2�2(
) + ��[�2�2(�#0 )

� 51
�
��̇�2�2( #0 ;$1(
)) +

���� �
�1
�
[�̇
]+ � ��̇��

����2

�2(,�#0 )

�
+ 52�

(5.4.42)

With the growth condition for the function � and inequality (5.4.39) ap-
plied for 
 replaced by �0, the right hand side of (5.4.42) can be estimated
by 51�[�2�2( #0 ;$�(
)) + 52 with � � 1F2. Using interpolation theorems for
Sobolev spaces and the inequality � �� � N�2 +N�1�2 for �� � � �, the norm
�[�2$�(
) can be estimated by N�[�2$1(
) + 5(N)�[�2�2(
) with arbitrarily
small N � 0. Therefore inequality (5.4.42) can be simplified to

�[(�0)�2�2(
) + ��[�2�2(�#0 ) � 51�[�2�2(�#0 ) + 52�

Application of the Gronwall lemma and of estimates (5.4.33), (5.4.39) shows
(5.4.41).

From the a priori estimate (5.4.41) there follows the existence of a se-
quence �?�� and of a corresponding sequence of solutions

�
�(�)� [(�)

�
such

that the following convergence properties are valid:

?� � 0� �̇� 8 �̇ in �1�2� 1(�� ) and strongly in �2((� )�


 1
��

)
�̇(�)



*
+
8 %
(�) in �2((�� )� [� 8 [ in #1�2� 1(�� ) and

[� � [ (strongly) both in �2(�� ) and in �2((�� )�
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Performing the limit ) � +� both in the variational inequality (5.4.25)
and in the modified variational equation (5.4.26) shows that the limit
(�� [) is a solution of the original thermo-viscoelastic contact problem with
Coulomb friction (5.4.23), (5.4.24). Let us sum up the assumptions as fol-
lows

5.4.7 Assumption. Let � be a bounded Lipschitz domain with a bound-
ary � consisting of the measurable pairwisely disjoint parts �� , �� and
�� and �� � �� with a " � 2. Let 	� 	 [0� 
 ] with 0 � 
 � +�.
The given data satisfy the regularity properties �0 � �1(�), �1 � �2(�),
[0 � �2(�), � � �1�2+<�1(�� ) with N � 0 such that the compatibility
conditions � (0� �) = �0, �̇ (0� �) = �1 are satisfied and � = 0 on (�� , � �
��
�1�2+<��1

(�� ), � � ��
�1�4+<��1�2

((�� ) and \ � �2

�
	� ;#�1�2(� )

�
.

The coefficients �(G)���L � Y = 0� 1, 5�� , ��� , !�� are symmetric in their appropri-
ate manner and satisfy the ellipticity and boundedness conditions (5.1.3),
(5.1.4) and (5.4.21). For a domain �� � � such that �� � ��� and
��� 	 	� � �� the local regularity requirements �0��1 � �3�2(��),

� � ��
�1�4��1�2

(��� ), and �(G)���L � 5�� � ��� � ���(��) with "� � 1
2 hold. The

coefficient of friction � : � � � is non-negative, bounded by the con-
stant �� from (5.2.17) or from the respective cases from Section 5.3 in the
isotropic case and its support is contained in 	� � �� � �� with �� sat-
isfying dist(�� � � ��) 
 Æ0 � 0 for all � � ��. The function B satisfies
the growth condition (5.4.19) and the continuity condition (5.4.20). The
coefficient M in the heat exchange condition is a non-negative, bounded,
measurable function of the space variable.

Then the following theorem is proved:

5.4.8 Theorem. Under the above summed assumptions the thermo-visco-
elastic contact problem with Coulomb friction (5.4.23), (5.4.24) has at least
one solution.

5.4.2 Energetic approach

The linearization employed above leads to a loss of physical consistency;
the linearized model satisfies neither the first nor the second law of ther-
modynamics. In a physically consistent model the fixed point approach is
no longer optimal, because the separate treatment of the mechanical and
thermal parts leads to redundantly high requirements on the growth of the
diffusion coefficients, cf. e.g. [81], where both approaches are compared.
We return to the original formulation of the thermo-viscoelastic prob-

lem (5.4.5)–(5.4.12) described in the introduction of this section. In order
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to derive a priori estimates for this model it is necessary to compensate the
quadratic growth of the viscous heat, the frictional heat and the deforma-
tion heat. There is an estimate describing the energy conservation of the
system, see (5.4.65) or (5.4.89) below, where the coupling terms cancel, but
it is rather weak. For sufficiently regular solutions the result of the energy
estimate can be used to compensate the growth of the quadratic coupling
terms with the help of interpolation and imbedding theorems. However, the
regularity of solutions to the contact problem is limited by the non-smooth
Coulomb law of friction, and an additional compensation will be needed. It
will be achieved with the help of a heat diffusivity depending on the solu-
tion. Two different models will be treated: in the first one the coefficients
depend on the temperature itself while in the second one they depend on
its gradient. None of the models violates a basic law of thermodynamics.
For the solvability of the models described below the following lemma

is important:

5.4.9 Lemma. Let � be a domain with a boundary � � �� with " � 2.
The whole boundary is assumed to be in possible contact with a rigid foun-
dation, �� = � . Let Assumptions 5.1.1 and 5.1.6 with �� = � be satisfied
for the appropriate constant �� (with the exception of the redundant as-
sumptions about � and � ) and let [ � �2

�
	� ;#��(�)

�
with "� � 1F2 and

��� � ���(�). Then there exists a solution to the penalized problem (5.1.13)
satisfying the following estimate

��̇��3�4�3�2(�� ) +
���1
�
[�̇
]+

���
�2(,� )

+ ��̇��1�2�1(,� )

� 51����2( � ;�1�2(
)�) + 52�[��2( � ;$�(
)) + 53�
(5.4.43)

The constants 51� 52 and 53 depend on the coefficient matrices and on the
geometry of the domain only.

Proof. The proof of the regularity result from Theorem 5.1.7 and Lem-
ma 5.4.4 by the localization- and shift techniques has in fact shown the
relation

��� � #1�4
�
�;�2

�
J;����

�� � �2

�
�;#1�2

�
���1 ;�2

�
�+ ;����

���
for the gradient of a localized and rectified variant �� of �̇ and the time
regularity �� � #3�4

�
�;�2(J)

�
with upper bounds for the corresponding

norms given by the right hand side of (5.4.43). It remains to prove the
normal regularity �� �� � �2

�
�;� 1�2(J)

�
. The definition of �� and �� is

given in (5.1.49) and (5.1.50).
In order to prove the normal regularity we represent the derivatives of

second order in normal direction via the differential equation. This is done
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for the function localized with respect to the space variables only, without
the cutoff function <� for the time variable. For simplicity of the notation
we use the symbol �̇ for the localized function, too. Due to the requirements
on the coefficients there holds

��
�=1

�
(0)
�� �

2
� �̇� = �̈� 


��
�=1

���
(0)
�� �� �̇� 


��
�����=1

(���) �=(���)

��
�
"

(1)
�������̇�

�



��

�����=1

��
�
"

(0)
��������

�
+ ��

�
���[

�
+��(�)

with coefficients �(0)
�� � "

(G)
���� � ���(J), a positive definite matrix

	
�

(0)
��



,

and �� � #̊�1�4��1�2(	� �J). The summation convention is not employed
here. Due to the already proved facts �̈� � #�1�4

�
	� ;�2(J)

�
and ����� �

�2

�
	� ;��1�2(J)

�
for ) �= � there follows

��2
� �̇L�0���1�4��1�2( �
() � 51��2

��L�0���1�4��1�2( �
() + 52 (5.4.44)

with the characteristic function L�0 of the time-interval (0� �0) for a �0 � 	�
and constants 51, 52 depending on � , [, and the ���(J) norm of the
coefficients. After the extension of � onto the whole time-space domain
��+1 the usage of the Fourier transform yields�

��+1
�+� �3�� (�̇;X� �)�2 !� !X

� 51
�
��+1

�X�2 + ���4
1 + 51(1

4 )�X�1�2 + ���� (�̇;X� �) !� !X

� 52
�
��̈�2

��1�4��1�2(��+1)
+ ��2��2

��1�4��1�2(��+1)

�
�

(5.4.45)

Using this relation in (5.4.44) shows

��̇��2( #0 ;�3�2(()) � 51����2( #0 ;�3�2(()) + 52� (5.4.46)

Application of a Gronwall lemma argument shows �̇ � �2

�
	� ;�3�2(J)

�
.

5.4.10 Remark. Since the estimate is independent of the smoothing param-
eters ? and N, it is also true for the solution of the original problem (5.1.10).
A similar estimate can be proved if � = �� or � = �� with sufficiently
regular data, or if � = �� ��� ��� with positive distances between these
three parts. However, in the general case there are relative boundaries of
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these parts with respect to the boundary topology. The behaviour of the
solution around the relative boundary of �� is not yet known for the dy-
namic problem even in the two-dimensional case. Its investigation requires
special techniques which are far from the scope of this book. All results in
the rest of this chapter are based on the estimate (5.4.43), typically used
in the equivalent version

���̇�$1�4�1�2(�� ;��2) + �%
(�� [)��2(,� ) + ��̇�$1�2� 1(,� )

� 51�[��2( � ;$�(
)) + 52
(5.4.47)

for the respective penalized problem with � � 1F2 and constants dependent
on the input data only. The validity of inequality (5.4.47) will be specified as
an additional assumption. According to Lemma 5.4.9 it is true for � = ��
at least. By the consideration explained after Remark 5.4.5 it is seen that
this estimate holds with constants independent of the length 
 of the time
interval, if this length is bounded by a fixed constant.

5.4.2.1 A model with heat conductivity depending on the tem-
perature

In the model studied now the heat conductivity is assumed to depend on the
space variable and the temperature, 5�� = 5��(�� [). It shall be continuous
in the sense of Carathéodory; this means � �� 5��(�� [) is measurable for
every [ � � and [ �� 5��(�� [) is continuous for almost every � � �.
In order to compensate the growth of the non-linear coupling terms, the
following special growth condition is required,

50
�
1 + �[�?�+�+� � 5��([)+�+� � �0

�
1 + �[�?�+�+� (5.4.48)

for all vectors �+�� � �� and all � � � with 0 � 50 � �0 � +�, with
parameter P � 0 to be specified later. On the boundary of the domain we
assume heat exchange with a non-negative coefficient M and a given outer
temperature \ , heat generation by friction, and the boundary dissipation
term caused e.g. by heat radiation. The total boundary condition then
reads

5����[$� = ��%
(�� [)���̇��+M(\ 
[) 
�([) on (� � (5.4.49)

if � is extended by � = 0 outside �� . In such a way the condition (5.4.49)
replaces (5.4.9) and (5.4.11) in the original formulation of the problem.
The function � depends on the space variable and on the temperature. We
study both cases with and without boundary dissipation simultaneously.
In the second case we formally prescribe �([) = 0. In the first case � shall
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be continuous in the sense of Carathéodory, non-decreasing in the variable
[ and satisfy �([) = 0 for [ � 0 as well as the growth condition

51�[��� � �([) � 52�[��� + 53 for [ 
 0 (5.4.50)

with constants 51� 52� 53 � 0 and growth exponent �� � 1. In order to treat
both cases simultaneously, we define a constant 5� by

5� =

'
0 for � 	 0�
1 otherwise�

(5.4.51)

For the variational formulation of the problem we preserve the definition
(5.4.13) of the cone � while the space � has the form

� := �2

�
	� ;#1(�)

�
� (5.4.52)

A weak solution of this thermo-viscoelastic contact problem is a pair of
functions (�� [) : �� � �� �� with �̇ � � , �̈ � �2

�
	� ;#1(�)�

�
, [ � �,

[̇ � �� which satisfy the initial conditions �(0� �) = �0, �̇(0� �) = �1 and
[(0� �) = [0 such that the following two variational relations are satisfied:
the variational inequality of the viscoelastic contact problem9

�̈�� 
 �̇
:
��

+,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)


 9���[+ � &��(� 
 �̇)
:
��

+
9
��%
(�� [)�� ���� 
 ��̇��

:
,��


 �� �� 
 �̇���

(5.4.53)

for all � � � and the variational equation of the heat transfer problem?
[̇� 9

@
��

+ �5��([)��[� ��9���
+ ����[+&��(�̇)� 9���

+ �M([ 
 \ )� 9�,�
+
9
�([)� 9

:
,�

=
?
�
(1)
����&��(�̇)&��(�̇)� 9

@
��

+
9
��%
(�� [)���̇��� 9

:
,�

(5.4.54)

for all 9 � � 1
�

�
	� ;#�(�)

�
with * � �F2+1. Here in the viscous heat term

we have replaced the temperature by its positive part [+. This replacement
will be justified later by a proof that [ is indeed non-negative.
The existence of solutions to the thermo-viscoelastic contact problem

(5.4.53), (5.4.54) is proved under the following assumptions:

5.4.11 Assumption. In addition to Assumption 5.1.1 and 5.1.6 with � =
�� , the assumption (5.4.47) and the above mentioned assumptions for the
coefficient functions ��� , 5�� and the function � let 0 � \ � �2((� ), 0 �
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M � ��(� ), ��� � ��(�) with � � 1F2. The data in (5.4.53) satisfy � �
�2

�
(�� ), and � � �̇ � �3�4�3�2(�� ). The initial data satisfy [0 � �2(�)

and [0 
 0. The growth parameters P, �� and the function � fulfil either
1
 2F� � P � 2 + 4F� and �� � 2 + 1F� or 1
 1F� 
 1F(� + 1) � P �
2 + 4F� and � 	 0.

Then the following existence result is valid

5.4.12 Theorem. Under Assumption 5.4.11 problem (5.4.53), (5.4.54) has
at least one solution. The temperature field of this solution is non-negative.
Every solution satisfies the a priori estimate

��̇��3�4� 3�2(�� ) + �[���( � ��2��(
)) + �[��2( � ;$1(
))

+ 5��[����+1��(,� ) � 5�
(5.4.55)

First we briefly outline the sketch of the proof. Besides the usual ap-
proximations consisting both in penalizing the unilateral contact condition
and in smoothing the norm in the friction functional an additional limiting
of the growth of the viscous heat, the deformation heat and the frictional
heat is employed. Thereby a variational equation is obtained and its solv-
ability is verified with the Galerkin method. In order to perform the limit
procedures for the approximation parameters, suitable a priori estimates
independent of these parameters are necessary. In a first step the energy
of the system is estimated; this yields a very weak estimate which is then
improved via suitable test functions with the help of the imbedding and
interpolation theorems from Chapter 2.
We use the usual penalty approximation of the contact condition and

we apply the cutoff function

�� : [0�+�)� �� �� : � ��
'
�� � ���
�� � � �

to all heat sources and to the heat-deformation term in the mechanical part
of the system. The resulting approximate variational inequality is
Find a couple (�� [) : �� � �� with �(0� �) = �0, �̇(0� �) = �1,

�̇ � �̇ + � with � = �
1�2�1
0 (�� ), and �̈ � ��, [ � �, [̇ � �� such that

for all � � �̇ + � and all 9 � �2

�
	� ;#�(�)

�
with * � �F2 + 1 there holds9
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(5.4.56)



352 Chapter 5. Dynamic contact problems with Coulomb friction

and 9
[̇� 9

:
��

+ �5��([)��[� ��9���
+ ������ ([+)&��(�̇)� 9���
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+
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(5.4.57)

Then the smoothing of the norm in the Coulomb law yields a variational
inequality that is equivalent to the following variational equation:
Find a couple (�� [) : �� � �� with �(0� �) = �0, �̇(0� �) = �1,

�̇ � �̇ + � and �̈ � ��, [ � �, [̇ � �� such that for all � � � and all
9 � �2

�
	� ;#�(�)

�
with * � �F2 + 1 there holds9

�̈��
:
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(5.4.58)
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For simplicity of the presentation this problem will be studied for van-
ishing Dirichlet data � 	 0. This condition is, of course, also covered by
the case of no Dirichlet data �� = 0. The case of non-vanishing Dirichlet
data � �= 0 can be easily treated by the transform � = � + �� in the
contact problem with an obvious modification of the right hand side, as
already described in various other proofs.
The solvability of this problem is stated in the next Lemma.

5.4.13 Lemma. Let Assumption 5.4.11 be valid. Then, for fixed approx-
imation parameters ?��� N � 0 problem (5.4.58), (5.4.59) has a solution
(�� [). Every solution satisfies the a priori estimate

�[�$��1(�� ) +
���[�?�2�[��

�2(�� )
+ 5��[����+1(,� )

+ ��̇��1�2� 1(�� ) � 5
(5.4.60)

with 1 � 1F(� + 4) and constant 5 independent of N but dependent on ?
and � .
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Proof. The existence of a solution is proved with the Galerkin approxi-
mation. Let ��� ; 
 � �� be a basis of 	� � �1(�) ; 4 = 0 on ��



and

�9� ; 
 � �� be a basis of #1(�). Let

	� := span��1� � � � ���� and
�� := span�91� � � � � 9��

be the corresponding finite dimensional Galerkin spaces, 6�� denote the �2-
orthogonal projection of �2(�) onto 	� and 6	� have the same meaning
for the space ��. It is required later that 6�� is bounded in �1(�) and
6	� is bounded in #

�(�) for an integer * larger than 1+�F2, and that their
bounds do not depend on �. This is a condition for the proper choice of
the bases ���� and �9��. Such bases exist. A possible choice is a basis ����
of eigenfunctions to the Laplacian and a basis �9�� of eigenfunctions to the
linear operator ,� : #�(�) � #�(�)� defined by ,� : (�� 4) �� (�� 4)$�(
)

with the #�(�) scalar product (�� �)$�(
). Since 6	� is bounded in both
�2(�) and #�(�), it is, by interpolation, also bounded in #�(�) for all
" � (0� *). The Galerkin approximation of problem (5.4.58), (5.4.59) is
defined by:
Find functions
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The initial conditions shall be satisfied in the appropriate approximate
sense,9

��(0� �)��:



= ��0���
 and
9
�̇�(0� �)��:



= ��1���


for all � � 	� and9
[�(0� �)� 9:



= �[0� 9�
 for all 9 � ���

The Galerkin equations are equivalent to an initial value problem for a
system of ordinary differential equations. The solvability of such a system
follows from the theory of ordinary differential equations.
Let us take the test function � = �̇� in equation (5.4.61) and integrate

the result with respect to � � (0� �0) for a �0 � 	� . Using the usual coercive-
ness of stresses, the positivity of the friction term and the boundedness of
��

�
([�)+

�
, the relation

��̇�(�0)�2�2(
) + ����(�0)�2�2(
) + ���̇��2�2(�#0 )

� 51��̇���2( #0 ;�1(
)) + 52

is derived. The constants here depend on� and other data of the problem,
but not on �, N, and ?. By the Gronwall lemma there follows

��̇��2��( � ;�2(
)) + ����2��( � ;�1(
)) + ��̇��2�2( � ;�1(
)) � 5�

The same procedure is repeated for the heat equation (5.4.62) with test
function 9 = [�. Here, the heat diffusion term is estimated with the help
of the ellipticity condition for the coefficients 5�� by9

5��([�)��[�� ��[�

:
�#0


 51
�
��[��2�2(�#0 ) +

���[��?�2�[�

��2

�2(�#0 )

�
�

The heat dissipation term on the boundary is bounded from below by
5
��([�)+

����+1

���+1(,#0)
. The estimate of the frictional heat, of the deforma-

tion heat and of the viscous heat is trivial, since the growth of these terms
is limited at value � . Hence the relation

�[��2��( � ;�2(
)) +
���[��?�2�[��2�2(�� ) + �[��2�2( � ;$1(
))

+5��[����+1
���+1(,� ) � 5

is obtained with constant 5 independent of the approximation parameters
?, N and �.
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In the limit procedure � � +� of the Galerkin parameter it is nec-
essary to have strong convergences of the arguments of non-linear terms.
This can be achieved with the help of compact imbedding theorems, if some
additional small time regularity of the solution is available. The proof of
this time regularity is done by a standard dual estimate. For a test function
� � �2

�
	� ;�1(�)

�
the �2(�) projection 6��� is used in (5.4.61) and the

result is integrated with respect to � � 	� . Then, due to the just proved
bounds for �� the relation9

�̈���
:
��

=
9
�̈�� 6���

:
��
� 51����2( � ;�1(
)) + 52

is proved. In the last step, the boundedness of the �2 projection 6��
in �1(�) is essential. The constants depend on ? and � , but not on
N and on the Galerkin parameter �. This equation proves that �̈� is
bounded uniformly with respect to � in �2

�
	� ;��1(�)

�
. Interpolation

of �̇� � #1
�
	� ;��1(�)

�
with �̇� � �2

�
	� ;�1(�)

�
gives a bound in

#1�2
�
	� ;�2(�)

�
.

This procedure is then repeated for the heat equation with a test func-
tion 6	�9, where 9 � ��

�
	� ;#�(�)

�
with 1 + �F2 � " � *. Here, the

diffusion term is estimated by�
��

�[��? ��[��
���6	�9�� !� !� � 51���[��?�2�[���2(�� )

� ���[��?�2
��
�2(�� )

��6	�9����( � ;	 1
�

(
))
�

In order to estimate the norm
���[��?�2

��
�2(�� )

for possibly large values of

P we use the relation �[�?�2��[� = 5(P)
�����[�1+?�2

��� and the imbedding
#1(�) 7� ��(�) for � � � in the case � = 2 and � = 2�F(� 
 2) for
� 
 3. Then

�[�1+?�2
��(1+��2)(
) � 51

���[�1+?�2
��
��(
)

� 52(P)
���[�1+?�2

��
$1(
)

�

and here the last term can be estimated by

51(P)
���[�?�2�[��

�2(
)
+ 52(P)�[�2+?

�1+��2(
)�

This shows that [� is bounded in �2+?(	� ;��(1+?�2)(�)) and �[��?�2 is
bounded in �2(�� ) for arbitrarily large P. Interpolation of

[� � �2+?(	� ;��(1+?�2)(�)) with [� � ��(	� ;�2(�))

shows that [� is bounded in �2+?+4��(�� ). For 1 + �F2 � " � * the
space #�(�) is imbedded into � 1

�(�), and the projection 6	� is bounded
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in #�(�). Since, moreover, #�(	� ; � � �) is imbedded in ��(	� ; � � �) for
� � 1F2, the diffusion term is bounded by

5�9�$�( � ;$	(
))

with constant independent of �. All the other terms in the dual estimate
are bounded by

51�9�$�( � ;$	(
)) + 52�

As a consequence, the dual estimate gives a bound for [̇� in the dual space
#�
�
	� ;#�(�)

��
. By interpolation with [ � �2

�
	� ;#1(�)

�
, a bound in

#+
�
	� ;�2(�)

�
with 1 = (1
 �)F(" + 1) is obtained. The choices of � and

" mentioned above allow any value of 1 smaller than 1F(4+�). Collecting
all the estimates it is evident that the Galerkin solutions ��� [� satisfy
the a priori estimate

�[����( � ;�2(
)) + �[��$��1(�� ) + 5��[�����+1(,� )

+ �[���2+�+4��(�� ) + ��̇����( � ;�2(
)) + ������( � ;�1(
))

+ ��̇���1�2� 1(�� ) � 5

with constant independent of �, N and with 1 from above.
Due to compact imbedding theorems and trace theorems for Sobolev

spaces, there exists a sequence �� of Galerkin parameters and correspond-
ing sequences �� = ���

and [� = [��
of solutions to the Galerkin ap-

proximations (5.4.61) and (5.4.62) such that the following convergences are
valid:

�̇� 8 �̇ in �1�2� 1(�� ) and strongly in �2((� )�

[� 8 [ in #+�1(�� )� in �2+?+4��(�� )
and strongly in �2(�� )�

[[�]+ � [+ in ���((� )�

��(
� �)8 �(
� �) in �1(�)
�̇�(
� �)8 �̇(
� �) in �2(�) and
[�(
� �)8 [(
� �) in �2(�)�

(5.4.63)

Due to the strong convergence of [� in �2(�� ) and the weak convergence
in �2+?+4��(�� ) we also have strong convergence of 5��([�) in ��(�� ) for
� � 1 + 2FP + 4F(�P). This yields the strong convergence of 5��([�) �
5��([) in �2(�� ), provided

P � 2 + 4F�
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holds.
In the limit ) � +� it is necessary to ensure the convergence of the

quadratic viscous heat term in the heat equation. Therefore, the limit is
performed first in the Galerkin equation (5.4.61) of the contact problem.
This is done after an integration of this equation with respect to � � 	�
for a fixed test function � � �1(	� �	�). Employing a partial integration
of some terms with respect to time and the weak lower semicontinuity of
positive definite bilinear forms it is easy to verify that the limit functions
(�� [) satisfy problem (5.4.58). Due to the density of �1

�
	� ;���=1	�

�
in

� this is true for all test functions � � �. Here the uniform boundedness
of �̇ in �1�2� 1(�� ) is essential. Then, in a next step, it is verified that
the convergence of �̇� is in fact strong in �2

�
	� ;�1(�)

�
. This is done by

adding the term ,(1)(�̇� �̇
�̇�) to both sides of the time integrated version
of (5.4.61) with test function �̇� 
 6���

�̇. Then the limit ) � � in the
obtained relation proves

lim
���

,(1)(�̇
 �̇�� �̇
 �̇�) = 0�

From this and the ellipticity of,(1)(�� �) there follows the strong convergence
�̇� � �̇ in �2

�
	� ;�1(�)

�
. Then the convergence can be performed in the

heat equation for a test function 9 � �1(	� ���). This proves that (�� [)
solves also the heat equation (5.4.59). Due to the density of �1(	� ���) in
#1
�
	� ;#�(�)

�
this is true for all test functions � from that space.

The just described procedure also enables the limit procedure for the
smoothing parameter N� � 0. Thus the following lemma is verified:

5.4.14 Lemma. Under assumptions of Lemma 5.4.13 there exists a cou-
ple [�� [] that satisfies all requirements of this lemma and the variational
relations (5.4.56), (5.4.57).

In order to perform the next limit procedure � � +� it is neces-
sary to establish more sophisticated a priori estimates independent of this
parameter. The basis of the following considerations is the regularity esti-
mate (5.4.47) for the contact problem with given temperature. Moreover,
the non-negativity of the temperature field will be crucial. It is proved
by inserting the test function 9 = [�L�0 with [� 	 min�0� [� and the
characteristic function L�0 of the time interval (0� �0) into the heat equation
(5.4.57). Due to ����� ([+)[� = 0, �([)[� = 0, the non-negativity of
the coefficient M, the function \ , the frictional heat, the viscous heat and
the initial temperature [0 we obtain

�[�(�0)�2�2(
) + ��[��2�2(�#0 ) � 0 for all �0 � 	� � (5.4.64)
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Using this result it is easy to derive an energy estimate. We subtract in-
equality (5.4.56) with test function � = (1 
 L�0)�̇ from equation (5.4.57)
with test function 9 = L�0 . This yields

1
2��̇(�0)�2�2(
) + 1

2

���(0)(�(�0)��(�0))
��
�1(
)

+ �[(�0)��1(
)

+ )0�[��1(,#0 ) + 515��[������
(,#0 )

� 1
2��̇0�2�2(
) + 1

2

���(0)(�0��0)
��
�1(
)

+ �[0��1(
)

+ �� � �̇��#0
+ )1�\��1(,#0)

with the lower and upper bounds )0 and )1 of M and 51 of the function
� from condition (5.4.50). This inequality is a consequence of the energy
conservation of the system. The total energy, composed of kinetic energy
1
2��̇�2�2(
), elastic deformation energy

1
2

���(0)(���)
��
�1(
)

and thermal en-

ergy �[��1(
) at time �0, is equal to initial energy plus energy flux across
the boundary plus work done by the external forces. Application of the
Gronwall lemma yields

��̇�2��( � ;�2(
)) + ���2��( � ;�1(
)) + �[���( � ;�1(
))

+�[��1(,� ) + 5��[������
(,� ) � 5

(5.4.65)

with a constant independent of the approximation parameters � , ?. The
boundedness of [ in ��(	� ;�1(�)) is only a very weak result. However, in
the estimates done below there appear non-monotone coupling terms with
high order growth in lower order Sobolev spaces (compared to the monotone
diffusion terms). In order to estimate them we employ the result of the
energy estimate and interpolation results of Chapter 2 and thereby lower
the order of growth at the expense of a higher order norm. This makes
it possible to weaken the requirements for the growth exponent P while
still controlling those non-monotone terms. The calculations are rather
technical, and in order to simplify the presentation we first prove three
auxiliary estimates needed later:

5.4.15 Lemma. (i) For 9 � #3�4�3�2(�� ) there holds

��9���( � ;��(
)) � 5�9�$3�4�3�2(�� )�

if �� G 
 2 and
4
�

+
2�
G

 � + 1.

(ii) Let 9 � #��2�((� ), 0 � " �
� + 1

4
and �� G 
 2 with

2
�

+
� 
 1
G



� + 1

2

 2". Then

�9���( � ;��(� )) � 5�9�$	�2	(,� )�
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(iii) For � � (0� 1) and 9 � � 1
� (�) with

2�
� + 2
 2�

� � � � there holds

�9�$�(
) � 5�9�'�1(
)�9�1�'
	 1

� (
)

with / �
1
2

 � 
 �+ 2��

2(�(�
 1) + �)
.

Proof. (i): Using imbedding theorems for Sobolev spaces there follows

��9���( � ;��(
)) � 51��9�$�( � ;$	(
)) � 52�9�$�( � ;$1+	(
))

� 53�9�$3�4�3�2(�� )�

with � 
 1F2 
 1F�, " 
 �F2 
 �FG and �� = 3F4, (" + 1)�� = 3F2
for �� �� 
 1 satisfying 1F� + 1F�� = 1. From these conditions relation
4
�

+
2�
G

 � + 1 follows easily.

(ii): In an analogous way as in the proof of part (i) just above, it is verified

�9���( � ;��(� )) � 51�9�$$( � ;$�(� )) � 52�9�$	�2	(,�� )

with / 
 1F2 
 1F�, 0 
 (� 
 1)F2 
 (� 
 1)FG and 2" = 2/ + 0. The

latter equation leads to the requirement
2
�

+
� 
 1
G


 � + 1
2


 2".

(iii): The assertion is proved by the series of interpolation and imbedding
results

�9�$�(
) � 51�9�F�2(
)�9�1�F
$	(
)

� 52�9�FM�1(
)�9�F(1�M)
��(
) �9�1�F

$	(
)

� 53�9�FM�1(
)�9�1�MF
	 1

� (
)

with " = 1 
 �F� + �F2, 0 = 1 
 �F", G = ��F(� 
 �), . =
�
1F2 


1FG
�Æ�

1
 1FG
�
. Here the parameters " and G are calculated such that the

imbeddings � 1
� (�) 7� #�(�) and � 1

� (�) 7� ��(�) are valid. The index
/ is given by / = .0 = 1F2
�Æ�2(�(�
 1) + �)

�
.

Using the just established relations and the regularity result for the
solution of the contact problem a new a priori estimate for the temperature
is proved that is independent of the approximation parameters � and ?.
For the problems with and without boundary heat dissipation the approach
is slightly different. Let us first consider the case � �= 0.
We assume first P � 1
1F� . Let us take the test function 9 = [1�� in

equation (5.4.57). From the heat diffusion term and the ellipticity condition
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(5.4.48) we obtain the expression?
5��([)��[� ��[1��

@
��


 5
�
��

[?+1���1��[�2!� !��

For � = 2
Æ�

2
 1F� 
 P� there holds
��[�2�2( � ;��(
)) =

�
 �

��



��[��[��2�1[1���2 !�

�2��

!�

�
�
 �

��



��[�2[1�2�� !�

���



[ !�

�2���1

!�

� �[�2���1
��( � ;�1(
))

�
 �

�



��[�2[?+1���1 !� !��

Hence, using the test function mentioned above the first two terms in
(5.4.57) and the boundary heat dissipation term yield the expression

�[(
� �)�1+1��
�1+1�� (
) + �[�2�2( � ;	 1

� (
)) + �[���+1��
���+1�� (,� )

on the left hand side of an inequality to be established and all the remaining
terms must be estimated by this.
For the viscous heat we get�

��

���̇�2[1�� !� !� � ���̇�2�2( � ;�2��(��1)(
))�[�1����( � ;�1(
))�

The norm of the velocity is estimated by the application of parts (i) and
(iii) of Lemma 5.4.15 and the regularity result (5.4.47) for the solution of
the contact problem,

���̇��2( � ;�2��(��1)(
)) � 51��̇��3�4� 3�2(�� )

� 52�[��2( � ;$�(
)) + 53

� 54�[�'��( � ;�1(
))�[�1�'
�2( � ;	 1

� (
)) + 55

with � � 1F2, index � = 2
Æ�

2
 1F� 
 P� from above and / from part (iii)
of Lemma 5.4.15. Here condition � � 2�F(� + 1) is required in order to
have / � 0 for � sufficiently close to 1F2. This condition is equivalent to

P � 1
 2
�
�

Then the viscous heat is bounded by

51�[�2(1�')
�2( � ;	 1

� (
)) + 52� (5.4.66)
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For the deformation heat a similar procedure yields�
��

���̇�[1+1�� !� !� � ���̇��2( � ;�2��(��1)(
))�[�1����( � ;�1(
))�

� �[��2( � ;�2��(��1)(
)) � 51�[�2�'
�2( � ;	 1

� (
)) + 52

with / � 0 from above. Here in the last step the imbedding

#�(�) 7� �2��(��1)(�)

for � 
 1F2 has been used.
The frictional heat is estimated by�

,��

1
�
[�̇
]+��̇��[1�� !1� !�

�
���1
�
[�̇
]+

���
�2(,� )

��̇���(,� )�[�1�����+1�� (,� )

with G =
�
2��� + 2

�Æ�
��� 
 1

�
. The norm of the displacement velocities

is bounded by

��̇���(,� ) � 51��̇�$	�2	(,� ) � 52��̇�M$1�4� 1�2(,� )��̇�1�M
$1�2� 1(,� )

with " =
�
1F2
1FG

�
(� +1)F2 and . = 2
4" =

�
2�(��
1)

�Æ�
��� +1

�
.

Using once more Assumption (5.4.47) and the standard a priori estimate
for the contact problem

��̇��1�2� 1(�� ) � 51�[��2(�� ) + 52�

the frictional heat is further estimated by

5�[�2�M
�2( � ;$�(
))�[�M�2(�� )�[�1�����+1�� (,� )�

Employing Lemma 5.4.15, part (iii) and the series of imbeddings and inter-
polations

�[��2(
) � 5�[�F��(
)�[�1�F
�1(
) � �[�F	 1

� (
)�[�1�F
�1(
) (5.4.67)

with indices 1 = ��F(� 
 �) (from the imbedding � 1
� (�) 7� �+(�)) and

0 = 1F(21 
 2) = ��
Æ�

2(�� 
 � + �)
�
and Hölder’s inequality yields an

estimate of the frictional heat by

5(N)�[���2( � ;	 1
� (
)) + N�[���+1��

���+1�� (,� )
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valid for every N � 0 with exponent

� =
�
2
 . + .0

��
1 +

1
���

�
�

The condition � � 2 leads, after some calculation, to the requirement

�� �
�(2� 
 1)
 2�
�(�(� + 2)
 2�)

�

Since � �
2�
� + 1

holds, this is satisfied for all �� 
 2 +
1
�
.

Collecting all these estimates we realize that the inequality

�[��2( � ;	 1
� (
)) + �[����+1�� (,� ) � 5 (5.4.68)

with constant 5 independent of the approximation parameters � and ? is
established. Moreover, due to (5.4.47) the norms of �̇ in �3�4�3�2(�� ) and
�1�2�1((� ) are uniformly bounded with respect to � and ?. This result is
now verified for 1
 2F� � P � 1
 1F� .
From this first estimate we can obtain a better one by taking the test

function 9 = [1�? in the heat equation (5.4.57). Then, on the left hand
side of the new estimate we have

�[(
� �)�2�?
�2��(
) + ��[�2�2(�� ) + �[���+1�?

���+1��(,� )�

In the estimate of the remaining terms it is now possible to use the just
proved uniform bounds for �̇ in �3�4�3�2(�� ) and in �1�2�1((� ). For the
viscous heat the inequality�

��

���̇�2[1�? !� !� � ���̇�2�4�(1+�)( � ;�2��(���)(
))�

� �[�1�?
�2( � ;��(1��)��(
)) � 5���̇�2

�3�4�3�2(�� )�[�1�?
�2( � ;$1(
))

is valid. Here the imbedding #1(�) 7� ��(1�?)�?(�) valid for P � 1
2F�
has been employed. For the deformation heat�

��

���̇�[2�? !� !� � 51���̇��4( � ;�2(
))�[�2�?
�4(2��)�3( � ;�2(2��)(
))

� 52��̇��3�4�3�2(�� )�[�(2�?)M
��( � ;�1(
))�[�(2�?)(1�M)

�2( � ;$1(
))

with (4
�)F(2�+4) � . � 4F(� +2)2 and . � 0. For the frictional heat
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the estimate�
,�

1
�
[�̇
]+��̇��[1�? !1� !� �

���1
�
[�̇
]+

���
�2(,� )

�

� ��̇��2��( � ;�2(��1)�(��1�2�)(� ))�[�1�?
�2( � ;�(��1)(1��)��(� ))

� 5
���1
�
[�̇
]+

���
�2(,� )

��̇��1�2� 1(,� )�[�1�?
�2( � ;$1(
))

is true. Here the imbedding #1�2(� ) 7� ��(� ) valid for � = (� 
 1)(1 

P)FP � (2� 
 2)F(� 
 2) for � 
 3 and � � +� for � = 2 is employed.
Hence, the collection of all these new estimates proves

�[���( � ;�2��(
)) + �[��2( � ;$1(
)) + 5��[����+1��(,� ) � 5 (5.4.69)

with constant 5 independent of any approximation parameter.

This estimate will now be derived for the case 1 
 1F� � P � 1. Here,
the test function 9 = [1�? is employed directly. Observe that the power
1
P of the test function is in fact not bigger than 1F� . Hence the estimates
made above for the viscous heat, the deformation heat and the frictional
heat can be easily reformulated. For the viscous heat we obtain

�
��

���̇�2[1�? !� !� � ���̇�2�2( � ;�2��(
))�[�1�?
��( � ;�1(
))

� 51�[�2�2( � ;$�(
)) � 52�[�2'��( � ;�1(
))�[�2(1�')
�2( � ;$1(
))

(5.4.70)

with / � 1F(� + 2). Here part (iii) of Lemma 5.4.15 is used with � = 2 in
the case � � 2 and 4F3 � � � 2 in the case � = 2. The deformation heat
yields

�
��

���̇�[2�? !� !� � 51���̇��2( � ;�2��(��1)(
))�[�2�?
�2+2�� ( � ;�2(
))

� 52�[��2( � ;$�(
))�[�(2�?)'
��( � ;�1(
))�[�

(2�?)(1�')
�2( � ;$1(
))

� 53�[�1�M+(1�')(2�?)
�2( � ;$1(
)) �[�M+(2�?)'

��( � ;�1(
))

with � � 1F2, 1F(� + 1) � / � 2F(� + 2) and . � 1F(� + 2). Here, in the
last step part (iii) of Lemma 5.4.15 was again employed. If the parameters
are chosen big enough, then the exponent satisfies 1
.+(1
/)(2
P) � 2.
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The frictional heat is estimated by�
,��

1
�
[�̇
]+��̇��[1�? !1� !� �

���1
�
[�̇
]+

���
�2(,� )

�

� ��̇��2(�+1)�(��1)(,� )�[�1�?
�(�+1)(1��)(,� )

� 51
���1
�
[�̇
]+

���
�2(,� )

��̇�$1�2� 1(,� )�[�1�?
�2(,� )

� 52�[�3�?
�2( � ;$�(
)) � 53�[�(3�?)'

��( � ;�1(
))�[�(3�?)(1�')
�2( � ;$1(
))

with � � 1F2 sufficiently close to 1F2 and 0 � / � 1F(� + 2). Hence, for
a suitable choice of / the exponent (3 
 P)(1 
 /) is again smaller than
2. Observe that we do not need the boundary heat dissipation term for
the estimate here. Collecting all the estimates, we obtain again inequality
(5.4.69).
In the case P 
 1 we use the test function 9 = [1�(�+1)L�0 . Due to the

ellipticity relation

5��([) ��[��
�
[1�(�+1)

� 
 51[1�(�+1)�1
�
1 +[?

���[�2 
 52��[�2
this is sufficient to obtain an estimate for �[��2( � ;$1(
)). In fact, we will
get an estimate for

�[���( � ;�1+1�(�+1)(
)) + �[��2( � ;$1(
))

+
��[(1+1�(�+1)+?)�2

��
�2( � ;$1(
))

�
(5.4.71)

Since the #1(�)–norm is considerably stronger than the � 1
� (�)-norm in

the previous cases and the power 1F(� + 1) of [ is smaller, the estimates
are much easier than before. For the viscous heat we obtain�

��

���̇�2[1�(�+1) !� !�

� 51���̇�2�2( � ;�2��(��1)(
))�[�1�(�+1)
��( � ;�1(
))

� 52�[�2�2( � ;$�(
)) + 53

with � arbitrarily close to 1F2. For the #�(�)–norm of [ the interpolation

�[�$�(
) � 51�[�1�'
$1(
)�[�'�1(
)

with / �
1
2

 � 
 2 + 4�

2(� + 2)
� 0 is valid. Hence the viscous heat is bounded

by

51�[�2(1�')
�2( � ;$1(
)) + 52�
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The deformation heat is bounded by�
��

���̇�[1+1�(�+1) !� !�

� 51���̇��2( � ;�2��(��1)(
))�[�1�(�+1)
��( � ;�1(
))�[��2( � ;�2��(��1)(
))

� 52�[�2�2( � ;$�(
)) + 53

which is further estimated as in the case of the viscous heat. For the
frictional heat we have�

,�

��%
(�� [)���̇��[1�(�+1) !� !�

� �����(,� )�%
(�� [)��2(,� )��̇���2+2��(,� )�[�1�(�+1)
�2(,� ) �

The norm of �̇ is bounded by

��̇��2+2��(,� ) � 51���$1�4�1�2(,� ) � 51�[��2(�� ) + 52;

this leads to an estimate of the frictional heat by

�[�1+1�(�+1)
�2( � ;$1(
))

�
51�[��2(�� ) + 52

�
�

The �2(�)–norm here is further estimated by

�[��2(
) � 51�[�'$1(
)�[�1�'
�1(
)

with / �
�

� + 2
. The frictional heat is thus bounded by

51�[�F�2( � ;$1(
)) + 52

with exponent 0 = 1 +
1

� + 1
+ / � 2. This finishes the proof of

�[���( � ;�1+1�(�+1)(
)) + �[��2( � ;$1(
))

+
��[(1+1�(�+1)+?)�2

��
�2( � ;$1(
))

� 5� (5.4.72)

Observe that no heat dissipation at the boundary is necessary for these
estimates.
With this information, we derive a dual estimate for the temperature.

For a test function 9 � ��
�
	� ; #̊�(�)

�
with " � 1 + �F2 in the heat

equation we estimate all terms except the time derivative �[̇� 9��� . The
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index " is chosen such that � 1
�(�) is imbedded into #�(�). For the heat

diffusion term and P � 1 we use the estimate�
��

�[�? ��[���9� !� !� � �[?��2(�� )��[��2(�� )��9���(�� )�

In the case P � 1 we have an additional bound for
��[(1+?)�2

��
�2( � ;$1(
))

that is available from estimate (5.4.72). Then the heat diffusion term can
be estimated by�

��

�[�? ��[���9� !� !�

� 51(P)
��[(1+?)�2

��
�2(�� )

���[(1+?)�2
��
�2(�� )

��9���(�� )

� 52(P)
��[(1+?)�2

��2

�2( � ;$1(
))
��9���(�� )�

The viscous heat is bounded by�
��

���̇�2�9� !� !� � ���̇�2�4( � ;�2(
))�9��2( � ;��(
))

� 5��̇�2
�3�4� 3�2(�� )

�9��2( � ;��(
))�

The deformation heat term is estimated by�
��

���̇�[�9� !� !� � ���̇��2(�� )�[��2(�� )�9���(�� )�

Hence the dual estimate yields a uniform bound for [̇ in ��
�
	� ;#�(�)

��
with arbitrary " � 1 + �F2. This space is imbedded in #�

�
	� ;#�(�)

��
with � � 1F2. Interpolation with [ � �2

�
	� ;#1(�)

�
yields a bound for

�[�$�( � ;�2(
)) with 1 � 1F(2" + 2) � 1F(4 +�).
In the case without boundary heat dissipation, it is only necessary to

change the first estimate (5.4.68) done for P � 1
 1
�
. The heat dissipation

term �([) in the boundary condition (5.4.49) was required there in order
to get an estimate for the frictional heat. The requirement for the growth
coefficient P was calculated from the necessity to estimate the viscous heat
term. If the boundary heat dissipation is neglected, then the estimate of
the frictional heat requires the slightly worse lower bound

P � 1
 1
�

 1
� + 1

�

Then estimate (5.4.68) can be recalculated in a modified way for the test
function [1�(�+1). The index � in the � 1

� (�) norm is chosen to be � =
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2
Æ�

2
1F(�+1)
P�; it is then again bigger than 2�F(�+1) and the crucial
imbedding � 1

� (�) 7� #�(�) for every � � 1F2 is valid. The estimates
of the viscous heat and the deformation heat can be easily rewritten for
the test function [1�(�+1). In fact, they are valid with �[�1����( � ;�1(
))

replaced by 5�[�1�(�+1)
��( � ;�1(
)). The estimate for the frictional heat is

�
,��

�1
�
[�̇
]+��̇��[1�(�+1) !1� !� �

���1
�
[�̇
]+

���
�2(,� )

�

� ��̇��2(�+1)�(��1)(,� )�[�1�(�+1)
�1(,� )

� 51�[�2�2( � ;$�(
)) � 52�[�2(1�')
�2( � ;	 1

� (
)) + 53

with / � 0 given in part (iii) of Lemma 5.4.15. Hence the estimate

�[���( � ;�1+1�(�+1)(
)) + �[��2( � ;	 1
� (
)) � 5

with 5 independent of the approximation parameters ? and � is derived.
From this, the better estimate (5.4.69) can be obtained as well; its deriva-
tion did not require the boundary dissipation term.

The relations proved are collected in the following Lemma:

5.4.16 Lemma. Let Assumption 5.4.11 be valid. Then every solution of
the approximate thermo-viscoelastic contact problem (5.4.56), (5.4.57) sat-
isfies the a priori estimate

��̇��3�4�3�2(�� ) + �[���( � ;�1+�(
)) + �[�$��1(�� )

+5��[����+�(,� ) � 5

with � = 1
 P for P � 1, � = 1F(� + 1) for P 
 1 and 0 � 1 � 1F(4 +�).
The constant 5 is independent of the approximation parameters ? and � .

From these estimates, for every fixed penalty parameter ? � 0 there
follows the existence of a sequence of parameters�� tending to +� and of
a corresponding sequence of solutions (��� [�) to the approximate problem
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(5.4.56), (5.4.57) such that the following convergences are valid:

�̇� 8 �̇ in �3�4� 3�2(�� ) and

strongly in �2

�
	� ;�1(�)

� � ��((� )
for all � � 2 + 4F(� 
 1)�

[� 8 [ in #+�1(�� ) with 1 � 1F(4 +�)
and strongly in �2(�� )�

��(
� �)8 �(
� �) in �1(�)�
�̇�(
� �)8 �̇(
� �) in �2(�)�
[�(
� �)8 [(
� �) in �1(�)�

(5.4.73)

In the case with boundary heat dissipation there holds moreover

[� 8 [ in ���+�((� ) and strongly in ���((� )

with the � mentioned in the Lemma. Consequently, passing to the limit
) � +� in the approximate problem with test functions � � �1�2� 1(�� )
and 9 � #1

�
	� ;#�(�)

�
with * � �F2+1 it is easily verified that the limit

functions (�� [) are a solution of the penalized problem, that is (5.4.56),
(5.4.57) with �� replaced by the identity operator �� (1) = 1.
This convergence procedure can be repeated for penalty parameter tend-

ing to zero. For a suitable sequence ?� � 0 and for a corresponding se-
quence of solutions (��� [�) of the penalized problem and its limit (�� [)
the convergences mentioned in (5.4.73) are valid. Moreover, for the normal
traction there holds

%
(��� [�) = 
 1
?�

)
(�̇�)


*
+
8 %
(�� [) in �2((� )�

The limit ) � +� is done for test functions � � � and 9 � � 1
�(�� ) in

the usual way. Here, due to the requirement 4
 � 0 the penalty term is
bounded from above by 0. Hence the limit functions (�� [) are a solution of
the original thermo-viscoelastic contact problem (5.4.53), (5.4.54). Thus,
Theorem 5.4.12 is proved.

5.4.2.2 A problem with heat conductivity dependent on the tem-
perature gradient

We still solve the problem (5.4.5), (5.4.6) with the boundary and initial
conditions (5.4.7)–(5.4.12). Instead of the temperature-dependent tensor
of thermal conductivity treated in the previous model we assume here that	
5��


depends on the temperature gradient and is locally Lipschitz with
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respect to �[. It may also depend on the space variables such that the
Carathéodory conditions hold. Instead of the earlier assumption (5.4.48)
the following conditions will be required: the growth condition

51 (1 + ��[�?) +�+� � 5��(�[)+�+� � 52 (1 + ��[�?) +�+� (5.4.74)

for � � �� , the strong monotonicity condition
�5��(�[)��[ 
 5��(�H)��H� ��[ 
 ��H���


 53��([ 
 H)�2+?
�2+�(�� ) + 54��([ 
 H)�2�2(�� )

(5.4.75)

for each [�H � �2+?

�
	� ;� 1

2+?(�)
�
, and the continuity relation

5��
��[(�)

�
��[

(�) � 5��(�[)��[ in �(2+?)�(1+?)(�� ) (5.4.76)

for 
 = 1� � � � � � and [(�) tending strongly to [ in �2+?

�
	� ;� 1

2+?(�)
�
.

Here, P is again a non-negative number.
An example for a matrix-valued function satisfying (5.4.74), (5.4.75)

and (5.4.76) is

5��(�;]) = Æ��(!0(�) + !1(�)�]�?)

with the Kronecker symbol Æ�� and measurable functions !0 and !1 taking
their values in [G1� G2]� 
 = 0� 1, for some positive real constants G1� G2.
For such matrix functions the relations (5.4.74) and (5.4.76) are obviously
satisfied. In order to check (5.4.75) observe that

(5��(���)�� 
 5��(�� �)��)(�� 
 ��)
= !0�� 
 ��2 + !1

����?� 
 ���?�� � (� 
 �)�

Therefore it suffices to find a lower bound of the form )�� 
 ��2+? with
) � 0 for the factor of !1. Without loss of generality, ��� � ��� and � �= �.
There exist orthogonal vectors ) and * with norm 1 such that � = ���)
and � = ���(5) + !*). Then an elementary calculation gives

� 	 ����?� 
 ���?�� � (� 
 �)F���?+2

=
�
1
 5�52 + !2

�?�2� (1
 5) + !2
�
52 + !2

�?�2
�

 	 �� 
 ��2+?F���2+? =
�
(1
 5)2 + !2

�1+?�2

and 52 + !2 � 1. If 5 
 0, then obviously � 
 (1 
 5)2 + !2+? 
 (1 

5)2+? + !2+? . On the other hand, thanks to Hölder’s inequality for sums
 � 2?�2((1
5)2+? +!2+?) so that the ratio of � to  is at least 2�?�2 for
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5 
 0. If 5 � 0 we observe that � 
 1
5 and � �2(1
5)2�1+?�2
; therefore

the quotient of � by  is at least equal to 2�1�?�2(1
 5)�1�? 
 2�2�3?�2.
Therefore we find that����?� 
 ���?�� � (� 
 �) 
 2�2�3?�2�� 
 ��2+? �

Let us introduce the sets of admissible functions employed in the vari-
ational formulation of the problem:

� :=
	
� ��1�2� 1(�� ) ; � = �̇ on (� �� � 4
 � 0 on (���



�

� := �
1�2�1
0 (�� ) 	 	� ��1�2� 1(�� ); 4 = 0 on (���



�

(5.4.77)

� := �2+?

�
	� ;� 1

2+?(�)
�
� (5.4.78)

The definitions of � and � are already introduced in (5.4.13) and (5.4.22),
respectively, but the definition of � is new. It is related to the studied
model.
A weak solution of the thermo-viscoelastic contact problem is a pair

of functions [��[] with �̇ � � , �̈ � �2(�� ;�1(�)�
�
, [ � �, [̇ � ��

such that the initial conditions (5.4.12), the variational inequality of the
contact problem and the variational equation of the heat transfer problem
are satisfied:9

�̈�� 
 �̇
:
��

+,(0)(��� 
 �̇) +,(1)(�̇�� 
 �̇)


 ����[� &��(� 
 �̇)���
+ ���%
(�� [)�� ���� 
 ��̇���,��


 �� �� 
 �̇���

(5.4.79)

9
[̇� 9

:
��

+ �5��(�[)��[� ��9���
+ ����[�� �̇�� 9���

+ �M([ 
 \ )� 9�,�

=
?
�
(1)
���� &��(�̇)&��(�̇)� 9

@



+ ���%
���̇��� 9�,��

(5.4.80)

for all (�� 9) � � ��.
Here the standard notation of the bilinear forms ,(G), Y = 0� 1 and of the
linear form � from previous sections is preserved.

5.4.17 Assumption. Let Assumption 5.1.6 be fulfilled 1 with �� = �.
The given data are assumed to satisfy � � �2((�� ), � � �̇ ��3�4�3�2(�� ),
0 � \ � �2((� ) and 0 � M � ��(� ). The initial temperature [0 � �2(�)
shall be positive. The diffusion coefficients 5�� , 
� ' = 1� � � �� , satisfy the
assumptions (5.4.74)–(5.4.76), the coefficients of thermal expansion ��� �
1For a solution-dependent � the discontinuous dependence in the sense of the Remark

at the end of Section 5.1 is allowed.
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��(�) for 
� ' = 1� � � �� with � � 1F2 are bounded and symmetric, the
possible boundary heat dissipation � satisfies the growth condition (5.4.50)
with �� � 0 or, if �� = 0, then � = 0 is assumed. We also assume that �
is convex. The assumption (5.4.47) is fulfilled.

The result to be proved is the following

5.4.18 Theorem. Let Assumption 5.4.17 be satisfied. Let the dimension
� and the growth exponent P fulfil the inequality

P 

�

12�2
 3
4

for � = 2 and P 
 � 
 2
2

for � 
 3� (5.4.81)

Then there exists at least one solution to the coupled problem (5.4.79),
(5.4.80).

5.4.19 Remarks. 1. The presented result is better compared to the pre-
ceding model in the case � = 2 only. In the case without boundary heat
dissipation we have the restriction P �

��
12�2
 3

�
F4 " 0�123 compared to

P � 1F6 for the preceding model.
2. The problem can be also solved by the fixed-point method, see

[81], but this method requires essentially stronger assumptions than that
in (5.4.81); the requirement there is P � 4 for both dimensions � = 2 and
� = 3.

Proof. The scheme of this proof is the same as that for Theorem 5.4.12.
We start with an approximate problem that is obtained by penalizing the
contact condition, smoothing the Euclidian norm in the friction term and
limiting the growth of the thermal sources with the help of the cutoff func-
tion �� . The only difference to the system (5.4.56), (5.4.57) is the fact
that 5�� 	 5��(���[) here. The solvability of the approximate problem is
again based on the Galerkin technique. The space 	 = �1

0(�) has a basis
��1��2� � � �� such that

"
���	� with 	� = span

	
�1� � � � ���



is dense

in 	 . This basis can be chosen such that both the �2(�)–orthogonal
projection and the �1(�)–orthogonal projection onto 	� are bounded
uniformly with respect to �. For the space � = � 1

2+?(�) there is no such
basis, because it is not a Hilbert space. Since � is separable, there is a
family of normed bases

	
91�� � � � � 9��



, � � �, and an associated family

�� = span
	
91�� � � � � 9��



of spaces such that 91�� � � � � 9��1� � ���1

and (9��� 9��)
 = 0 for ) � �. The union
"

��� �� is again dense in
� .
With this change the definition of the Galerkin problem is the same as

that used before:
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Find functions

��(�� �) 	
��
�=1

��(�)��(�) � ��(	� �	�) and

[�(�� �) 	
��
�=1

G�(�)9��(�) � ��(	� ���)

that satisfy the approximate initial conditions9
��(0� �)��:



= ��0���
 and

9
�̇�(0� �)��:



= ��1���


for all 4 � 	� and9
[�(0� �)� 9:



= �[0� 9�
 for all 9 � ��

such that for all � � 	�, all 9 � �� and all � � 	� the following equations
hold:

��̈����
+
9
�
(0)
����&��(��) + �(1)����&��(�̇�)� &��(�)

:




 9������([�)+
�
� &��(�)

:



+
?
1
�

)
(�̇�)


*
+
� 4


@
��

+
?
�1
�

)
(�̇�)


*
+
�><

�
(�̇�)�)� 4�

@
��

= �����
 + �� �����

(5.4.82)

and 9
[̇�� 9

:



+
9
5��(�[�)��[�� ��9

:



+
9
�����

�
([�)+

�
&��(�̇�)� 9

:



+
9
M([� 
 \ ) +�([�)� 9

:
�

=
?
��

�
�
(1)
����&��(�̇�)&��(�̇�)

�
� 9
@



+
?
���

�
1
�

)
(�̇�)


*
+
><

�
(�̇�)�

��
� 9
@
��

�

(5.4.83)

The Galerkin equations are again equivalent to an initial value problem for
a system of ordinary differential equations whose solvability follows from
the theory of ordinary differential equations.
For the limit procedure � � � we derive a priori estimates, by tak-

ing � = �̇� and 9 = [�, as in the preceding model. The derivation is
again substantially simplified by the boundedness of the thermal sources in
the heat equation and the thermal stress in the viscoelastic system. The
estimate for the displacement has the same form

��̇��2��( � ;�2(
)) + ����2��( � ;�1(
)) + ��̇��2�2( � ;�1(
)) � 5
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as in the preceding model, while condition (5.4.74) leads to

�[��2��( � ;�2(
)) + �[��2+?
�2+�( � ;	 1

2+� (
))

+ 5��([�)+���+1
���+1(,� ) � 5�

(5.4.84)

We also need some time regularity of the Galerkin solutions uniform
with respect to the Galerkin parameter �. A uniform bound for �̇� in
�1�2�1(�� ) is proved in the same way as for the preceding model. From
the equation (5.4.83) and the estimate (5.4.84) it is easy to see that

�[̇����� � 5 (5.4.85)

with �� 	 �2+?(	� ;��) and a constant 5 independent of �.
Besides this dual estimate for the time derivative of the temperature

we need an estimate for [ � #�(	� ;�2(�)) with � sufficiently big. It is
derived by a standard procedure. We take the test function 9 = [�(12)

[�(11) for 11� 12 � (0� �), 11 �= 12 in the Galerkin equation (5.4.83) at time
�, we multiply the result by �12
11��1�2� with a parameter � � (0� 1F2) and
integrate the result both with respect to � from 11 to 12 and with respect
to 1 = [11� 12] over 	2� . Then we obtain the identity�

 2
�

� +2

+1

�[̇�(�)� [�(12)
[�(11)�

�12 
 11�1+2�

!� !1

= 

�
 2
�

� +2

+1

�12 
 11��1�2�

�9
5��(�[�(�))��[�(�)�

��
�
[�(12)
[�(11)

�:



+
9
�����

�
([�)+(�)

�
&��(�̇(�))� [�(12)
[�(11)

:



+
9
M([� 
 \ )(�) +�([)(�)� [�(12)
[�(11)

:
�



?
���

�
1
�
[�̇
(�)]+><(�̇�(�))

�
� [�(12)
[�(11)

@
��

(5.4.86)


 9����(1)���� &��(�̇(�))&��(�̇(�))
�
� [�(12)
[�(11)

:



�
!� !1�

After performing the integration with respect to � one observes that the left
hand side of (5.4.86) is equivalent to the square of the seminorm of [� in
the space #�(	� ;�2(�)). The right hand side is constituted of expressions
of the type�

 2
�

� +2

+1

��(�)���(12)
 �(11)�
�12 
 11�1+2�

!� !1� � � ��(	� )� � � ��(	� )�

1F�+ 1FG = 1�
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Such expressions are bounded by 5U$1�������( � )�����( � ) with the con-
stant independent of 9 and � if � � 1F2. Hence for �[��2$�( � ;�2(
)) we
obtain

�[��2$�( � ;�2(
)) � 5 (5.4.87)

with constant independent of � � �.
The above derived estimates allows finding a sequence �� � +� and

a limit [��[] such that

�̇��
8 �̇ in �� [��

8 [ in � �#�(	� ;�2(�))�
�̇��

(
 )8 �̇(
 ) in �2(�)� [��
(
� �)� [(
� �) in �2(�)�

[[��
]+ 8 [+ in ���+1((� )

(5.4.88)

and a limit � in �(2+?)�(1+?)(�) such that 5��(���[��
)��[��

8 � there.
The space �0 	

"
����� is dense in �. Using the standard diagonal

process we prove the existence of a T � ��
0 and a subsequence denoted

by the indices �� again such that
9
[̇��

� 9
:
��

� T(9) for every 9 �
�0. Since �T���0 � 5 holds with 5 from (5.4.85), T has a continuous
extension to a linear form on �, that is denoted by T again, such that
�T��� � 5 with the same 5. Integration by parts with respect to the
time variable easily shows T = [̇. By compact imbedding theorems we
obtain the convergences [��

� [ in �2(�� ) and almost everywhere on
�� . With the help of interpolation theorems for Sobolev spaces we also
obtain the strong convergences [��

� [ first in �2+?(	� ;�2(�)), then
in �2+?(�� ) and finally in �2+?

�
	� ;� 1�'

2+? (�)
�
with / � 0 arbitrarily

small. We first pass to the limit ) � +� in the Galerkin approximation
of the contact problem, after an integration with respect to time. Then, as
described in the proof of Theorem 5.1.2, we prove the strong convergence
�̇��

� �̇ in �1�2�'�1(�� ) for an arbitrarily small / � 0. With this
additional strong convergence it is easy to pass to the limit ) � +� in the
Galerkin-approximation of the heat equation and thus show that the limit
functions [�� [] satisfy the relations (5.4.58) and9

[̇� 9
:
��

+
9
��� ��9

:
��

+
9
����� ([+)&��(�̇)� 9

:
��

+
9
M([ 
 \ ) +�([)� 9

:
,�

=
?
��

�
�
(1)
����&��(�̇)&��(�̇)

�
� 9
@
��

+
?
���

�
1
�
[�̇
]+><(�̇�)

�
� 9
@
,��

�

It remains to prove [��
� [ in � and � = (5��(���[)��[). In fact, the
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monotonicity relation (5.4.75) yields

lim inf
��+�

�5�� (���[��
) ��[��

� ��[��
���


 ���� ��[��� �

Simultaneously from the Galerkin equation (5.4.83) for [��
, the just de-

rived equation for [ and the strong convergences in the thermal sources
and thermal stresses, we obtain

lim sup
��+�

�5�� (���[��
) ��[��

� ��[��
���

� ���� ��[��� �

Here the weak lower semicontinuity

lim inf
��+�

�9
[̇��

� [��

:
��

+
9
�([��

)� [��

:
,�

�

 9[̇� [:

��
+
9
�([)� [

:
,�

is crucial; the relation for the term with � follows from the convexity of �.
Hence we have lim

���
�5�� (���[��

) ��[��
� ��[��

���
= ���� ��[��� . From

the limit in the monotonicity equation

50 �[��

[�2+?

�2+�( � ;	 1
2+�(
))

� 95�� (���[��
) ��[��


 5��(���[)��[� ��[��

 ��[

:
��

the convergence [��
� [ in � follows; therefore � = 5��(���[)��[.

A similar convergence procedure can be carried out for the limit N � 0
of the smoothing parameter. Hence we obtain a solution to the penalized
thermo–viscoelastic contact problem, that is the variant of (5.4.56), (5.4.57)
with 5��([) replaced by 5��(�[).
Now the energy estimate is derived. First of all, by taking the test

function [� = L�0 min�0� [� with the indicator function L�0 of the time
interval (0� �0) in (5.4.57) we prove [ 
 0 on �� , because this yields

�[�(�0)�2�2(
) + ��[��2+?
�2+�(�#0 ) � 0 for �0 � 
�

Next, we choose � = (1 
 L�0)�̇ in (5.4.56), 9 = L�0 in (5.4.57) and add
both relations. As in the preceding model, the thermal sources from the vis-
cosity, friction and deformation disappear and we obtain the crucial energy
estimate

��̇���( � ;�2(
)) + �����( � ;�1(
))

+ �[���( � ;�1(
)) + �[��1(,� ) + 5��[������
(,� ) � 5

(5.4.89)



376 Chapter 5. Dynamic contact problems with Coulomb friction

with 5 independent of the parameters � and ?.
As in the previous model further estimates are developed by means of

test functions 9 = L�0[
� for an appropriate exponent " � (0� 1]. With this

a new estimate of the expression

�[��+1
��( � ;�	+1(
)) + �[�2+?

�2+�( � ;	 1
� (
)) + 5��[���+�

���+	(,� ) (5.4.90)

with � =
2 + P
2
 " is obtained. Indeed, for this value of � we have

��[�2+?
�2+�( � ;��(
)) =

�
 �

��



��[�� !�
�2��

!�

� 51
�
��

[��1��[�2+? !� !� sup
 �

��



[ !�

�1��

� 52
�
��

5��(�[) ��[��
�
[�
�
!� !��

(5.4.91)

The imbedding � 1
� (�) 7� ��(�) holds with

G � G�1
0 � if G0 � 0�

G � +�� if G0 = 0�
G � +�� if G0 � 0

(5.4.92)

with G0 =
2� 
 "� 
 2
 P

�(2 + P)
. By interpolation

�[��2+�( � ;��(
)) � 5�[�1�'
��( � ;�1(
))�[�'�2+�( � ;��(
))

with / =

$������%������&

�(" + P)
�(" + P) + 2 + P

� G0 � 0�

G(P + ")
(G 
 1)(2 + P)

� G0 = 0�

P + "
2 + P

� G0 � 0�

Here for G0 = 0, G � � must hold. Using this interpolation in (5.4.91) yields,
after some obvious calculation,

�[�2+?
�2+�( � ;��(
)) � 52

�
��

5��(�[) ��[ ��
�
[�
�
!� !�+ 51

with 51 from (5.4.89) and the value of � from (5.4.90).
The estimates to be carried out make use of relation (5.4.47). It is

therefore necessary to have an upper bound for �[��2( � ;$�(
)) with � �
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1F2. Such a bound can only come from �[��2+�( � ;	 1
� (
)); this leads to the

condition� 1
� (�) 7� #�(�). The corresponding condition for ", calculated

with the value of � from (5.4.90), is

" � "� (P) = 1
 1
�

 P

2

 P

2�
� (5.4.93)

Since "� (P) shall be positive, we confine ourselves to P � P� 	 2(� 

1)F(� + 1) for the first step. The limit values of � and G that correspond
to " = "� (P) are

� = �� =
2�
� + 1

in (5.4.90) and

G = G� =
2�
� 
 1

in (5.4.92)�
(5.4.94)

Observe that these values do not depend on P.
In order to derive an estimate for the norms in (5.4.90) it is necessary

to bound the thermal sources by (5.4.90) with either a power lower than
one or the power one but a sufficiently small factor. These estimates must
be uniform with respect to the approximation parameters � and ?. In
particular they must disregard the artificial limitation of the sources by
the function �. The estimates are the easier, the lower " is taken. Hence
we choose " � "� (P) sufficiently close to "� (P). We start with the esti-
mate of the viscous heat. Using (5.4.47) and appropriate interpolation and
imbedding theorems we obtain�

��

���̇�2�[�� !� !� � 51���̇�2�2( � ;���
(
))�[����( � ;�1+$	(
))

�
�
52�[�2�2( � ;	 1

� (
)) + 53
�
�[��F��( � ;�1+	(
))�[�

�(1�F)
��( � ;�1(
))

� N�[�2+?
�2+�( � ;	 1

� (
)) + 54(N)�[�5��( � ;�1+	(
)) + 55(N)

with 0 =
/(1 + ")
1 + /"

and N � 0 arbitrarily small. Here the first inequality is

valid for
2
G�

+
"

1 + /"
� 1; this is equivalent to / 
 � 
 1

"
. Observe that

G� is just the parameter that permits the estimate ���̇��2( � ;���
(
)) �

5��̇��3�4�3�2(�� ). As to the second inequality we need / � 1 and thus

� 
 1
"
� 1. This leads to the condition

P �
2
�
�2 
 3� + 1

�
�2 
 1

	 PE�1(�)� (5.4.95)
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The exponent V is V =
2 + P
P
"0. The necessary condition for V is V � 1+".

After some short calculation this leads to

P �
2� 
 4
� + 2

	 PE�2(�)� (5.4.96)

This bound is smaller than that in (5.4.95) for � 
 5.
The deformation heat is bounded by�

��

���̇��[�1+� !� !� � 5���̇��2( � ;���
(
))�[�1+�

�2+2	( � ;��(
))

with
1 + "
1

+
1
G�

= 1 and thus 1 =
2�(1 + ")
� + 1

. The limit value of 1 for

" = "� (P) is 10 =
4� 
 2
� + 1


 P. The norm of [ is further estimated by

�[��2+2	( � ;��(
)) � 5�[�'�2+�( � ;���
(
))�[�1�'

��( � ;�1(
))

with
1

2 + 2"

 /

2 + P
and

1
1

 /

G�
+ 1
 /. The latter condition is equiv-

alent to / 
 2�
� + 1

�
1
 1

1

�
. The limit value of / for 1 = 10 here is

/0 =
2�
� + 1

3(� 
 1)
 (� + 1)P
4� 
 2
 (� + 1)P

. For the condition
1

2 + 2"

 /

2 + 2P
,

the corresponding limit value with " = "� (P) is /1 =
�(P + 2)

4� 
 2
 (� + 1)P
.

From the requirement /0 � / � /1 follows

P �
4(� 
 2)
3(� + 1)

;

this condition is weaker than (5.4.96). Another condition is /0 � 1. This
is satisfied for

P �
2�2 
 8� + 2
�2 
 1

;

this condition is also weaker than (5.4.96). Hence, under the condition
(5.4.96) the deformation heat can be estimated by

51�[�5�2+�( � ;	 1
� (
)) + 52

with V = 1 + /(1 + "). The condition for V that allows the derivation of
the a priori estimate is again V � 2 + P. After some calculation this leads
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to the requirement

P �
� 
 2
� + 1

which is again weaker than (5.4.96).
The frictional heat is estimated by�

,�

��%
(�� [)���̇��[� !1� !� � �����(,�� )�

� �%
(�� [)��2(,�� )��̇���1( � ;��1(� ))�[���	�2( � ;�	�2(� ))

(5.4.97)

with
1
�1

+
1
�2

=
1
11

+
1
12

=
1
2
. The values of �1 and 11 are chosen such that

the imbedding ��1(	� ;�+1(� )) 7� �1�2�1((� ) holds, according to Lemma

5.4.15 that leads to the requirement
2
�1

+
� 
 1
11

=
� 
 1

2
. This can be

translated to the condition
2
�2

+
� 
 1
12

= 1 for �2 and 12. It remains to

estimate the norm �[��	�2( � ;�	�2(� )). This is done by the interpolation

�[��	�2( � ;�	�2(� )) � 5�[�'��3( � ;��3(� ))�[�1�'
�1(,� )

that is valid for
/

�3
+ 1
 / � 1

"�2
and

/

13
+ 1
 / � 1

"12
. The first norm

here is further estimated by the trace theorem and another interpolation,

�[���3( � ;��3(� )) � 51�[���3( � ;	�
�4(
))

� 52�[�F�2+�( � ;	 1
� (
))�[�1�F

��( � ;�1(
))

with
1
14
� 0 � 1, 
� 
 1

13
� 0 
 �

14
,
0

2 + P
=

1
�3
and

0

�
+ 1 
 0 � 1

14
.

Here the first and the fourth condition can be satisfied, if

0 �
2�

3� 
 1
; (5.4.98)

this condition is calculated with the limit value �� of �. Expressing all the
indices in terms of 0 and inserting the obtained expressions in the condition
2
�2

+
� 
 1
12

= 1 yields, after some calculation,

/ �

� + 1
 1
"

0

�
� + 1

2

 2

2 + P

�
+ 1

	 /1�
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The total exponent of �[��2+�( � ;	 1
� (
)) that is obtained in the estimate

of the frictional heat by the described procedure is V = 2 + "/0. It has to
be smaller than 2 + P. This leads to the requirement "/0 � P. From

"/10 =
(� + 1)" 
 1

� + 1
2


 2
2 + P

+
1
0

it is easy to see that the optimal choice of 0 is as small as possible. Since
condition (5.4.98) must be satisfied, we choose 0 as close as necessary to

2�
3� 
 1

and obtain, after some extended calculation, the condition

�(� + 3) P2 +
�
�2 + 5� + 1

�
P 
 2

�
�2 
� 
 1

�
� 0�

Hence P has to be larger than both the roots of this polynomial,

P �

�
9�4 + 26�3 
 5�2 
 14� + 1
�2 
 5� 
 1

2�(� + 3)
=: P�(�)�

(5.4.99)

This lower bound is bigger than that in (5.4.96) for � = 2, but not for
� 
 3. For � = 2 it is given by

P�(2) =
�

12�2
 3
4

�

In the case P 
 P� 	 2(� 
 1)F(� + 1) the suitable test function is
[1�� . This yields an estimate for

�[�2+?
�2+�( � ;	 1

� (
)) + �[�1+1��
��( � ;�1+1�� (
))

+5��[���+1��
���+1�� (,� )

(5.4.100)

with

� 	 �(P) =
�(2 + P)
2� 
 1

� ��� = �(P� ) =
4�2

(2� 
 1)(� + 1)
� (5.4.101)

Observe that� 1
� (�) 7� ��(�) with G � �G� 	 (4�2+�)F(2�2
3�
2) �

2 for � 
 3 and G � +� arbitrarily large for � = 2. The viscous heat is
now estimated by

51���̇�2�2( � ;���
(
))�[�1����( � ;�1(
)) � 52�[�2�2+�( � ;	 1

� (
))� (5.4.102)
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The deformation heat is bounded by

51���̇��2( � ;���
(
))�[�1+1��

�2+2�� ( � ;�2(
))� (5.4.103)

For � 
 3 this is already the required estimate, because 2+2F� � 2+P� .
In the case � = 2 the �3(	� ;�2(�))–norm of [ is further estimated by the
interpolation

�[��3( � ;�2(
)) � 5�[�1�6��( � ;�1(
))�[�
5�6
�5�2(�� )�

The frictional heat has the estimate

�����(,�� )�%
(�� [)��2(,�� )��̇���(2�+2)�(��1)(,� )

� �[�1���(�+1)��(,� )�
(5.4.104)

Since the trace theorem � 1
��� (�) � ���� (� ) holds with

��� =
4�2 
 4�

2�2 
 3� 
 1
�
� + 1
�

for � 
 3 and ��� = +� for � = 2

and P� � 1F� holds, the frictional heat is bounded by

51�[�2+1��
�2+�( � ;	 1

� (
)) + 52

which is sufficient due to 2 + 1F� � 2 + P.
For the limit in nonlinear terms we will need an estimate for

�[�2+?
�2+�( � ;	 1

2+�(
))
+ �[�2��( � ;�2(
)) + 5��[���+1

���+1(,� )� (5.4.105)

Such an estimate is proved with 9 = L�0[ as the test function. Then
the elliptic term and the time derivative yield the expression (5.4.105) on
the left hand side. In the estimate of the remaining terms we can use the
imbedding

� 1
2+?(�) 7� ��(�) with � =

�(2 + P)
� 
 2
 P

and the trace theorem

� 1
2+?(�) 7� ��(� ) with � =

(� 
 1)(2 + P)
� 
 2
 P �

both valid for P � � 
2. In the case P 
 � 
2 these imbeddings are valid
with � = +�, for P = � 
 2 with � � +�. Moreover, we also use the
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imbeddings

��̇ ��1�4�1�2(�� ) 7� ��(	� ��+(�)) for
2
�

+
�

1

 � + 1

2
and

�̇ ��1�2�1((� ) 7� ��(	� ;�+(� )) for
2
�

+
� 
 1
1


 � 
 1
2

with �� 1 
 2 in both cases. The difference to the preceding estimates is
that we need not take care about the power of the norms of [, because
all the employed norms of � are already estimated and the powers of the
norms of [ do not exceed 2. However, the requirements for the order of
the norms are rather high. They contribute to the restrictive assumption
of our Theorem. The viscous heat is estimated by�

��

���̇�2[ !� !� � ���̇�2��1( � ;��1 (
))�[��2+�( � ;��2(
))

with
2
�1

=
1 + P
2 + P

,
2
11

= 1
 1
G1
. The restriction

2
�1

+
�

11

 � + 1

2
leads to

�

12
� P

2 + P
. With the value 12 =

�(2 + P)
� 
 2
 P valid for small P we obtain

the condition

P 
 �
2

 1� (5.4.106)

This condition is stronger than (5.4.95) and (5.4.96), with the only excep-
tion of the case � = 2 where (5.4.96) requires P � 0. The deformation heat
is bounded by�

��

���̇�[2 !� !� � ���̇��2( � ;�2��(��1)(
))�[�2�4( � ;�4��(�+1)(
))�

The norm of [ is further estimated by interpolation

�[��4( � ;�4��(�+1)(
)) � 5�[�'��( � ;�2(
))�[�1�'
�1+��2( � ;��(
))

with 1 = +� for � = 2 and 1 =
�(� + 2)
� 
 2

for � 
 3. The indices in the

last norm here satisfy 1 +
�

2
� 2 + P and 1 � �(2 + P)

� 
 2
 P , hence

�[��1+��2( � ;��(
)) � 51�[��2+�( � ;	 1
2+�(
))�

The parameter / here is chosen as
� + 1
4�

=
/

2
+

(1 
 /)(� 
 2)
�(� + 2)

; this is

/ =
�2 
� + 10

2(�2 + 4)
. This value satisfies

1
 /
1 +�F2

�
1
4
; hence the parameter
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� is smaller than +� and the estimate is done. For the frictional heat we
use the estimate�

,�

��%
(�� [)���̇��[ !1� !� � �����(,� )�%
(�� [)��2(,� )�

� ��̇���2+4��( � ;��(� ))�[��2+�( � ;��(� ))

with 1 =
(� 
 1)(� + 2)

� 
 2
for � 
 3, 1 = +� for � = 2, and � =

2(� + 2)(� 
 1)
�2 
� + 2

. The parameter 1 should allow the trace imbedding

� 1
2+?(�) 7� �+(� ); this is true due to 2 + P � 1 +

�

2
. The norm of

�̇� is bounded by

��̇���2+4��( � ;��(� )) � 51��̇���1�2�1(,� )�

because
2(4 + 2P)

P
+
� 
 1
�

�
� 
 1

2
. This finishes the estimate for the

frictional heat, and the relation (5.4.105) is established.
It remains to prove an estimate for a fractional time derivative of [.

This is done as described above in the derivation of (5.4.87). It shows

�[�$�( � ;�2(
)) � 5

for � � 1
2 with constant 5 independent of the approximation parameters.

We are now in the same situation as in the convergence proof in the
Galerkin approximation. There exist sequences of approximation parame-
ters �� � +�, ?� � 0 and corresponding sequences of solutions (��� [�)
of the approximate problems such that

�̇� 8 �̇ weakly in �3�4�3�2(�� )�

�̈� 8 �̈ weakly in �2

�
	� ;�1(�)�

�
�

[� 8 [ weakly in �� and, for the case � �	 0� also in ���+1((� )

and strongly in #�(	� ;�2(�)) for � � 1
2 �

[̇� � [̇ weakly-� in ���

[�(
� �)8 [(
� �) weakly in �2(�)�

Due to compact imbedding theorems the convergence [� � [ is strong in
#��1�2(�� ) for every � � 1

2 . As in the proof of Theorem 5.1.8 for the con-
tact problem without heat transfer, �̇� tends to �̇ strongly in #1�2�1(�� ).
Moreover, as in the convergence of the Galerkin method we prove that [�
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tends to [ strongly in �2+?

�
	� ;� 1�'

2+? (�)
�
for an arbitrarily small posi-

tive /. With these convergence properties it is possible to pass to the limit
) � +� in the heat equation and to prove [� � [ strongly in �. This
is sufficient to pass to the limit ) � +� in the corresponding version of
the approximate problem (5.4.58), (5.4.59) and to prove that (��[) is a
solution of the thermo–viscoelastic contact problem (5.4.79), (5.4.80).
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This is a list of the most important symbols used in the book. The number
(or the first of numbers) usually refers to the page, where the notation was
encountered for the first time.

��� ��� , scalar product on a Hilbert
space � , 8

��� ��� , �2(�)-scalar product (pos-
sibly generalized), 8

,, bilinear form of elasticity, 14,
160

���������������=1, proportionality ten-
sor, 12

�
(0)
����&��(�), �(1)����, elastic and vis-

cous part of the strain-
stress relation, 270

�0(�), space of bounded func-
tions, 7

�� (�), ball in �� centered at 0
and of radius �, 35

�+
� � , Besov space, 101, 108
�+

� �(C), Besov space, 133��+
� �(�), Besov space with sup-

port condition, 152

��(C), ��(��C ), space of vec-
tor-valued Hölder contin-
uous functions, 78

��(�), space of diff. functions, 7
��, upper bound for admissible

magnitude of coefficients
of friction, 34

� , cone of admissible functions,
28, 237, 329

� �, dual cone, 30
�� , Zygmund space, 109
L , characteristic function of an

interval (set) 	 , 240
L�, characteristic function, 238
5�(�), renormalization constant

for Sobolev spaces, 39

5�� , components of heat conduc-
tivity, 327

��(�), Hölder spaces, 78

A
, difference operator, 39

 �(�� ), distributions, 79
dist, distance, 7
!� (��" ), renormalization constant

for Sobolev spaces, 40

-, Young modulus, 12
� internal energy, 327
�, the strain tensor, 9

>< , smoothing function, 161
� , volume forces, 13
� , Fourier transform, 78
�, free energy, 327
�, coefficient of friction, 9
; +
� �, Lizorkin-Triebel space, 108
��, non-increasing rearrangement,

81
�#, spherical symmetrization, 82

=, given friction force, 22, 29
��, friction boundary, 34, 287
�� , �� and �� , parts of the bound-

ary with different bound-
ary conditions, 21

�
, initial gap, 19

�1�2� 1
� (�� ), Sobolev space with

partial Dirichlet conditions,
272

#̊+
�(�), Sobolev space with zero

traces, 155�#+
�(�), Sobolev space with sup-

port condition, 152, 155
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�� , auxiliary cutoff function in
approximate heat sources,
351

	� , time interval, 21
��, unit matrix, 7

B�, energy functional for prob-
lem with a given friction,
29

M, heat transition coefficient, 328
�, kernel of singular memory, 235
[�], integer part, 108

��(�), Lebesgue space, 77
���(�), weak Lebesgue space, Mar-

cinkiewicz space, 82
��1(��2), iterated Lebesgue space,

135
� , linear functional of given outer

forces, 28, 160, 272, 329
/, 0, Lamé constants, 12

� , maximal operator, 83
��, transposed matrix, 7
mes, surface (or volume) mea-

sure, 9
�(�� /), distribution function, 81

	(�), unit normal vector, 8
., Poisson ratio, 12

��, penalty function, 165
6� , projection onto a set � , 17

��, time-space cylinder, 225

�, heat radiation, 332
�, set of rigid motions, 17
3, density (or cutoff function), 13

(�+
� � , Besov space with domi-

nating mixed smoothness,
137

(�
� � , Sobolev space with domi-

nating mixed smoothness,
130

(�
�# , potential Sobolev space with

dominating mixed smooth-
ness, 131

(�� , contact part of the lateral
boundary, 245

(� , lateral boundary, 225
(
, shift operator, 39
� (�� ), space of rapidly decreas-

ing infinitely diff. func-
tions, 78

� (�� � C)� � (C), space of rap-
idly decreasing infinitely
diff. functions, 79

� �(C), vector-valued tempered dis-
tributions, 80

� �(C�Q ), vector-valued tempered
distributions, 79

�, entropy, 327
(%� )�, components of the bound-

ary traction, 9

, stress tensor, 11

, the stress tensor, 9

 , inviscid part of the stress ten-

sor, 235

� , memory part of the stress

tensor, 235

� , viscous part of the stress ten-

sor, 265
%� , boundary traction, 9
%�� , components of the stress ten-

sor, 9
supp, support, 7

[0, initial temperature, 329
� , given boundary traction, 21
�, time variable, 9

\ , external temperature, 328
� , given boundary displacement,
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�, displacement field, 9
�rel, relative displacement, 194
�0� �1, initial condition for dis-

placement, velocity, 21
��, the tangential component of a

vector field � on a bound-
ary, 9

�
, the normal component of a
vector field � on a bound-
ary, 8

� 1�2� 1(�), Sobolev space (adjusted),
280

��
�1�2��1

(�), Sobolev space (ad-
justed), 280

� , stored energy function, 235
��

� (�), Sobolev space, 8
� +

� (�), Sobolev-Slobodetskii space,
8, 100

��
� , anisotropic Sobolev space,

131

�, space variable, 9

[�]+, non-negative part, 7
[�]�, non-positive part, 7
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approximation of unity, 81

basis vectors, contravariant, 57
basis vectors, covariant, 56
Besov space, 101, 108
Bessel potential, 118, 122
Bessel potential space, 123

class B(K�C 1� C2), 98
class M(K�C 1� C2), 98
coercive approximation, 186
coercivity, 31
coercivity of the strain tensor, 16
compatible spaces, 85
complementary subspace, 151
components &�� , components of

the strain tensor, 9
cone property, 139
conjugate exponent, 78
conservation of energy, global, 254
conservation of energy, local, 221
constitutive law, 12
convolution

of a distribution and a func-
tion, 80, 81

convolution of functions, 80
coretraction, 151
Coulomb law of friction, 19
covariant metric tensor, 56

deformation gradient, 10
deformation heat, 327, 329
degree of a mapping, 65
difference operator, 39
displacement field, 10
distribution function, 81
domain, 6

equimeasurability, 82

frictional heat, 327, 329

Hölder space, 102, 109
Hölder spaces, 78
Hölder’s inequality, 78
homogeneous material, 12
Hooke tensor, 12
Hooke tensor, symmetries, 12

indicatrix, 229
inequalities of the Littlewood-Pó-

lya type, 112
infinitesimal generator, 95
interpolation functor, 86
interpolation spaces

exact, 86
exact of exponent K, 86
of exponent K, 86

isotropic material, 12

Korn inequality, 14

Lamé constants, 12
Lebesgue space, 77

with mixed norm, 130
Lipschitz boundary, 35
Lizorkin-Triebel space, 108
long time memory, 13

mapping of type (��G ), 83
mapping of weak type, 84
Marcinkiewicz space, 82
material with short memory, 13
minimal smoothness property, 145
Minkowski’s inequality, 79
mixed differences, 137
modulus of continuity, 101
mollifier, 84

Nikol’skii inequality, 107
non-increasing rearrangement, 81
non-local friction, 20
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non-negative part of a number (func-
tion), 7

non-positive part of a number (func-
tion), 7

normal compliance, 20

Peetre’s M-functional, 93
Poisson ratio, 12
polar decomposition, 10
potential isotropic Sobolev space,

123
pressure condition, Fichera, 159,

185
pressure condition, generalized, 190

rectification, local, 36
regular point, 65
relative displacement, 194
resolution of unity, 81
retraction, 151
Riesz kernel, 120
Riesz potential, 119
Riesz transform, 120
rotation tensor, 10

segment property, 139
semigroup

strongly continuous, 95
set of rigid motions, 18
shift operator, 39
shift technique, 38
Signorini contact condition, 19
simple ()� �)-extension operator,

144
smooth decomposition of unity, 107
Sobolev multiplier norm, 210
Sobolev space

classical with non-mixed deriva-
tives, 131

potential anisotropic with dom-
inating mixed smoothness,
131

Sobolev-Slobodetskii space, 8, 101

spherical rearrangement, 81
standard mollifier, 81
standard regularizator, 81
strain tensor, linearized, 10
strain velocities, 13
stress tensor, 11
stretch tensor, left, 10
stretch tensor, right, 10
strong )-extension operator, 144
strong convergence, 30
strong local Lipschitz property, 139
symmetry, 12

tempered distribution, 79
the second law of thermodynam-

ics, 328
thermo-viscoelastic law of the Kel-

vin-Voigt type, 327
total continuity, 73
total extension operator, 144
trace of a function, 94, 100, 144,

146, 148
trace operator, 99
translation method, 38
translation operator, 39

uniform ��-property, 140
uniform cone property, 139
uniform interpolation spaces, 86

vector-valued Bessel potential spaces,
135

vector-valued Besov spaces, 134
viscous heat, 327, 329

weak horn property, 140
weak Lebesgue space, 82

Young modulus, 12

zero trace, 155
Zygmund space, 109
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